Propagation of local instabilities in braced domes. by Abedi, Karim
PROPAGATION OF LOCAL 
INSTABILITIES IN BRACED DOMES 
BY 
KARIM ABEDI 
A THESIS SUBMITTED FOR THE DEGREE 
OF DOCTOR OF PHILOSOPHY 
UNIVERSITY OF SURREY 
DEPARTMENT OF CIVIL ENGINEERING 
SPACE STRUCTURES RESEARCH CENTRE 
JANUARY 1997 
ABSTRACT 
The present research deals with the propagation of local instabilities in braced domes. 
Nodal snap-through and member snap are the main local instabilities occurring in braced 
domes. Both the nodal snap-through and member snap have dynamic characteristics and 
neglecting their dynamic effects may lead to an unrealistic estimation of behaviour. When a 
local nodal snap-through occurs in single-layer braced domes and a member snap occurs in 
double-layer braced domes, kinetic energy is released in a local region of the dome. If the 
dome is capable of absorbing the kinetic energy released, the instability will not propagate 
and will remain contained. However, if the dome is unable to absorb the sudden release of 
kinetic energy, progressive collapse of the structure will occur. The main objective of the 
present study is to develop a procedure for modelling the propagation phenomenon taking 
into consideration the kinetic energy released. 
The material in the Thesis is presented as follows: Chapter 1 gives an introduction to the 
phenomenon of the propagation of local instabilities in braced domes. Chapter 2 contains a 
literature survey. In Chapter 3a procedure is proposed to investigate the dynamic 
propagation of local nodal snap-through in single-layer braced domes. The key point in the 
proposed procedure is that the effects of kinetic energy, released during the snap-through 
phenomenon, are represented by initial velocities at the nodes at which snap-through has 
occurred. In order to evaluate the accuracy and validity of the proposed procedure, two 
single-layer braced domes were fabricated and tested to collapse. The experimental results 
presented in Chapter 4 show the reliability of the proposed procedure. In order to obtain 
some insight regarding the behaviour of single-layer braced domes during the snap-through 
phenomenon, a parametric study has been undertaken and the results are presented in 
Chapter 5. Based on the results of the experimental work and parametric study, some 
design recommendations are put forward to prevent the occurrence of the propagation 
phenomenon. In Chapter 6 the concept of member snap is outlined. A procedure is also 
proposed to investigate the dynamic propagation of member snap in double-layer braced 
domes. The last Chapter contains the conclusions and some suggestions for future 
investigations. 
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CHAPTER 1 
INTRODUCTION 
1.1 INTRODUCTION 
A braced dome consists of one or more layers of line elements whose nodes lie on 
synclastic surfaces. Single-layer braced domes have one layer of line elements, while 
double-layer braced domes have two layers of members forming the top and bottom chords 
which are interconnected by web members. Braced domes are suitable for covering sport 
stadia, assembly halls, exhibition centres and swimming pools in which large unobstructed 
areas are essential and where minimum interference from internal supports is required. 
As the occurrence of instability phenomenon is the main characteristic in the behaviour of 
braced domes, the stability and collapse behaviour of the these structures have been studied 
extensively. One of the most dangerous forms of instability in braced domes, which has 
remained relatively unexplored, is the propagation of local instability, initiated by `nodal 
snap-through' in single-layer braced domes and `member snap' in double-layer braced 
domes. 
Usually, single-layer braced domes experience nodal snap-through as a result of two 
different types of instabilities, namely, limit point instability and unstable-symmetric 
bifurcation point instability. When the load-deflection equilibrium path of the dome reaches 
a limit point, at which the stiffness of the structure is zero, no neighbouring equilibrium 
state is available for a slight increase in loading. It is at this point that the structure will be 
compelled to seek some other stable equilibrium state which may exist at this load and 
generally on the same equilibrium path. The move to such an equilibrium state may involve 
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a large change in deformations. When a local nodal snap-through occurs in single-layer 
braced domes, a large amount of kinetic energy is released at a local region of the dome. 
Kinetic energy has a dynamic effect on the behaviour of the dome as it applies an impulsive 
action on the neighbouring parts, and in some circumstances results in a `domino effect' 
which can cause the collapse of a part or the whole of the dome. 
One of the actual examples of the propagation of a local instability is the collapse of a large 
single-layer braced dome constructed in Bucharest, Romania, in 1963. This dome had a 
span of 100 m and a rise of 19 m. A careful and detailed investigation, after the collapse of 
the dome, undertaken by Soare [1966 & 1984], indicated that the mechanism of overall 
collapse of the dome was as follows: 
" local snap-through of the dome occurred due to an unexpected accumulation of snow 
on a small area, 
" the buckling propagated rapidly, 
" the propagation of deformations caused the successive formation of five waves, which 
allowed the dome to pass from the normal position into the fully reversed position. 
The behaviour of the compression members has a dominant effect on the overall behaviour 
of double-layer braced domes. Practical considerations usually dictate that the compression 
members used in double-layer braced domes have an intermediate slenderness ratio. A 
compression member with an intermediate slenderness ratio, often displays `brittle-type' 
buckling, in which the force drops dynamically when the member fails and there is a 
`dynamic jump' in the post-buckling path of the member. That is, the member will continue 
to axially displace or `axially snap-through' which is known as `member snap' phenomenon. 
This abrupt load-shedding characteristic is associated with the release of kinetic energy. If 
the dome can absorb this release of kinetic energy, then the structure may also be able to 
support an increase in the imposed loading. However, if the dynamic force redistribution 
resulting from the buckled member causes further members to fail, then it is likely that 
progressive inelastic buckling of the compression members will occur, resulting in a `overall 
collapse' of the dome. 
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The collapse of the double-layer grid roof of the Hartford Coliseum in Connecticut, USA, 
has been attributed to design errors. The collapse is an important failure, because of its 
sudden occurrence, indicating that double-layer space structures can collapse in a `brittle 
manner', giving little warning of impending failure if they are not designed carefully 
[Murtha-Smith 1984]. It should also be noted that Murtha-Smith in his report [1982] has 
emphasised that in the nonlinear collapse analysis of the Hartford Coliseum, member snap 
phenomenon did occur and caused a rapid propagation of the failure until overall collapse 
of the structure occurred. 
In general `progressive collapse' has been defined as the `widespread propagation of a 
failure following damage to a relatively small portion of a structure' [Murtha-Smith 1988]. 
In the present study, the term `progressive collapse' has been used to mean the dynamic 
propagation of a `local nodal snap-through' in single-layer braced domes and the 
propagation of a `member snap' in double-layer braced domes. Also, the term `propagation 
phenomenon' is sometimes used to imply the phenomenon of progressive collapse. 
Two fundamental approaches have been used to investigate the propagation of a local 
instability, namely, a static approach and a dynamic approach. In the static approach, it is 
assumed that the instability propagates under steady-state conditions in a quasi-static 
fashion. In the dynamic approach, the dynamic nature of the phenomenon is considered 
directly. Several researchers have investigated the progressive collapse phenomenon in the 
field of space structures, mostly using the static approach. Recently, some studies have been 
undertaken considering the dynamic effects of nodal snap-through in single-layer doubly 
curved vaults and the dynamic response of pin jointed structures due to progressive 
member failure. However, no investigation has been undertaken to date to examine 
progressive collapse of braced domes using the dynamic approach. Kinetic energy released 
during both the nodal snap-through and the member snap phenomenon, has a significant 
role in the propagation phenomenon. In all the investigations undertaken on progressive 
collapse using the dynamic approach, no consideration has been given to the effects of 
kinetic energy released. Also, the effects of different parameters such as initial 
imperfections, rigidity of joints, plasticity characteristics of the material, loading conditions, 
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boundary conditions and the influence of the pattern of the configuration have not been 
studied. 
When investigating the propagation of a local instability, some important questions arise, 
namely: 
" When does a local instability remain contained, that is, it remains local and there is no 
propagation? 
" Under which conditions and circumstances can a local instability propagate over a large 
area of the structure? 
" Which parameters increase or decrease the possibility of the propagation of a local 
instability? 
" How can the designer prevent the propagation phenomenon occurring? 
In view of the above points, the main objectives of the present study are as follows: 
1. To develop a procedure for modelling the propagation phenomenon taking into 
consideration the kinetic energy released during a snap-through. 
2. To determine under what conditions and circumstances a local instability can propagate 
or remain contained. 
3. To determine the effects which different parameters have on the propagation 
phenomenon. 
4. To put forward design recommendations for preventing the occurrence of the 
propagation phenomenon. 
The first part of the Thesis contains a literature survey which considers the behaviour of 
both single-layer braced domes, experiencing nodal snap-through, and double-layer braced 
domes, experiencing member snap phenomenon. The main part of the present study is 
concerned with investigating the dynamic propagation of a local nodal snap-through in 
single-layer braced domes. A procedure has been proposed to investigate this phenomenon. 
In order to evaluate the accuracy and validity of the proposed procedure, two single-layer 
braced domes were fabricated and tested to collapse. The first model was designed to 
exhibit localisation of dynamic nodal snap-through. The second model was designed to 
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permit propagation of local snap-through. In order to understand the behaviour of single- 
layer braced domes during the snap-through phenomenon, a parametric study has been 
undertaken. For investigating the dynamic propagation of a member snap phenomenon in 
double-layer braced domes, at first, the behaviour of the compression members has been 
evaluated using the finite element method. The typical effects of compression member 
behaviour on the load - displacement response of double-layer braced domes have then 
been investigated. Finally, a procedure has been proposed for investigating the dynamic 
propagation of member snap. 
All of the analyses in the present study have been undertaken using ABAQUS which is a 
general purpose finite element program designed specifically for advanced structural 
analysis. A background to the numerical procedures implemented in ABAQUS, which have 
been used in the present study, has been given in Appendix A. 
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CHAPTER 2 
LITERATURE SURVEY 
2.1 INTRODUCTION 
Instability is one of the important factors that limit the extent to which structures can 
be 
loaded or deformed and plays a pivotal role in the design of most structures loaded 
primarily in compression. The vast literature on the subject, developed over the period of 
250 years since Euler's original work, demonstrates the importance of the subject. The 
major issue of practical concern is the establishment of the critical buckling load and the 
smallest deformation at which alternate equilibrium paths become possible. 
`Propagation of local instability' was identified as a new class of structural instability 
approximately 30 years ago [Kyriakides 1993a], in which the classical approaches to deal 
with the instability phenomenon is not sufficient. In general, the propagation of local 
instability affects modest to large structures in which, following the onset of instability, 
collapse is confined to a relatively small part of the structure; that is, it localises. However, 
under some circumstances, the initially local instability can propagate or spread, often in a 
dynamic fashion, over the rest of the structure. 
Historically, the term dynamic instability has been chosen to describe the behaviour of 
structures subjected to dynamic loading. However, the propagation of a local instability has 
also dynamic characteristics and should be classified as dynamic instability. Although, when 
considering the propagation of a local instability, the loss of stability of a structural system 
is naturally a dynamic phenomenon and the phrase `dynamic instability' is a tautology 
[Leipholz 1975]. 
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As the propagation of a local instability has dynamic characteristics, to investigate this 
phenomenon, it is necessary to use a dynamic approach. However, in most research 
undertaken to investigate the propagation of a local instability, a static approach has been 
used, assuming the instability propagates under steady-state conditions in a quasi-static 
fashion [Kyriakides 1993b]. Although, the static approach is relatively simple, it can be 
unrealistic. On the contrary, the dynamic approach may be complicated, however, it 
considers a more realistic behaviour of the structure during the propagation phenomenon. 
The present literature survey consists of two main topics which are as follows: 
" Propagation of a local nodal snap-through in single-layer braced domes. 
" Propagation of member snap in double-layer braced domes. 
2.2 PROPAGATION OF A LOCAL NODAL SNAP-THROUGH IN SINGLE- 
LAYER BRACED DOMES 
As mentioned in Chapter 1, single-layer braced domes have one network of line elements 
whose nodes lie on a synclastic surface. Synclastic surfaces are also called surfaces of 
positive Gaussian curvature and are not developable, that is, the surface cannot be flattened 
onto a plane without stretching or shrinking it. Most braced domes built in practice have a 
surface which can be generated by the rotation of a plane curve around a vertical line. Any 
curve can be used as a rotating curve: a circle gives rise to sphere, an ellipse to an ellipsoid 
of revolution and a parabola to a rotational paraboloid [Makowski 1984]. 
2.2.1 Various Types of Single-Layer Braced Domes 
There are different types of single-layer braced domes. Some of the most important types of 
them are described below: 
" Ribbed Dome :A dome of this kind consists of meridional ribs connected together to a 
number of horizontal polygonal rings (Fig 2.1A). 
" Schwedler Dome: In order to stiffen the structure of a ribbed dome, each trapezium 
formed by intersecting ribs with horizontal rings is subdivided into two triangles by the 
introduction of a diagonal member (Fig 2.1B). 
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" Grid Dome: A grid dome is obtained by projection of a grid pattern on a surface such 
as a sphere, ellipsoid, etc (Fig 2.1C). 
" Lamella Dome: This dome consists of a number of similar units called lamella, arranged 
in a diamond or rhombus pattern (Fig 2.1D). A parallel lamella dome is a configuration 
divided into a number of sectors braced by two sets of diagonal members (Fig 2.1E). 
" Geodesic Dome: A geodesic dome is obtained by projecting a configuration based on a 
regular or semiregular polyhedron onto a sphere, ellipsoid, etc (Fig 2.1F). 
Fig 2.1C Grid Dome 
Fig 2.1E Parallel Lamella Dome Fig 2.1F Geodesic Dome 
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Fig 2.1A Ribbed Dome Fig 2.1B Schwedler Dome 
Fig 2.1D Lamella Dome 
2.2.2 Behavioural Characteristics of Single-Layer Braced Domes 
The behaviour of single-layer braced domes has some important characteristics as follows: 
" As most single-layer braced domes are constructed with rigidly jointed connections, 
these structures are usually classified as rigidly jointed space structures [Morris 1992, 
Hanaor 1995]. 
" Because of the in-plane membrane action of single-layer lattice domes associated with 
their curvature, such structures are able to carry considerable out-of-plane loads, relative 
to the weight of the structure itself [Gioncu and Balut 1992]. 
" The need to cover large spans without intermediate supports has made the buckling 
capacity of these structures a determining factor in their behaviour and design. Under 
imposed loading, they show a range of different instability modes [Gioncu 1995], 
namely: 
-Member instability mode in which an individual member buckles and other members are 
not affected [Kato et al 1991]. 
-Node instability mode in which a local snap-through occurs at a node. 
-Line instability mode in which all the nodes in a ring around the dome and the 
connected members are involved in the loss of stability. 
-General instability mode in which all the nodes and members over a large area of the 
dome are involved in the buckling phenomenon. 
" When loading is applied to a single-layer braced dome, it will usually no longer maintain 
its geometric shape and significant changes occur in the initial geometry. Therefore, 
geometric nonlinearity should be considered in the analysis of these structures [Gioncu 
1995]. There are three causes of geometrical nonlinearity occurring in single-layer 
braced domes, namely [Kani eta! 1984]: 
-Considerable shortening of members due to axial forces. 
-Change of member length due to bowing. 
-Rotation of joints due to the connection system. 
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" In these structures the occurrence of plasticity in the members causes a reduction in their 
load carrying capacity. Therefore material nonlinearity should be considered in the 
analysis of these structures [Kani and McConnel 1987, Meek and Loganathan 1989]. 
" Single-layer domes are imperfection sensitive with their actual collapse loads differing 
substantially from calculated values for perfect structures [Morris 1991 & 1992, Gioncu 
and Balut 1992, Chen and Shen 1993, Kashani and Croll 1994]. There are two types of 
imperfections in braced domes: 
-Geometrical imperfection: such as initial curvature of the members and deviations of the 
nodes from the ideal geometry. 
-Mechanical imperfections: such as residual forces, and additional member forces due to 
lack of fit. 
Considering the aforementioned behavioural characteristics of single-layer braced domes, it 
turns out that in any study undertaken on these structures, particularly the propagation of a 
local nodal snap-through, the instability phenomenon, and material and geometrical 
nonlinearities, as well as imperfection sensitivity of these structures should be taken into 
consideration. 
2.2.3 Appropriate Mathematical Model 
When performing a nonlinear (elasto-plastic, large displacement) stability analysis of rigidly.. 
jointed single-layer braced domes, generally two mathematical models can be used: the 
`Beam-Column model' and the `Finite Element Model' [Oran 1973, Chen and Atsuta 1977, 
Bathe and Bolourchi 1979, Borri and Chiostrini 1989, Dubina 1992]. In the beam-column 
model, the effect of geometric nonlinearity is accounted for by coordinate transformation. 
The nonlinear behaviour of the element is presented by the tangent stiffness matrix. In this 
model, the element stiffness matrix is defined by means of stability functions. The updated 
Lagrangian description, in which the reference configuration is the current deformed 
configuration of the body, is usually employed to define the member coordinates in 
developing the element stiffness matrix. In the finite element approach, the effect of 
geometric nonlinearity is accounted for by including higher order terms in the strain 
displacement relationship. The nonlinear behaviour of the element can be represented by 
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augmenting the linear stiffness matrix by the geometric stiffness matrix or by using an 
incremental tangent stiffness matrix. The finite element is defined by means of the 
interpolation functions and both the total Lagrangian description, in which the initial 
unstressed configuration is taken as the reference configuration, and the updated 
Lagrangian description are usually used to define the member coordinates in developing the 
element stiffness matrix. 
The main advantage of the beam-column model is that the accuracy attained by using it, is 
superior to that obtained using the finite elements, which means that fewer elements will be 
needed for a given degree of accuracy. However, this model has some drawbacks, namely: 
" The form of the elements of the stiffness matrix is complicated and depends on the effect 
of the axial force. 
" Because the force-displacement relationships are determined using the conventional 
beam-column theory, relative deformations must remain small. 
" Extending the elastic model to inelastic behaviour presents some difficulties. 
" The external forces must be conservative and can, as a rule, be applied only at the nodes. 
The finite-element model has some important advantages, namely: 
" The form of the individual elements in the stiffness matrix is simple. 
" It is possible to take into account the changes in the geometric characteristics of the 
cross-section caused by large strains. 
" Member loading as well as nodal forces can be taken into account. 
" Considering the effects of geometric nonlinearity and material nonlinearity in the analysis 
is usually simple. 
The main drawback of the finite-element model is that, in order to obtain satisfactory 
accuracy, it is necessary to use more finer mesh. 
Having considered the above points as well as the special characteristics of the behaviour of 
single-layer braced domes, it is apparent that the finite element approach is suitable and 
efficient for nonlinear (elasto-plastic, large displacement) stability analysis of rigidly jointed 
single-layer braced domes. 
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2.2.4 Nodal Snap-Through in Single-Layer Braced Domes 
Gioncu [1995] has given a comprehensive list of references covering various studies 
undertaken in the stability of single-layer braced domes. Some important studies which are 
particularly concerned with the nodal snap-through phenomenon, are discussed. Hangai and 
Kawamata [1972] have studied the numerical analysis of space frames and snap-through 
buckling of single-layer braced domes. The nonlinear equilibrium equations for members 
are derived from the first derivatives of the total potential energy function. A method of 
solution of the nonlinear simultaneous algebric equations based on the static perturbation 
technique and the matrix formulation has been employed. Holzer et al [1981] have studied 
the stability analysis of single-layer lamella domes and considered different approaches to 
trace the unstable-equilibrium path during the snap-through phenomenon. They concluded 
that the modified Riks method is the most effective and efficient method to trace highly 
nonlinear equilibrium paths. Papadrakakis [1981] has studied the post-buckling analysis of 
space structures, particularly single-layer braced domes, using vector iteration methods. He 
has employed two vector iteration methods, namely, the dynamic relaxation method and the 
first order conjugate gradient method both of which do not require the computation or 
formulation of any tangent stiffness matrix. Kani and McConnel [1987] have also 
undertaken a numerical and experimental study of the collapse and post-collapse behaviour 
of shallow domes. The numerical analysis was based on the updated Lagrangian 
formulation, materially and geometrically nonlinear, displacement-based finite-element 
method. Meek and Loganathan [1989] have presented a theoretical and experimental 
investigation of a shallow single-layer braced dome. The numerical formulation is based on 
the updated Lagrangian method incorporating geometric and material nonlinearities. They 
have emphasised that, the elastic geometric nonlinear analysis, overestimates the collapse 
load of the structure. The experimental study was carried out under displacement control to 
trace the post-buckling path and this prevented a dynamic jump occurring. Born and 
Chiostrini [1992] have studied the numerical approaches to the nonlinear stability analysis 
of single-layer reticulated structures. The study consists of two steps: in the first step, the 
behaviour of the imperfect dome structure is evaluated by imposing an additional fictitious 
12 
load vector, representing the effects of a random distribution of initial imperfections. The 
second step, allows the detection of the position of the critical points and the tracing of the 
secondary equilibrium paths by means of a perturbation technique. Robert et al [1981 & 
1992] have focused on the numerical methods which are used to calculate the load-carrying 
capacity of a reticulated shell structure. They presented the stiffness matrices of elastic and 
elasto-plastic pin-ended elements. Assuming that the snap-through phenomenon is quasi- 
static, a path-following algorithm based on the Arc-length method was implemented to 
trace the load-deflection responses in the post-buckling path. Held [1993] has presented 
some important characteristics of the instability phenomenon in single-layer braced domes 
approached from the analytical viewpoint. He has classified the instability phenomenon 
based on the states of the equilibrium path, types of buckling modes and theories used. He 
has emphasised the importance of local buckling, due to concentrated loading, which 
occurs as a limit point in the elastic region. 
In all the aforementioned studies, very little consideration has been given to the dynamic 
effects of the nodal snap-through phenomenon. It has been assumed that snap-through is a 
quasi-static phenomenon. Consequently, the dynamic effects of this phenomenon have been 
neglected. However, in most of these studies, it has been emphasised that the snap-through 
is a dynamic process, which implies that the nonlinear static equilibrium paths are only valid 
up to the limit point. 
It should also be noted that some studies have been undertaken considering the dynamic 
stability of single-layer braced domes under dynamic loading, such as the valuable research 
work by Holzer and Abatan [1977], Coan and Plaut [1983], Ishikawa and Kato [1993], 
Jianheng [1993] and Zhu et al [1994]. 
2.2.5 Dynamic Propagation of Local Nodal Snap-Through in Single-Layer Braced 
Domes 
It is worth noting that little research has been undertaken to investigate the propagation of a 
local nodal snap-through. Gioncu and Balut [1992] have presented different aspects of the 
instability behaviour of single-layer reticulated shells including the dynamic propagation 
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phenomenon. They emphasised that the sudden character of a local nodal snap-through 
causes inertia forces producing oscillations about the equilibrium state. These oscillations 
can bring the structure onto the unstable-equilibrium path of a general instability and thus 
local instability is propagated over a large area. 
Gioncu [1995] has mentioned the experimental study of the propagation phenomenon in a 
single-layer dome model. The experimental dome model was made with pin-ended steel 
members. The instability of this particular dome model was due to buckling of a highly 
stressed compression member and a sudden nodal snap-through was produced with 
considerable inertia forces, causing the complete inversion of the dome model. Apparently, 
the numerical study of this dome model has not been undertaken. 
Gioncu and Lenza [1993] have evaluated the kinetic energy released during a nodal snap- 
through. They analysed a toggle truss with a linear spring at the central node, as shown in 
Fig 2.2A. When the applied concentrated load reaches the limit point load, the geometry 
changes suddenly, associated with the released kinetic energy, as shown in Fig 2.2B. By 
increasing the rigidity of the spring, the limit load increases, while the kinetic energy greatly 
decreases as shown in Fig 2.2C. They also emphasised that a dynamic analysis could 
determine the acceleration values produced by the snap-through. 
Lenza et al [1989 & 1992 & 1993] have studied the dynamic effects of nodal snap-through 
in single-layer doubly-curved vaults with pin jointed connections. They emphasised the 
large inertial actions occurring during the nodal snap-through. The maximum acceleration 
value was about sixteen times the acceleration due to gravity, which produced a 
propagation of instability over a large area. They believe that by using numerical analysis, it 
is possible to give designers useful guidelines. In addition, the results of an experimental 
investigation regarding the actual structural behaviour should also be taken into account. 
Lenza et al emphasise that if a local phenomenon such as a nodal snap-through can cause 
the general collapse of a structure, then the influence of local geometrical imperfections 
become important, because these can reduce the local limit load and initiate the propagation 
of local instability. It should be noted that they have not introduced the effects of kinetic 
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energy into the nonlinear dynamic analysis. In their analytical procedure, the loads have 
been increased gradually in order to start the nodal collapse without considering the 
dynamic effects. When the nodal collapse starts, the loads are kept constant and the 
phenomenon is analysed using a nonlinear dynamic analysis. 
Recently, Gioncu et al [1995] have studied the progressive collapse of reticulated shells 
using a simplified method. In this method, the dynamic analysis is replaced by a quasi-static 
method, using additional static loads, determined from the kinetic energy released during 
snap-through phenomenon. 
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Fig 2.2 Dynamic Nodal Snap-Through Phenomenon for the Toggle Tnuss: Fig 2.2A 
shows the toggle truss with a linear spring (with a rigidity k) at the central node. Area A in 
Fig 2.2B represents the kinetic energy released during the snap-through phenomenon. In 
Fig 2.2B, W is the displacement of the central node and R is the reaction force. Fig 2.2C 
shows different behaviours of the structure determined by the rigidity of the spring. By 
increasing the rigidity of the spring, the limit load increases, and the kinetic energy greatly 
decreases. 
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2.3 PROPAGATION OF MEMBER SNAP IN DOUBLE-LAYER BRACED 
DOMES 
As mentioned before, double-layer braced domes have two networks of members, whose 
nodes he on synclastic surfaces. These two networks of line elements, forming the top and 
bottom chords, are interconnected by web members. Extensive studies have been 
undertaken on the progressive collapse of double-layer flat grids. However, studies on 
double-layer braced domes are scarce [Gioncu 1995]. The reasons for this may be as 
follows: 
" The buckling behaviour of double-layer reticulated shells is generally not so dangerous 
as buckling of single-layer braced domes. 
" The behaviours of double-layer braced domes and double-layer flat grids have some 
similarities. For a given configuration, the load-carrying capacity of a double-layer 
braced dome is generally greater than the corresponding capacity of a double-layer flat 
grid, because of the curvature of the dome, as shown in Fig 2.3, However, their post- 
critical behaviour is similar, as shown by Saka et al [1993] and Gioncu [1995]. 
2.3.1 Member Snap Phenomenon 
The phenomenon of member snap in a structure was evaluated theoretically and 
experimentally for the first time in a simple pin jointed structure, as shown in Fig 2.4A, 
containing a single compression member, by Davis and Neal [1959 & 1963]. They showed 
that when the applied load to the structure is such that the load on the strut has passed its 
maximum values, equilibrium may be lost temporarily while the structure undergoes a 
dynamic jump to a new position of equilibrium. At the same time, the compression member 
undergoes a dynamic jump from the critical point to a new equilibrium state on the post- 
buckling path, as shown in Fig 2.4B. Their analysis showed that the dynamic jump is 
governed by the interchanges between the elastic energy stored in the adjoining structure to 
which the compression member is attached, the work absorbed in the compression member 
and the kinetic and potential energies of the applied load. They showed that the occurrence 
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Fig 2.3 Behaviour of Double-Laver Space Structures: The figure shows, for a given 
configuration, the load-carrying capacity of a double-layer braced dome is generally greater 
than the corresponding capacity of a double-layer flat grid, because of the curvature of the 
dome. 
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Fig 2.4 Member Snap Phenomenon: Fig 2.4A shows a simple pin jointed structure, 
containing a single compression member. Fig 2.4B shows that when the applied load to the 
structure is such that the load on the strut has passed its maximum, the structure undergoes 
a dynamic jump to a new position of equilibrium (curve b). At the same time, the 
compression member undergoes a dynamic jump from the critical point "to a new 
equilibrium state on the post-buckling path (curve a). 
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of this phenomenon depends on the stiffness of the compression member and the resistance 
provided by the adjoining structure. The dynamic jump ensues if the negative post-buckling 
stiffness of the compression member is greater than the stiffness of the remainder of the 
structure [Davis and Neal 1959, Galambos 1968]. 
Little [1982] has examined the violence of collapse of steel model columns, considering the 
post-ultimate stiffness of the member. He emphasised that columns of intermediate 
slenderness and small imperfections, even if loaded in a stiff testing machine, exhibit a 
particularly dramatic, snap-through type of collapse behaviour. Little [1982] showed that 
member snap could occur for medium slenderness ratios in the range of 
2-o. s (2(20.25 
where A. is the nondimentional slenderness ratio = (1 /; r)(/) in which / is 
the length of the member divided by r, the radius of gyration, and ay is the yield stress. 
Thus, for such compression members, when the peak load is achieved, the load must be 
reduced to maintain equilibrium. Under displacement control in an infinitely rigid testing 
machine, the peak load is an unstable point and snap through occurs `catastrophically' to 
the lower equilibrium point. Paris [1954] and Supple and Collins [1980] have observed in 
the testing machine, the dynamic snap-through phenomenon in the post-buckling behaviour 
of compression members. Collins [1984] reported that in his tests of the complete space 
truss structures, snap-through failure rapidly progressed through the structure in 
approximately 30 seconds without any increment in the applied load or displacement. The 
member snap-through phenomenon has also been examined in double-layer space trusses 
by Murtha-Smith [1982 & 1984 & 1988 & 1994]. He pointed out that member snap as an 
internal instability, which has dynamic characteristics, should not be omitted from any space 
truss analysis method. 
2.3.2 Compression Member Behaviour 
In most studies undertaken on double-layer braced domes whose pin jointed cases are 
statically stable, the pin jointed conditions have been assumed [Marsh 1975, Schmidt et al 
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1976, Schmidt and Gregg 1980, Collins 1981, Karamchandani and Cronell 1992, Parke 
1988, Hill et al 1989, Papadrakakis 1983, Murtha-Smith 1984 & 1988 & 1993 & 1994]. 
This is normally due to the fact that in these structures with usual proportions of the 
members used, load is primarily transmitted as axial forces. When it is assumed that a 
double-layer space structure behaves as a pin jointed structure, the behaviour of the 
compression members has a dominant effect on the overall behaviour of the structure. The 
response of a double-layer space structure is a function of the compression member 
behaviour and the accuracy and validity of the system response depends on the level of 
sophistication of the member modelling. Consequently, the representation of the behaviour 
of the compression members forms a central role in the collapse analysis of double-layer 
space structures. In most collapse analysis methods used in the study of double-layer space 
structures, primarily the axial load - axial displacement behaviour of the compression 
members must be determined. The axial load - axial displacement response of the 
compression members can then be used to model the member behaviour in the nonlinear 
collapse analysis of the structure. 
There are two main procedures to determine the behaviour of the compression member 
[Murtha-Smith 1994], namely: 
" Numerical methods such as the finite difference method, the finite segment method and 
the finite element method. 
" Single member methods based on closed form solutions. 
The finite difference method for the solution of differential equations is a technique used for 
the reduction of a continuum to a system with a finite number of degrees of freedom. The 
basis of the method is that the derivatives of functions at a point can be approximated by an 
algebraic expression consisting of the value of the function at that point and at several 
nearby points [Zienkiewics and Taylor 1989]. Using the finite difference method to 
determine the behaviour of compression members, a finite number of points are defined 
along the member. A trial deflected shape is assumed. Then, at each point, the stress 
condition can be either elastic, partially plastic or fully plastic. Stress resultants can be 
obtained to give axial force and moments. Hence, equilibrium differential equations can be 
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written for each point, and the simultaneous solution of these equations yields a set 
displacement at the points. The cycle is repeated with these new deflections until 
convergence is obtained. Hence, the load-shortening behaviour of the member can be 
developed from a series of such analyses by incrementing load or displacement [Murtha- 
Smith 1994]. Toma and Chen [1982] have successfully used this method. They reported 
`that the method predicts reasonably well, the test results of pin-ended compression 
members'. 
The finite segment method, employed by Chen and Atsuta [1977], considers the member to 
be composed of a finite number of prismatic segments, each of which is composed of a 
finite number of one-dimensional fibres. As a result, the member behaviour can be 
formulated and solved approximately in terms of the behaviour of these segments without 
recourse to complex differential equations. In the computation of the segment stiffness 
matrices, the direct stiffness method is utilised [Chen and Atsuta 1977, Murtha-Smith 
1994]. The segment stiffness matrices are evaluated using the exact displacement field of 
the compression member along the length of the segment. Equilibrium, compatibility and 
elasto-plasticity equations are solved for the structure. Little [1982], Sugimoto and Chen 
[1985], Chan and Kitipornchai [1988] emphasised that the method yields efficient solutions 
for the description of member behaviour, and good agreement is generally obtained with 
experimental results. 
In the finite element method, the compression member is physically replaced by an assembly 
of discrete elements and the element stiffness will be evaluated using the approximate 
displacement along the element length. Chen and Atsuta [1977], Al-bermani et al [1988], 
Chan [1989] and Yong and Trahair [1994] have successfully used this method, and they 
have found very good agreement between the experimental and theoretical results. 
In single-member methods, the member is not discretitized but treated as a one-dimensional 
continuum. Displacement, equilibrium and elastoplaticity conditions are described. 
Assumptions are typically made concerning the deflected shape, and hence a solution can be 
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obtained. Generally, the solution is of closed form for a given load value [Chen and Atsuta 
1977, Murtha-Smith 1994]. The following assumptions have commonly been used: 
" The member is initially stress free. 
" The member cross-section is symmetric and uniform throughout its length. 
" The member only deflects in the plane of cross-sectional symmetry and deflects without 
twist. 
" The member is simply supported at its ends. 
" The member has no local instability. 
" Shear stresses and shear deflections are neglected. 
" The member is a one-dimensional continuum of elastic, perfectly plastic, ductile material. 
" Member deflections are small so that the square of the slope can be neglected compared 
with unity, and the change in length is also negligibly small compared with the original 
length. 
The chronological review of models obtained using the single member methods has been 
given by Murtha-Smith [1994]. Also, a comprehensive review of the modelling of 
compression members has been presented by Collins [1981]. Comparing the numerical 
methods and the single member solutions, the following points can be noted [Chen and 
Atsuta 1977, Murtha-Smith 1994]:. 
" Whereas, the finite difference, the finite segment and the finite element description of 
member behaviour have been shown to give good agreement with experimental 
behaviour, they generally require considerable computational effort. 
" Among the most severe limitations of the single member methods based on the 
theoretical closed form solutions, are the idealised conditions that are often assumed to 
facilitate the mathematical solutions. These idealised conditions are rarely realised in 
reality. 
" The great advantage of the numerical methods lies in their ability to solve problems with 
conditions that are far too complicated for mathematical closed form solutions. 
" Numerical methods have the commanding advantage in that they can be programmed 
for computers. The practical significance of this is that it makes feasible to investigate a 
large number of variables and undertake parametric studies. 
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" The numerical methods can serve as a useful benchmark for the verification of simpler 
models. That is, the finite difference, finite segment and finite element methods can be 
used to develop simplified functional approximations to the complete response of the 
members, and these approximations can subsequently be used in double-layer space 
structure collapse analysis. 
Considering the above points, it can be concluded that using numerical methods to obtain 
the response of the compression members is more appropriate than using any of the single 
member methods. It should also be noted that for complicated situations in compression 
members such as material nonlinearity, geometric nonlinearity and local buckling, the finite 
element method has proved to be a powerful and appropriate technique [Chen and Atsuta 
1977]. 
2.3.3 Progressive Collapse of Double-Layer Space Structures Using Static 
Approaches 
In most studies undertaken to investigate the progressive collapse of double-layer space 
structures, particularly double-layer flat grids, a static approach has been used. In this 
approach, it is assumed that the local instability such as member snap propagates under 
steady-state conditions in a quasi-static fashion. The static collapse analytical methods can 
be classified according to the load or displacement incrementing. In addition, methods can 
be classified according to their computational efficiency, which is generally dominated by 
whether or not the method requires the repeated reformation of the stiffness matrix 
[Murtha-Smith 1994, Malla and Serrette 1996]. 
The large majority of methods published since the mid-1970s have non-linearly analysed 
space trusses using an incremental approach, updating and reinverting the stiffness matrix. 
Load or displacement increments are made, the changes in member state are determined, 
hence the stiffness matrix is updated, additional load or displacement increments are made 
and so the procedure continues. Examples using this approach includes Marsh [1975], 
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Schmidt et al [1976], Schmidt and Gregg [1980], Collins [1981 & 1984], Karamchandani 
and Cornell [1992], Parke [1988], Hill et al [1989] and Blendford [1996]. Marsh [1975] 
described a nonlinear static analysis requiring the removal of members as they reach their 
limit loads (yielding or buckling) and reforming the stiffness matrix. Schmidt et al [1976] 
also presented the same method as Marsh [1975]. However, they employed a very 
approximate post-buckling path. After a compression member reached its buckling load, 
the member capacity dropped to an empirically determined lower value that is a fixed 
proportion of the critical load. Schmidt and Gregg [1980] presented a method, called the 
`Dual Load Method', in which the post-buckling regime is linearised. Members are not 
removed but are given negative stiffness in the post-buckling regime according to the 
assumed piecewise linearisation. A set of residual forces is produced. The stiffness matrix is 
reformed when the limit is reached for any segment in any member. Collins [1981 & 1984] 
has made a modification to simplify the `Dual Load Method'. In this method, the nonlinear 
range of the member behaviour is still represented by a series of linear approximations, but 
the need for the nodal residual forces required in the `Dual Load Method' to maintain 
equilibrium and compatibility between the member and structure, is removed. This is 
achieved by adding and updating displacement and force increments at each incremental 
change in the load factor. Karamchandani and Cornell [1992] presented a nonlinear analysis 
method in which the member behaviour is linearised into a very limited number of 
segments. They allow members to elastically reverse and track the equilibrium path by 
allowing load and displacement decrements if required to satisfy equilibrium. Parke [1988] 
has presented an algorithm, formulated using the direct stiffness approach, which is based 
on the `Dual Load Method' with an optional Newton Raphson iteration available between 
load steps. Hill et al [1989] presented a method, considering material and geometric 
nonlinearities. Unlike many previous methods, they retained some higher order terms in the 
strain-displacement equations and developed the stiffness matrix based on a large 
displacement formulation. Member coordinates are updated after each iteration and the 
stiffness matrix reformed. Blendford [1996] has presented a method to analyse progressive 
collapse of space truss structures, with both material and geometrical nonlinearities. The 
constitutive relationship has been used to provide the fundamental modelling of elastic and 
inelastic material behaviour, coupled with a geometrically nonlinear finite-element 
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modelling. Geometric nonlinearity is based on interactively correcting the linearised updated 
lagrangian equations. 
Other approaches have been used that avoid repeatedly reforming the stiffness matrix. For 
example Papadrakakis [1983] used a relaxation method and Murtha-Smith [1984] modified 
the so-called `Initial Stress' method presented by Zienkiewicz et al [1969]. Papadrakakis 
[1983] presented a method with a detailed numerical model of member behaviour. In 
addition, the governing equilibrium equations are highly nonlinear and are solved iteratively 
using the dynamic relaxation technique. He showed that this method does not require the 
repeated updating of the stiffness matrix. Murtha-Smith [1984] presented a method that 
does not require the reformation of the stiffness matrix but instead uses a set of `Fictitious 
Loads' which ensure that each member response conforms to the appropriate nonlinear 
member model. The magnitudes of the fictitious loads for a given actual load can be 
determined directly. The inverted initial stiffness matrix is used throughout even though the 
member responses are nonlinear and thus the method is computationally efficient. The 
important feature of the method presented by Murtha-Smith [1984] is to introduce member 
snap phenomenon into the nonlinear post-buckling response of the compression member. 
As a simplification, Murtha-Smith has neglected the dynamic effects of member snap, 
although he has emphasised that dynamic effects can increase the force redistribution 
further. However, he has pointed out that while the member snap is a dynamic 
phenomenon, tests by Kahn and Hanson [1976] have shown that the dynamic and static 
hysteretic responses of axially loaded steel members to be nearly identical. Thus, when a 
member experiences snap-through, the capacity of the other members should still be given 
by their static values. Murtha-Smith [1994] has also presented a new method in which the 
computational efficiency of the previous formulation is retained. Unlike the previous 
formulation [1984], the new formulation allows all members to move simultaneously 
through their post-buckling regime, thereby sustaining correct equilibrium. In addition, 
several members can be in an unstable snap-through phase and simultaneously snap-through 
with this implementation. Previously, only one member at a time was allowed to move 
through an increment of its post-buckling regime. The consequences of this previously used 
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procedure was that proper equilibrium could be violated possibly affecting the subsequent 
history of other members. 
Murtha-Smith [1988 & 1993] has used the previous method to alternate path analysis of 
space trusses for progressive collapse. The alternate path method is an approach for the 
design against progressive collapse. This method permits local damage to occur but 
provides alternate paths around the damaged area so that the structure is able to absorb the 
damage without collapse. In the event of the loss of load-carrying capacity of a structural 
member, the forces in adjacent members are distributed and the loss in load capacity is 
accommodated by bridging over the damaged area [McGuire 1974, Burnett 1975, 
Leyendecker and Ellingwood 1977 & 1978, Gross and McGuire 1983]. Murtha-Smith 
neglected the dynamic effects of member snap and indicated that static alternate path 
analysis is only an approximation of progressive collapse. 
2.3.4 Progressive Collapse of Double-Layer Space Structures Using Dynamic 
Approach 
It is possible to get a progressive collapse in a quasi-static fashion, once one member has 
collapsed when the remaining damaged structure cannot sustain the applied load statically. 
However, a nonlinear static collapse analysis which predicts that a damaged structure 
should be safe and can sustain additional load, may not provide a correct and realistic 
picture of the behaviour of the damaged structure. Therefore, in some cases, using a static 
approach leads to a significant overestimate of the load carrying capacity of the structure. 
Ramsden et al [1987 & 1991] have studied theoretically and experimentally the dynamic 
effects in progressive failure in simple structures comprised of pin-ended members. They 
emphasised that when a premature failure of an element occurs in the structure which is 
under load, energy stored in the structure is released and this induces a state of transient 
vibration about the new equilibrium position. The members of the structure will therefore 
experience transient loads and displacements greater than the values given by static analysis, 
and consequently, there is the possibility that these dynamic stresses and strains may 
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produce failure in another member of the structure. Failure of a second member will cause 
further vibration resulting in progressive collapse of other members before a new 
equilibrium state is reached. Also, they have concluded that the amount of applied load will 
determine the effect of local damage on the rest of the structure. If the structure were to be 
lightly loaded when a member sustains damage, there would be little chance of 
neighbouring members being overloaded. On the other hand, if the structure were to be 
highly loaded and close to failure, it is possible that the damage would cause extra loads on 
surrounding members which would cause them to fail. Consequently, structures which are 
most at risk from progressive failure are those that are highly optimised and operate at a 
high proportion of their ultimate load. However, it is worth noting that Ramsden et al have 
not undertaken any analysis of practical engineering structures. Also, they neglected the 
plasticity in the component members, compression member buckling and the effects of 
buckling on vibration. They have also emphasised the need to understanding progressive 
failure from the energy viewpoint, particularly with respect to dynamic effects. 
A few studies have been undertaken to investigate progressive collapse of double-layer 
space structures using a dynamic approach. Morris [1993a & 1993b] has studied the 
dynamic effects of member snap on progressive collapse of space structures. He presented 
a procedure for assessing the ultimate capacity of space structures whose compression 
members have a dynamic jump in their post-buckling range. Unlike previous methods which 
carry out a static analysis, the possibility of a dynamic response due to snap of buckled 
members have been considered. In his procedure, at first a nonlinear static analysis has been 
undertaken. The axial load - axial displacement responses of the members are followed at 
each load increment until the collapse load of one of the compression members is reached. 
If the stiffness of the adjoining structure exceeds the negative member stiffness, the step-by- 
step static analysis is continued. However, if the negative member stiffness is larger, a jump 
in axial force must occur. Two things happen at a member snap-through: the axial force in 
the member is decreased, and the stiffness of the member is decreased from its fully elastic 
value to the negative value governed by the tangent modulus along post-buckling path. 
Since these occur instaneously, the structure should now be described by the dynamic 
equations. Morris indicated that the results of static post-buckling analysis must be used 
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with caution since they can err substantially and may lead to a significant overestimate of 
the load carrying capacity of the structure. However, Morris has not considered the 
interaction between nodal snap-through and member snap. Also, the effects of kinetic 
energy released during snap-through has not been introdued into the dynamic analysis. 
Recent efforts to develop a systematic approach to determine the response of truss 
structures due to the dynamic effects of member failure include those by Malla and Wang 
[1992 & 1993] and Malla and Nalluri [1994 & 1995]. An attempt has been made to 
consider the dynamic effects of both the brittle failure from the elastic regime and the 
sudden decrease in member capacity after the initial buckling of the member in the inelastic 
post-buckling regime. The methods presented by Malla and others represent dynamic 
member failure by the sudden drop in the force applied to a joint, equal to the reduction in 
the member capacity or a by applying initial conditions on joint displacements, velocities 
and acceleration. In other words, the central point in their approach is that a sudden 
member failure is represented by certain external forces at the joints where the member is 
connected to the rest of the structure. Malla and Nalluri [1995] have emphasised that in- 
depth analysis, taking into account the actual path of member behaviour, is needed for a 
better understanding of the structural response during the member failure process. 
However, they have not introduced the effects of kinetic energy released during the snap- 
through phenomenon into the dynamic analysis. 
2.4 CONCLUSION 
The propagation of a local instability is certainly a serious and complicated phenomenon for 
both single-layer braced domes and double-layer braced domes and requires careful 
consideration. Both the nodal snap-through and member snap-through, as local instabilities, 
have dynamic characteristics and neglecting the dynamic effects of these phenomena may 
lead to an unrealistic estimate of the behaviour for both single-layer and double-layer braced 
domes. Dynamic snap-through involves interchanges between recoverable strain energy, 
dissipated energy due to plastic deformation, kinetic energy and work done by the applied 
loads. Consequently, the investigation of propagation of a local snap-through requires 
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careful energy considerations. Particularly, the effects of kinetic energy released during 
snap-through phenomenon should be introduced into the dynamic procedure used to 
evaluate the possibility of progressive collapse. However, from the literature survey 
presented in this Chapter, it is evident that in all the investigations undertaken on 
progressive collapse, very little considerations has been given to the dynamic effects of 
kinetic energy released. Therefore, there is a need to develop a procedure for modelling the 
propagation phenomenon taking into consideration the kinetic energy released during the 
snap-through. 
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CHAPTER 3 
DYNAMIC PROPAGATION OF NODAL SNAP-THROUGH 
IN SINGLE-LAYER BRACED DOMES 
3.1 INTRODUCTION 
The occurrence of instability is the main characteristics in the behaviour of single-layer braced 
domes. One of the most dangerous forms of instability in single-layer braced domes is the 
propagation of local instability, initiated by nodal snap-through. 
Nodal snap-through can be defined as a considerable deviation occurring in the geometry of the 
dome structure at a local region around a node. Nodal snap-through has a dynamic effect on the 
behaviour of the dome structures. In some circumstances, the dynamic effect associated with the 
nodal snap-through phenomenon can cause the collapse of a large part or even the whole of the 
structure. This type of collapse is known as `progressive collapse'. 
3.2 DYNAMIC SNAP-THROUGH 
A structure with nonlinear softening characteristics, in which the stiffness decreases with increasing 
load, may lose its stability in a way that is known as `limit point' instability. In this type of 
instability, the softening associated with the initial mode of deformation may, by gradual reduction 
of stiffness, reach a state where the stiffness is lost completely. It is then said that the load- 
deflection equilibrium path of the structure has reached a limit-point where a dynamic jump occurs 
to a highly deformed configuration. In other words, as shown in Fig 3.1, at the limit point the 
stiffness of the structure is zero and no neighbouring equilibrium state is available for a slight 
increase in loading. It is at this point that the structure will be compelled to seek some other stable 
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equilibrium state which may exist at this load and generally on the same equilibrium path. The move 
to such an equilibrium state may involve an extremely large change in deformations. The dynamic 
effects associated with this change of equilibrium states often involves large quantities of energy 
and occur with considerable violence. This has become known as `dynamic snap-through' with the 
loss of stability being often called `snap-through instability' [Thompson and Hunt 1973 & 1984, 
Croll and Walker 1979], [see Appendix A]. 
It should be noted that the dynamic jump can also occur in the unstable-symmetric bifurcation point 
instability. In this type of instability as shown in Fig 3.2, the fundamental equilibrium path, rising 
from the origin, loses completely its stiffness on intersecting an unstable falling secondary 
equilibrium path. At the intersection point as a critical equilibrium state, which is unstable, the 
structure will be compelled to seek some other stable equilibrium state, and therefore a dynamic 
jump will occur. A dynamic jump can also occur in asymmetric bifurcation point instability. 
However, in most cases, single-layer braced domes generally show limit point instability and 
unstable-symmetric bifurcation point instability [Supple 1984]. 
3.2.1 Energy Consideration 
Fig 3.3 shows a single-degree of freedom system and the energy changes occurring in the dynamic 
snap-through phenomenon. In this figure the area A represents the summation of strain energy and 
dissipation of energy due to plastic deformation and area B represents the kinetic energy released 
during the snap-through phenomenon [Davies and Neal 1959 & 1963, Gioncu and Lenza 1993]. In 
order to fully understand the concept of kinetic energy in the dynamic snap-through phenomenon, 
the behaviour of a dome under `load' or `displacement' control must be considered. Using a 
displacement control regime, in which nodal displacements are incremented, it is possible to trace 
the unstable part of the equilibrium path. Therefore, in the displacement control regime, the work 
done by the external load is represented by the area A, which is the summation of strain energy and 
dissipated energy due to plastic deformation. However in actual structure, the unstable part of the 
equilibrium path cannot be traced and load control dominates the behaviour of the structure as 
shown in Fig 3.4. In the load control regime, in which a dynamic jump can occur, the work done by 
the external load is represented by the area C in Fig 3.4. Because a dynamic deformation has 
occurred, the system should release some kinetic energy in order that the work done to be 
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Fig 3.1 The Dynamic Snap-Through Phenomenon: The figure shows the dynamic snap-through 
phenomenon. At the limit point, the stiffness of the structure is zero and no neighbouring 
equilibrium state is available for a slight increase in loading. It is at this point that the structure will 
be compelled to seek some other stable equilibrium state. 
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Dynamic Jump 
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Intersection Point 
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Deflection 
Fig, 3.2 Dynamic Snap-Through in Unstable-Symmetric Bifurcation Point Tnstability: The 
figure shows the unstable-symmetric bifurcation point instability. In this type of instability, the 
fundamental equilibrium path, rising from the origin, loses completely its stiffness on intersecting an 
unstable falling secondary equilibrium path. At the intersection point as a critical equilibrium state, 
which is unstable, the structure will be also compelled to seek some other stable equilibrium state, 
and therefore a dynamic jump will occur. 
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Fig 3.3 Energy Changes in Dynamic Snap-Through: The figure shows a single-degree of 
freedom system and the energy changes during the dynamic snap-through phenomenon. In this 
figure the area A represents the summation of strain energy and dissipation of energy due to plastic 
deformation and area B represents the kinetic energy released during the snap-through. 
. Load 
Dynamic Jump 
Plim 
L 
C=A+B 
Fig 3.4 Dynamic Snap-Through Occurring under Load Control: The figure shows dynamic 
snap-through occurring with load control. In reality under imposed loads, the unstable part of the 
equilibrium path cannot be traced. In the load control regime, in which a dynamic jump can occur, 
the work done by external load is represented by the area C in the figure. 
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balanced. It turns out that the area C should include the released kinetic energy. Comparing Figs 
3.3 and 3.4, it can be seen that the shaded area B in Fig 3.3 represents the kinetic energy associated 
with the dynamic jump. The kinetic energy released is the main characteristics of the snap-through 
phenomenon which causes an impulsive action to be applied to the structure. 
A coefficient a has been introduced to express the magnitude of dynamic violence: 
a= 
K` 
Pm L 
3.1 
where Pm is the limit point load, L is the length of the dynamic jump, as shown in Fig 3.3, and 
K. is the kinetic energy. A reduction in a implies a reduction in the degree of violence associated 
with the dynamic jump and, in particular, when a=0, then there is no dynamic jump. In many pin- 
jointed structures, the value of a is more than 1 and this represents a high degree of violence. 
However, it turns out that in rigidly jointed structures a is often less than 1. 
Fig 3.5 shows different levels of violence for snap-through phenomenon. In the case of a snap- 
through with a low violence, that is, with a small magnitude of c, the intensity of impulsive action 
to be applied to the structure is low. Therefore, the possibility of propagation of a local snap- 
through is low and it is likely to localise. However, in the case of a snap-through with a high 
violence, that is, with a large magnitude of c, the intensity of impulsive action to be applied to the 
structure is high. Therefore, the possibility of propagation of a local snap-through is high and it is 
likely to propagate over a larger area of the structure. 
3.2.2 Initial Velocity 
When a body or particle of mass m moves along a curve line C from point I to point J under the 
action of a force F, the work done by the force F is: 
W= JFdr 3.2 
where (Ir is an infinitely small displacement vector, along the curve line C. Using Newton's second 
law of motion, the force F can be expressed as: 
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Snap-Through with Low Violence and with Small a 
Snap-Through with High Violence and with Large a 
Fig 3.5 Different Levels of Violence for Dynamic Snap-Through: The figure shows different 
levels of violence for snap-through phenomenon. In the case of a snap-through with a high 
violence, that is, with a large magnitude of cý the intensity of impulsive action to be applied to the 
structure is high. Therefore, the possibility of propagation of a local snap-through is high and it is 
likely to propagate over a larger area of the structure. 
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-ý -ý dv F= ma= m- dt 
3.3 
where a is the vector of acceleration of motion and v is the vector of velocity of body or particle 
of mass in. The vector of velocity v is the rate of change of vector r with respect to time t: 
V_ dr 3.4 
dt 
Considering Egn 3.4, dr can be expressed as: 
dr =v dt 3.5 
Substituting Eqns 3.3 and 3.5 into Eqn 3.2 gives: 
' dv -º ''''1-, -º w= jn 
dt vdt = 
Jmdvv = jm2d(v. v) 3.6 
If vl and v1 are the velocities of a particle or a body of mass m at points I and J, respectively, Eqn 
3.6 can be expressed as: 
J VZ 
W= 2n if d (v2) =n if vrhv =2 nIV2 2- 
niv; 3.7 
1 VI 
In classic mechanics, the quantity 2 n: v= 
is defined as the kinetic energy. 
Eqn 3.7 can be also expressed as: 
W= AK, 3.8 
which means that the change in kinetic energy firm point Ito point J is equal to the work done. 
It should be noted that the energy expressed in Eqn 3.8, which equates the change in kinetic energy 
to the work done, holds for all forces conservative or not. Conservative forces are forces such that 
the work they do as the body changes its position, depends only on the initial and final positions. 
Also, using the quantity of my Z/2 to find the velocity of the body at point J is independent of the 
type of acceleration of the motion from point Ito point J. 
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As outlined in detail in section 3.2.1, dynamic snap-through phenomenon involves interchanges 
between recoverable strain energy, dissipated energy due to plastic deformation, kinetic energy 
released and work done by the applied loads. Therefore, Eqn 3.8 can be developed as: 
AK, +S, 3.9 
where S, is the recoverable strain energy and D, is the dissipated energy due to plastic 
deformation. 
During the snap-through phenomenon, when a dynamic jump occurs, the velocity of node 0 or 
load Pm is zero in the beginning of the jump (Point I in Fig 3.3). As the velocity at point I is zero, 
the velocity at point J which is represented by v, can be calculated using kinetic energy: 
v= 
FM 
3.10 
where m is the equivalent mass associated withPm given by the following expression: 
m=P'im 3.11 
g 
where g is the acceleration due to gravity. 
Substituting Eqn 3.11 into Eqn 3.10, gives: 
V= 
2K, g 3.12 
Plim 
Considering Eqn 3.1, Eqn 3.12 can be expressed as: 
v= 2agL 3.13 
It should be noted that because the self-weight of the structure in comparison with the value of the 
limit point loads is very small and can be considered to be negligible, the effect of the self-weight of 
the structure has been neglected. 
Fig 3.6 shows the sequential positions of the single-degree of freedom system during the snap- 
through phenomenon. There are four different positions as follows: 
" Position A: Beginning of loading (P=O, 1-0) 
" Position B: Beginning of dynamic jump or at the limit point (P=Pm, v--0) 
" Position C: After the dynamic jump L, predicted by nonlinear static analysis 
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(P = P,,.,, v=2 gL ) 
" Position D: End of snap-through phenomenon v=0) 
The velocity of node 0 or load Pm at position C has a vital and significant role in the behaviour of 
the system after the dynamic jump, predicted by nonlinear static analysis. From position C to the 
position D, the behaviour of system has dynamic characteristics due to the velocity of node 0 or 
the load P,,,  . 
Therefore, by undertaking a nonlinear dynamic analysis with initial velocity v as the 
initial conditions for the analysis, the behaviour of the system from position C to the position D, can 
be examined. Consequently, the possibility of localisation or propagation of a local snap-through 
can be evaluated. 
3.3 CONDITIONS FOR THE OCCURRENCE OF LOCAL SNAP-THROUGH 
At first, it is necessary to distinguish between `local snap-through' and `overall snap-through'. Fig 
3.7 illustrates both local snap-through and overall snap-through in dome structures under 
displacement controlled loading. After the occurrence of a local snap-through, only the curvature of 
part of the dome structure reverses sign, and other parts of the structure can sustain additional load 
through a combination of the compressive membrane forces and bending moments. However, after 
the occurrence of an overall snap-through, the whole of the dome is reversed and the structure can 
sustain only additional load by acting purely in tension as a catenary. 
3.3.1 Loading Conditions 
Several loading conditions have been applied to different types of single-layer braced domes to find 
the loading conditions for the occurrence of local snap-through phenomenon. Some of the most 
important types of loading conditions are: 
a) Vertical concentrated loads on all joints of the structure which increase until the limit point is 
reached. 
b) Vertical concentrated loads on all joints of half of the structure which increase until the limit 
point is reached. 
c) A vertical concentrated load on a single node or vertical concentrated loads on some nodes 
which increase until the limit point is reached. 
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two 
Position A: Beginning of Loading 
V=0 I P=Pli. 
-- 
Position B: Beginning of the Jump, or at the 
Limit Point (Point I in Fig 4.3), v=0 
L=Dynamic 
Jump Length 
-------- 
v- 
. _L 
jP 
_Piim -------------- ---. -- 
Position C: End of the Dynamic Jump, 
Predicted by Static Analysis(Point J in Fig 4.3) 
v=,, r2L) 
V=O P=Pli. 
Position D: End of Snap-Through Phenomenon, v=0 
Fi23.6 Different Positions of the Single-Degree of Freedom System: The figure shows the 
sequential positions of the single-degree of freedom system during the snap-through, namely, 
beginning of loading (P=O, v=0), beginning of the dynamic jump (P=P,,, , v=0), after the 
dynamic 
jump (P = Pm, v= 2agL ), and at the end of snap-through v=0). 
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Fig 3.7 Local and Overall Snap-Through in Dome Structures: The figure shows both local and 
overall snap-through in dome structures under displacement controlled loading. 
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d) Constant vertical concentrated loads on all joints of the structure acting together with a vertical 
concentrated load on a single node or vertical concentrated loads on some nodes which increase 
until the limit point is reached. 
e) Constant vertical concentrated loads on all joints of half of the structure acting together with a 
vertical concentrated load on a single node or vertical concentrated loads on some nodes which 
increase until the limit point is reached. 
These loading conditions are illustrated in Fig 3.8. 
When applying loading conditions a and b to single-layer braced domes, it is observed that usually 
there is no local snap-through, but instead, there is an `overall collapse'. For instance, Fig 3.9 
shows the plan view of a grid dome with a span of 8000 mm and a rise of 1000 mm. This dome 
structure has been analysed under the loading conditions a and b. Fig 3.10 depicts the static load- 
deflection responses of the dome structure, under loading condition a. The overall snap-through is 
seen at load 12.5 kN for each node. Fig 3.11 depicts the static load-deflection responses of the 
dome structure under loading condition b. These responses show the occurrence of overall snap- 
through at load 8.6 kN for each node of half of the dome structure. 
However under the loading conditions c, d and e the response of the dome structure involves local 
snap-through. For instance, Fig 3.12 shows the load-displacement responses of the grid dome, 
shown in Fig 3.9, under loading condition c, that is, increasing load on central node 46. These 
responses illustrate the occurrence of local snap-through at a load level of 24.19 kN, at central node 
46. Loading condition d has also been applied to the grid dome, shown in Fig 3.9, that is, constant 
loads on all nodes of the dome structure (1.0 kN) plus an increasing load on central node 46. Fig 
3.13 depicts the load-deflection responses of the grid dome under loading d. Again, the occurrence 
of local snap-through at a load level of 21.20 kN at central node 46 can be seen. Fig 3.14 shows the 
load-deflection responses of the grid dome, under loading condition e, that is, constant loads on all 
nodes of half of the dome structure (1.0 kN) plus an increasing load on node 45. These responses 
indicate the occurrence of local snap-through at a load level of 21.23 kN, at node 45. 
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a Increasing concentrated loads on all nodes 
b Increasing concentrated loads on half of the dome 
c Increasing load on a single node 
d Constant loads on all nodes plus 
increasing load on a single node 
c Increasing loads on some nodes 
d Constant loads on all nodes plus 
increasing loads on some nodes 
e Constant loads on half of the dome plus increasing load on a single node 
Fig 3.8 Loading Conditions: Several loading conditions have been applied to different types of 
single-layer braced domes to find the loading conditions for the occurrence of local snap-through 
phenomenon. When applying loading conditions a and b to single-layer braced domes, it is 
observed that usually there is no local snap-through, but instead, there is an `overall snap-through' 
which is known as `overall collapse'. However under the loading conditions c, d and e, the 
response involves local snap-through. 
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Fig 3.9 Plan View of the Grid Dome: The figure shows the plan view of a grid dome with a span 
of 8000 mm and a rise of 1000 mm. The elements are considered to be steel tubes with an external 
radius of 13.4 mm and a wall thickness of 2.2 mm. The yield stress of the component members is 
z 330 N/mm. All the peripheral nodes of the dome structure are pinned supports. 
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Fie 3.10 Static Load-Deflection Responses of the Grid Dome under Loadini Condition a: 
The figure shows the static load-deflection responses of the dome structure, under loading 
condition a. The responses were depicted for the central node 46, the first ring node 57, the second 
ring node 68 and the third ring node 79. The overall snap-through is seen to occur at load 12.5 kN 
for each node [at a total load of 762.5 kN]. 
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Fig 3.11 Static Load-Deflection Responses of the Grid Dome under Loading Condition b: 
The figure shows the static load-deflection responses of the dome structure under loading condition 
b. The responses have been depicted for nodes 45,46 and 68 on which there are concentrated 
loads. The responses have also been shown for nodes 47 and 48 on which there are no 
concentrated loads. These responses show the occurrence of overall snap-through at load 8.6 kN 
for each node of half of the dome [at a total load of 301 kN]. 
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Fig 3.12 Static Load-Deflection Responses of the Grid Dome under Loading Condition c: 
The figure shows the load-deflection responses of the dome structure under loading condition c. 
The responses illustrate the occurrence of local snap-through at a load level of 24.19 kN. 
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Fig 3.13 Static Load-Deflection Responses of the Grid Dome under Loading Condition d: 
The figure shows the static load-deflection responses of the dome structure under loading condition 
d, that is, constant loads on all nodes of the grid dome (1.0 kN) plus increasing load on node 46. 
The responses illustrate the occurrence of local snap-through at a load level of 21.20 kN. 
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Fig 3.15 shows the plan view of a grid dome with a span of 12000 nun and a rise of 1200 mm. 
Loading condition c has been applied to this dome structure, that is, increasing loads on central 
node 109 and all nodes of the first central ring such as node 92. Fig 3.16 depicts the load- 
displacement responses. These responses show the occurrence of a local snap-through at a load 
level of 2.10 kN. Fig 3.17 shows the load-displacement responses of the grid dome shown in Fig 
3.9, under loading condition d, that is, constant loads on all nodes of the dome structure (0.3 kN) 
plus increasing loads on central node 109 and all the nodes of the first ring. Again, the occurrence 
of local snap-through at a load level of 2.15 kN can be seen. 
It should be noted that loading conditions c, d and e simulate the accumulation of snow load on a 
small area of the dome that results in a local dynamic snap-through. 
3.3.2 Local Geometrical Imperfection 
It is worth noting that local snap-through also occur when the concentrated loads on all the nodes 
are equal but, in addition at one node or some nodes in a local region of the dome structure, there is 
a geometrical deviation from the perfect surface. Fig 3.18 illustrates these circumstances that cause 
the occurrence of a local snap-through. However, the occurrence of local snap-through depends on 
the values of the initial nodal geometrical imperfection 
For instance, small, downward, nodal geometrical imperfections have been applied to the central 
node and all nodes of the first ring of the grid dome shown in Fig 3.9. The grid dome has been 
analysed under loading condition a. Fig 3.19 shows the load-deflection responses of the dome 
structure, at central node 46. The figure illustrates that when the downward nodal imperfections are 
20.25 mm for the central node 46 and 10.0 mm for all nodes of the first ring, a local snap-through 
has occurred at load 5.875 kN for each node. 
Fig 3.20 shows the plan view of a parallel lamella dome with a span of 8000 mm and a rise of 1000 
mm. Again, some small, downward, nodal imperfections have been applied to the central node 51 
and all the nodes of the first ring such as node 49. Fig 3.21 depicts the static load-deflection 
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Fig 3.14 Static Load-Deflection Responses of the Grid Dome under Loading Condition e: 
The figure shows the load-deflection responses of the grid dome, under loading condition e, that is, 
constant loads on all nodes of half of the dome structure (1.0 kN) plus increasing load on node 45. 
These responses indicate the occurrence of local snap-through at a load level of 21.23 kN. 
Fig 3.15 Plan View of the Grid Dome, Span=12000 nom: The figure shows the plan view of a 
grid dome with a span of 12000 mm and a rise of 1200 mm. The elements are considered to be 
steel tubes with external radius of 13.0 mm and wall thickness of 2.5 mm. The yield stress of the 
component members is 240 N/mm2. All the peripheral nodes of the dome structure are pinned 
supports. 
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Fig 3.16 Static Load-Deflection Responses of the Grid Dome under Loading Condition c: 
The figure depicts the load-displacement responses of the grid dome under loading condition c, that 
is, increasing loads on central node 109 and all nodes of the first central ring. These responses show 
the occurrence of a local snap-through at a load level of 2.10 kN. 
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Fig 3.17 Static Load-Deflection Resnonses of the Grid Dome under Loading Condition d: 
The figure shows the static load-deflection responses of the dome structure under loading condition 
d, that is, constant loads on all nodes of the dome structure (0.3 kN) plus increasing loads on 
central node 109 and all the nodes of the first ring. These responses show the occurrence of a local 
snap-through at a load level of 2.15 kN. 
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Fig 3.18 Special Conditions for the Occurrence of Local Snap-Through due to 
Geometrical Imperfections: The figure illustrates the circumstances that cause the occurrence of 
local snap-through due to a geometrical imperfection. Local snap-through can occur when the 
concentrated loads on all the nodes are equal but, in addition at one node or some nodes in a local 
region of the dome structure, there is a geometrical deviation from the perfect surface. 
Perfect 
15 "-" 
Imperfect. Imperfections at Central Node and all the Nodes of the First Ring =5 mm & 2.5 mm 
"--ý Imperfect, Imperfections at Central Node and all the Nodes of the First Ring = 10 mm &5 mm 
d --ý Imperfect, Imperfections at Central Node and all the Nodes of the First Ring = 20.25 mm & 10 mm 
o- -" Imperfect, Imperfections at Central Node and all the Nodes of the First Rng = 40 mm & 20 mm 
1 11 
10 ; IM 
U 
mý- 
yi j\ w Jf Tfl lýfclý f -: ;lha 
R3 
9\ 
0 1Uýý 0( 300 400 
DE. p! ac->ro:, nt (arm! 
Fig 3.19 Load-Deflection Responses of a Grid Dome with Varying Geometrical 
Imperfection: The figure shows the load-deflection responses of the grid dome, shown in Fig 3.9, 
at central node 46, under loading condition a. Downward, nodal imperfections have been applied to 
the central node and all the nodes of the first ring. The figure illustrates that when the downward 
nodal imperfections are 20.25 mm for the central node 46 and 10.0 mm for all nodes of the first 
ring, a local snap-through occurres at load 5.875 kN for each node. It can be observed that a local 
snap-through has not occurred when the downward nodal imperfections are relatively low or high. 
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F12 3.20 Plan View of the Parallel Lamella Dome: The figure shows the plan view of a parallel 
lamella dome with a span of 8000 mm and a rise of 1000 mm. The elements are considered to be 
steel tubes with an external radius of 13.4 mm and a wall thickness of 2.2 mm. The yield stress of 
the component members is 330 N/mm2. All the peripheral nodes of the dome structure are pinned 
supports. . ----" Imperfect. Imperfections at Central Node and all the Nodes of the First Ring = 8.5 mm &5 mm 
"--" Imperfect. Imperfections at Central Node and all the Nodes of the First Ring = 10 mm &5 mm 
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"-" Imperfect. Imperfections at Central Node and all the Nodes of the First Ring = 40 mm & 20 mm 
,, -% , ) pi lp1 
4}.. -- "ýý! 
I ýý 
`0. 
b \\\ lxý 
Nodal Geometrical Imperfections 
, 
ý^ 
," at the Central Node and all ' "b >""ý "° the Nodes of the First Ring 
0 
0 100 200 300 
Displacement (rrm) 
Fig 3.21 Load-Deflection Responses of the Parallel Lamella Dome with varying geometrical 
Imperfections: The figure shows the load-deflection responses of the parallel lamella dome, shown 
in Fig 3.9, at central node 51, under loading condition a. The downward, nodal imperfections have 
been applied to the central node and all the nodes of the first ring of the dome structure. The figure 
shows that when the downward nodal imperfections are 20.0 mm for central node 51 and 10.0 mm 
for all nodes of the first ring, a local snap-through has occurred at load 6.68 kN for each node. 
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responses of the dome structure at central node 51, under loading condition a. When the 
downward nodal imperfection is 20.0 mm for central node 51 and 10.0 mm for the nodes of the 
first ring, it can be seen that a local snap-through has occurred at load 6.68 kN for each node. 
Considering both examples, it can be observed that a local snap-through has not occurred when the 
downward nodal imperfections are relatively low or high. When a local snap-through occurs due to 
local geometrical imperfection, the load carrying capacity of the structure decreases dramatically. 
Therefore, if a local snap-through can cause the overall collapse of a structure, then the influences 
of local geometrical imperfections become important. These local nodal imperfections reduce the 
local limit load and precipitate the propagation of local instability. 
3.4 SIMULTANEOUS MULTI-SNAP-THROUGHS 
Sometimes, there are two or more simultaneous snap-throughs in a structure like a single-layer 
braced dome. For instance, reconsidering the load-displacement responses of the grid dome under 
loading condition c, shown in Fig 3.12, it can be found that two snap-throughs have occurred at 
central node 46, with a dynamic jump length of L, and at all the nodes of the first central ring such 
as node 57, with a dynamic jump length L,,. Fig 3.12 also illustrates the presence of a strong 
nonlinearity with large plastic deformation occurring at a load level of 8 W. The cross-section of 
the deformed dome is shown in Fig 3.22 in which the simultaneous multi-snap-through has been 
illustrated. This type of simultaneous multi-snap-through usually occurs in single-layer braced 
domes which have a triangular pattern. However, applying an upward nodal geometrical 
imperfection, corresponding to a symmetric buckling mode of the structure, causes the occurrence 
of a snap-through at the load level where the structure shows strong nonlinearity with large plastic 
deformation. Consequently, the simultaneous multi-snap-through changes to a single snap-through. 
Usually, in single-layer braced domes with a non-triangular pattern, analyses undertaken show that 
another type of simultaneous multi-snap-through can occur. Fig 3.23 shows the plan view of a 
lamella dome with a span of 2400 mm and a rise of 400 mm. A downward vertical concentrated 
load has been applied to the central node 22. Fig 3.24 illustrates the static load-deflection responses 
of the dome structure which indicates the occurrence of simultaneous multi-snap-through at central 
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Fig 3.22 Simultaneous Multi-Snap-Through: The figure shows the cross-section of the 
undeformed and deformed shape of a dome, illustrating simultaneous multi-snap-through. The figure 
shows the occurrence of snap-through at the central node, with a dynamic jump length of L, and 
simultaneously at all the nodes of the first central ring, with a dynamic jump length of Lrl. 
Fig 3.23 Plan View of the Lamella Dome, Span=2400 mm: The figure shows the plan view of a 
lamella dome with a span of 2400 nun and a rise of 400 mm. The elements are considered to be 
steel tubes with an external radius of 4.76 mm and a wall thickness of 0.9 mm. The yield stress and 
ultimate stress of the members, connected to the central node and all the nodes of the first ring, are 
275 N/mm2 and 370 N/mm2, respectively. The yield stress and ultimate stress of the other members 
are 370 N/mm2 and 465 N/mm2, respectively. All the corner nodes of the dome structure are fixed 
supports. 
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Fig 3.24 Static Load-Deflection Responses of the Lamella Dome: The figure shows the static 
load-deflection responses of the dome structure which indicates the occurrence of simultaneous 
multi-snap-through at central node 22, with a dynamic jump length of L, and at all the nodes of the 
first central ring such as node 23, with a dynamic jump length of L,.,. The figure illustrates that 
before the limit point load, the behaviour of structure does not show any strong nonlinearity with 
large plastic deformation. 
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node 22, with a dynamic jump length of L, and at all the nodes of the first central ring such as node 
23, with a dynamic jump length of L,,. Fig 3.24 illustrates that before the limit point load, the 
behaviour of structure does not show any strong nonlinearity with large plastic deformation. 
Consequently, the simultaneous multi-snap-through would occur irrespective of applying the nodal 
geometrical imperfections. It is worth noting that the occurrence of the simultaneous multi-snap- 
through at the first limit point load depends on the configuration of the dome structure, the support 
conditions and the loading conditions. 
3.4.1 Duration of the Dynamic Jump 
When simultaneous multi-snap-throughs occur, the equilibrium and compatibility requirements 
must be fulfilled at all the nodes in which this phenomenon has occurred. Again, Figs 3.12 and 3.22 
are considered. At the limit point load, nodes 46 and all the nodes of the first ring reach their static 
critical equilibrium state. Also, after the dynamic jump, these nodes reach their static stable 
equilibrium state, at the same load level. In order to fulfil the equilibrium and compatibility 
conditions of the dome structure, these nodes should move from the static critical equilibrium state 
to the stable equilibrium state at the same time. If the duration of the dynamic jump, with the length 
ofL, at node 46 is not the same as the duration of the dynamic jump, with the length of L,,, at all 
nodes of the first ring, the equilibrium and compatibility requirements of the dome structure will be 
violated. Therefore, it turns out that the duration of the dynamic jump for the nodes, at which the 
snap-through has occurred, should be the same. 
3.4.2 Acceleration of Motion During the Snap-Through Phenomenon 
It is difficult to predict, without undertaking experimental investigation, the time-acceleration 
responses of the dome structure at those nodes on which the snap-through has occurred. However, 
by carrying out some dynamic analyses, it is possible to obtain some information to predict the 
time-acceleration responses of a dome structure. The dynamic analysis should predict the behaviour 
of the dome structures after the limit point. For this purpose, the concept of dynamic instability has 
been used which can predict the behaviour of the structure after the limit point load [Bathe et al 
1975]. A special loading condition has been applied to the dome structure, as shown in Fig 3.25. 
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The figure illustrates a ramp load of P,; m with the rise time of 
t, . 
P,;,. is the limit point load of the 
structure that can be obtained using a nonlinear static analysis. The rise time t, is chosen to be 
greater than 10 T, where T, is the first natural period of the dome structure, predicted by a linear 
eigenvalue frequency analysis. It has been demonstrated that if the rise time t, is chosen to be 
greater than 101;, the load can be considered to be applied slowly and dynamic effects can 
generally be ignored [Craig 1981]. Therefore, this type of loading condition indicates that up to the 
limit point load the behaviour of the dome structure is pseudo-static and after that point, the 
structure has dynamic behaviour. 
Fig 3.26 depicts the plan view of a grid dome which has a span of 1000 mm and a rise of 40 mm. A 
downward vertical concentrated load has been applied to the central node 10. At first, a nonlinear 
static analysis should be undertaken to obtain the limit point load together with the values of 
vertical displacement of node 10 at both the limit point load and at the end of dynamic jump. The 
limit point load has then been applied to the grid dome using the loading condition as shown in Fig 
3.25. The time-displacement, time-velocity and time-acceleration responses of the dome structure 
after t=t, have been shown in Fig 3.27. The figure indicates that there is linear acceleration from 
near the static equilibrium state for the central node 10 corresponding to the limit point load 
(t-ß. 416 sec) until its static equilibrium state at the end of dynamic jump (tß. 493 sec). Fig 3.28 
shows the time-displacement, time-velocity and time-acceleration responses of a similar dome with 
the same loading condition and the same plan view but with a rise of 70 mm. The same procedure 
has been used to predict the time-displacement, time-velocity and time-acceleration responses. 
Again, Fig 3.28 illustrates that there is linear acceleration from near the static equilibrium state of 
central node 10 corresponding to the limit point load (t=0.342 sec) until its static equilibrium state 
at the end of dynamic jump (tß. 392 sec). 
Figs 3.29A and 3.29B show the time-displacement and time-velocity responses of the lamella dome 
shown in Fig 3.23 for the central node 22 and the first ring node 23. At first, a nonlinear static 
analysis was undertaken to obtain the limit point load together with the values of vertical 
displacements of central node 22 and the first ring node 23, both at the limit point load and at the 
end of dynamic jump. The vertical displacements of nodes 22 and 23, at the end of the dynamic 
jump, were 331.0 mm and 120.46 mm, respectively. The load-displacement responses of the 
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Fig 3.25 The Loading Condition Used in the Dynamic instability Phenomenon: The figure 
shows the loading condition used in the dynamic instability phenomenon to obtain information 
about the time-acceleration response of a dome structure. The figure illustrates a ramp load of Pm 
with the rise time of t,. Pm is the limit point load of the structure that can be obtained using a 
nonlinear static analysis. The rise time t, is chosen to be greater than 10 T, where T, is the first 
natural period of the dome structure, predicted by a linear eigenvalue frequency analysis. 
Fie 3.26 Plan View of the Grid Dome. Span=1000 mm: The figure shows the plan view of a 
grid dome with a span of 1000 nun and a rise of 40 mm. The elements have a 4.0 mmx4.0 mm 
square cross-section. A downward vertical concentrated load has been applied to the central node 
10. The yield stress of the members is 180 N/mm2. All the corner nodes of the dome structure are 
fixed supports. 
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Fie 3.27 Time-Displacement. Tine-Velocity and Time-Acceleration Responses of the Grid 
Dome (Span=1000 mm, Rise=40 mm): The figures show the time-displacement, time-velocity 
and time-acceleration responses of the grid dome after t--t,.. The figures indicate that there is linear 
acceleration from near the static equilibrium state of central node 10 corresponding to the limit 
point load (tß. 416 sec) until its static equilibrium state at the end of dynamic jump (tß. 493 sec). 
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Fig 3.28 Time-Displacement, Time-Velocity and Time-Acceleration Responses of the Grid 
Dome (Span=1000 mm, Rise=70 mm): The figures show the time-displacement, time-velocity 
and time-acceleration responses of the grid dome. The figures illustrate that there is linear 
acceleration from near the static equilibrium state of central node 10, corresponding to the limit 
point load (tß. 342 sec), until its static equilibrium state at the end of dynamic jump (t=O. 3 92 sec). 
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Figs 3.29A and 3.29B Time-Displacement and Time-Velocity Responses of the Lamella 
Dome: Figs 3.29A and 3.29B show the time-displacement and time-velocity responses of the 
lamella dome shown in Fig 3.23, for central node 22 and the first ring node 23, respectively. The 
figures illustrate that central node 22 and the first ring node 23 reach their static equilibrium state at 
the end of dynamic jump at the same time (t=1.05 sec). Consequently, it turns out that the duration 
of the dynamic jumps for the central node 22 and all the nodes of the first ring is the same. 
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lamella dome show the occurrence of simultaneous multi-snap-through at central node 22 and all 
the nodes of the first ring. The limit point load has then been applied to the lamella dome using the 
loading condition as shown in Fig 3.25. The responses clearly illustrate that the central node 22 and 
the first ring node 23 reach their static equilibrium state at the end of the dynamic jump at the same 
time (t=1.05 sec). Consequently, it turns out that the duration of the dynamic jumps for the central 
node 22 and all the nodes of the first ring is the same. Fig 3.30 shows the time-displacement, time 
velocity and time-acceleration responses of the lamella dome at central node 22. These responses 
indicate that there is a linear acceleration from near the static equilibrium state of central node 22 
corresponding to the limit point load (t-ß. 680 sec) until its static equilibrium state at the end of 
dynamic jump (1=1.05 sec). 
When investigating the propagation of a local snap-through in single-layer braced domes, as 
outlined in Section 3.2, a dynamic analysis should be undertaken at the end of the dynamic jump, 
predicted by the nonlinear static analysis. The kinetic energy, released during the snap-through 
phenomenon, is involved in the dynamic analysis by applying the initial velocities of those nodes on 
which the snap-through has occurred. This type of dynamic analysis can determine the behaviour of 
the dome structure after the limit point load. When using the concept of dynamic instability, under 
the loading condition shown in Fig 3.25, the amount of kinetic energy released during the snap- 
through phenomenon is not involved in the dynamic analysis. However, this type of analysis can 
similarly predict the response of dome structure after the limit point load. Therefore, there is a 
similarity between the concept of dynamic instability and the concept of propagation of a local 
snap-through in predicting the post-snap behaviour of the dome structures. Consequently, the 
assumption of linearity of acceleration of motion during the snap-through phenomenon, obtained 
using the concept of dynamic instability, can be used when investigating the propagation of a local 
snap-through in single-layer braced domes. 
3.4.3 Initial Velocities 
In the case of simultaneous multi-snap-throughs, it is necessary to obtain the initial velocities at all 
nodes at which the snap-through has occurred. When, there is a concentrated load on a node, 
increasing until the limit point load is reached, the velocity at that node can be obtained from the 
59 
3000 
1ID- 
-o-- o--- -o- -4 `---------------------- 
ime-Acceleration Response 
13 o Time-Velocity Response 
a -------e Time-Displacement Response 
1500 
3310 
0 
-1500 
-3000 ` 0 oha 105 246 
Time (sec) 
Fg 3.30 Time-Displacement, Tinie-Velocity and Tine-Acceleration Responses of the 
Lamella Dome: The figure shows the time-displacenment, time velocity and time-acceleration 
responses of the lamella dome at central node 22. These responses indicate that there is a linear 
acceleration from near the static equilibrium state of central node 22 corresponding to the limit 
point load (tß. 680 sec) until its static equilibrium state at the end of dynamic jump (t=l. 05 sec). 
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kinetic energy released during the snap-through. The kinetic energy released is calculated using the 
static load-displacement response of the dome structure for that node. 
When there is not a concentrated load on a node, increasing until the limit point load, the velocity 
of that node cannot be obtained from its load-displacement response. The reason for this is that the 
load at the node is zero or a constant value. Consequently, the load-displacement response of the 
node does not show the amount of kinetic energy released, and the velocity of that node cannot be 
obtained. To find the velocities in the latter case, two important points should be considered, 
namely: 
" The duration of the dynamic jump of those nodes, at which the snap-through has occurred, is 
the same. 
" For the nodes where snap-through has occurred, there are linear accelerations from near their 
static equilibrium state, corresponding to the limit point load, until their static equilibrium state 
at the end of the dynamic jump. 
By considering the linearity of the acceleration during the snap-through phenomenon, it is possible 
to find the duration of the dynamic jump tf in which the acceleration is linear. Representing the 
acceleration of node 0 or that of the limit point load P, im in Fig 3.3 by a, the relationship between 
the acceleration a and time t can be expressed as: 
a= cot + ao 3.14 
where ao is the initial acceleration of the motion at time t=0 and co is a coefficient. Also the 
relationship between the velocity of node 0, represented by i; and time t can be expressed as: 
v=2 cot= + aot + vo 3.15 
where vo is the initial velocity of node 0 at time t=0. 
Consequently, the relationship between the displacement of node 0, represented by d, and time t 
can be expressed as: 
d= 6cot3+1a. t2+1, ot+do 3.16 
where do is the initial displacement of node 0 at time t=0. 
61 
Representing the velocity of node 0 at t=tf by vf and the displacement of node 0 by d1, the 
value of df can be obtained by using nonlinear static analysis and the value of vj can be obtained 
from Eqn 3.12. The following initial conditions are used to find the value of tf: 
when I=If v=vf (a) 
and when t= ff =d= dj (b) 
Using condition (a), Eqn 3.15 can be expressed as: 
of - vo =2 cotf2 + aotf 
and using condition (b), Eqn 3.16 can be expressed as: 
3.17 
d1 - do =6 cotf3 +2 aotf2 + vot 3.18 
By eliminating co from the Eqns 3.17 and 3.18, tf can be found as: 
- 
-(3 of +3 vo) + 
ý(3 
vj +3 v0)2 + 4(d f- do)(I a0) 
tf-13.19 
3 
ao 
By examination of the time-displacement, time-velocity and time-acceleration responses of the 
several dome structures obtained by using the concept of dynamic instability, the following 
assumptions have been used for the initial acceleration ao, initial velocity va and initial 
displacement do : 
ao = 1.6ag 3.20 
vo = 0.4v1 3.21 
and do = 0.2d f 3.22 
where g is the acceleration due to gravity and a is the magnitude of dynamic violence which can 
be obtained from Eqn 3.1. 
Substituting Eqns 3.20,3.21 and 3.22 into Eqn 3.19, gives: 
-0.6v f+ 
/0.36v12 + 0.853d fog tf 
0.533ag 
3.23 
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Having found out the duration of the dynamic jump in which the acceleration is linear, it is possible 
to obtain the velocities of the other nodes. For instance, Figs 3.12 and 3.22 show the occurrence of 
simultaneous multi-snap-throughs on the central node 46 and all the nodes of the first ring such as 
node 57. Now it is required to find the velocity of the first ring node 57. Representing the 
acceleration of the node by as, the velocity of the node by v, and the displacement of the node by 
d, 
, their relationship with time t can be expressed as: 
a, = c, t+ a0,3.24 
v, =2 clt2 + ao, t + vo, 3.25 
d, =6 cit3 +2 aos12 + v01t + dos 3.26 
where ao,, vo, and do, are the initial acceleration, initial velocity and initial displacement of the 
node at t=0. Representing the velocity of the node at t=tf by v fs and the displacement of the 
node by d f, , the value of d f, can be obtained using a nonlinear static analysis. 
Now, the following initial conditions can be used to find the value of v1: 
when t=tf => v, =vas (c) 
and when t =tf =d, =d fs (d) 
Using condition (c), Eqn 3.25 can be expressed as: 
v, (s =2 fit j2+ ao. tj+ vo. 
and using condition (d), Eqn 3.26 can be expressed as: 
3.27 
d fs =6 c1t f3 +2 a05112 + vojt f+ dog 3.28 
By eliminating c, from Eqns 3.27 and 3.28, v f, can be found as: 
3(d fs - do. ) -1 tf2ao, - 2vo, tt 
v fs =23.29 tJ 
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By examination of the time-displacement, time-velocity and time-acceleration responses of the 
several dome structures obtained by using the concept of dynamic instability, the following 
assumptions have been made used for the initial acceleration ao,, initial velocity v0, and initial 
displacement do, : 
ao, = 1.6ag 
df` 
3.30 
vo, = 0.4v f, 
3.31 
and do, = 0.2d fs 
3.32 
Substituting Eqns 3.30,3.31 and 3.32 into Eqn 3.29, gives: 
tfvI, 
= 1.33 `-0.4451fog 
I` 3.33 
II 
3.5 LOCALISATION AND PROPAGATION OF A LOCAL SNAP-THROUGH 
Before outlining the details of the proposed procedure for investigating the propagation of a local 
snap-through, it is necessary to distinguish between the localisation of a local snap-through and its 
propagation. 
Figs 3.31,3.32 and 3.33 show the localisation, partial propagation of a local snap-through and 
progressive collapse of a single-layer braced dome, respectively. In Figs 3.31,3.32 and 3.33, the 
following points should be considered: 
" t=0 represents the static equilibrium state of the dome structure at the end of the dynamic jump, 
predicted by a nonlinear static analysis (point J in Fig 3.3). 
" Different positions of the dome structure have been shown assuming a load control regime. 
Localisation of a local snap-through, as shown in Fig 3.31, means that the dynamic effect of this 
local instability is negligible. The effect of this dynamic local snap-through has only caused a very 
small increase in the displacements of the nodes of the snap-through region. Consequently, only 
the sign of the curvature of part of the dome structure has reversed, and other parts of the structure 
can sustain additional load through a combination of the compressive membrane forces and bending 
moments. 
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Fig 3.31 Localisation of a Snap-Through: The figure shows the localisation of a snap-through, 
which means that the dynamic effect of a local instability is negligible. The effect of the dynamic 
local snap-through has only caused a very small increase in the displacements of the nodes of the 
snap-through region. Consequently only the sign of the curvature of part of the dome structure has 
reversed, and other parts of the structure can sustain additional load through a combination of the 
compressive membrane forces and bending moments. 
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Fig 3.32 Partial Proya2ation of Local Snap-Through: The figure shows the partial propagation 
of a local snap-through in which the dynamic effect of local instability is important. The effect of 
the dynamic local snap-through is to cause considerable increases in the displacements of the nodes 
of the snap-through region as well as in the deflections of nearby nodes. Consequently, some rings 
of the dome structure, surrounding the snap-through region, are also experiencing a dynamic jump. 
However, complete inversion of the dome structure does not occur. 
66 
21_12 
4 
5 
4 
5 
P=P,;,,,, t=o 
t--tl 
-- 
P=Plimf t--t2 
P°Plim, t-t3 
P=Pli1n, t--t4 
Fie 3.33 Progressive Collapse: The figure shows the progressive collapse of a single-layer braced 
dome. In the progressive collapse phenomenon, the dynamic effect of a local uutabiuty is very 
considerable and a local instability propagates over the whole of the dome structure. Consequently 
the effect of the dynamic local snap-through is to cause the complete inversion of the dome 
structure. 67 
When partial propagation of a local snap-through occurs, as shown in Fig 3.32, it means that the 
dynamic effect of the local instability is important. The effect of the dynamic local snap-through 
causes a considerable increase in the displacements of the nodes associated with the snap-through 
region as well as in the deflections of nearby nodes. Consequently, some rings of the dome 
structure, surrounding the snap-through region, are also experiencing a dynamic jump. However, 
complete inversion of the dome structure does not occur. 
Progressive collapse of a single-layer braced dome means that the dynamic effect of local 
instability is considerable and that a local instability propagates over the whole of the dome 
structure. Consequently, the effect of the dynamic local snap-through is to cause the complete 
inversion of the dome structure, as shown in Fig 3.33. 
Therefore, the effects of a dynamic snap-through can be classified into three response 
characteristics, namely: 
" Localisation of the local snap-through. 
" Partial propagation of local snap-through. 
" Progressive collapse of the dome structure. 
3.6 PROPOSED PROCEDURE FOR INVESTIGATING THE PROPAGATION OF A 
LOCAL SNAP-THROUGH 
In this section a procedure is proposed which may be used to investigate the phenomenon of the 
propagation of a local snap-through. This procedure has three main steps as follows: 
3.6.1 First Step 
At the first stage, a nonlinear (elasto-plastic, large displacement) static analysis is carried out to find 
the static load-displacement response of the structure under a special loading condition. An elastic- 
perfect plastic material behaviour is assumed for the individual elements. However, in the 
experimental investigation, as outlined in Chapter 4, the tension test results of the component 
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members of the model domes were used to define the element properties. Two types of beam 
elements were used to analyse single-layer braced domes, namely, `Euler-Bernolli beam element' 
with cubic interpolation of displacements and `Timoshenko beam element' with linear or quadratic 
interpolation of displacements. The `Timoshenko beam element' includes the effects of shear 
deformation, with the effects of warping of the cross-section being ignored. The `Euler-Bernoulli 
beam element' does not include the effects of shear deformation. That is, this element is simply 
based on the `engineering beam theory', in which the cross section is assumed not to deform in its 
plane, or warp out of its plane. Also, this cross sectional plane remains normal to the beam axis. It 
should be noted that when beams with quadratic interpolation of displacements are used, it is 
required that the members are divided into two or three elements [Bathe 1982, Hibbit et a11995] , 
[see Appendix A]. 
To trace the equilibrium path through a limit point into the post-critical range, the `Modified Riks 
Method' based on the arc-length approach is used. In the `Modified Riks Method' a constraint 
equation controls the load increment in order to force the iteration process to follow a plane normal 
to the tangent at the starting point of the iteration. The essence of this method is that the solution is 
obtained as a single equilibrium path in a space defined by the nodal variables and the loading 
parameter [Riks 1979, Hibbit et al 1995], [see Appendix A]. 
The outcome of the first step is the following data: 
" Information regarding a local snap-through or simultaneous multi-snap-through and its 
corresponding limit point load; 
" information about the magnitude of the kinetic energy which the system obtains during the snap- 
through phenomenon. This energy is calculated using a program which calculates the area 
corresponding to the kinetic energy (area B in Fig 3.3) using the `trapezoidal method'; 
"a value for the coefficient a that determines the severity of violence in the dynamic jump and; 
" values of the velocities of those nodes at which snap-through has occurred. 
3.6.2 Second Step 
At this step a linear eigenvalue analysis is carried out to obtain the natural frequencies of vibration 
of the structure in the `strained configuration'. The term strained configuration refers to the static 
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equilibrium state of the structure at the end of the dynamic jump, that is, at point J in Fig 3.3. This 
eigenvalue extraction is based on the `subspace iteration method' [Bathe 1982, Clough and Penzien 
1993]. 
Having carried out an eigenvalue frequency analysis, firstly it is possible to predict the appropriate 
time increment At for the subsquent nonlinear dynamic analysis. Secondly, because the behaviour of 
the structure after the dynamic jump and its oscillation must be investigated, it is necessary to apply 
a suitable damping effect. The true damping characteristics of typical structural systems are rather 
complex and difficult to define. However, it is common practice to express the damping of real 
structures in terms of an equivalent viscous-damping ratio which shows a similar decay rate under 
free-vibration conditions [Bathe 1982, Clough and Penzien 1993]. In typical steel structural 
systems the damping ratio is taken to be less than 5 percent of the critical damping [Clough and 
Penzien 1993, Willford 1992]. After the analysis of several single-layer braced domes, it is apparent 
that suitable ratios for these structures vary from 1.5 percent to 2.5 percent. That is, damping ratios 
higher than 2.5 percent give rise to over-damped characteristics and the oscillation of the structure 
cannot be observed clearly. 
For the determination of the damping matrix the `Rayleigh damping method' is used. This is 
achieved by introducing two factors c,  and A, which are constants to be 
determined from two 
given damping ratios that correspond to two unequal frequencies of vibration [Bathe 1982, Clough 
and Penzien 1993]. The factor a defines the `mass proportional damping', in the sense that it gives 
a damping contribution proportional to the mass matrix. The factor / expresses the `stiffness 
proportional damping' in the sense that it gives a damping contribution proportional to the stiffness 
matrix. Therefore, the damping matrix C can be obtained as: 
C=a, 
M+ß, 
K 3.34 
where M is the mass matrix and K is the stiffness matrix. To find the factors c.  and ß, the first five 
natural frequencies of the structure are obtained by an eigenvalue frequency analysis. Because, 
higher modes with high frequencies require a relatively large damping ratio, it is assumed that the 
first and fifth modes requires 1.5 percent and 2.5 percent, respectively, that is, ý1=1.5% and 
f, ý-2.5%. The factors a. and A can be obtained using the following expressions: 
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2(ýsws - ýIwl) 3.36 
22 COS CÜi 
where w1 and co are the first and fifth natural frequencies of the structure, respectively [Bathe 
1982, Clough and Penzien 1993]. 
3.6.3 Third Step 
In this step, a nonlinear (elasto-plastic, large displacement) dynamic analysis is carried out for the 
strained configuration to evaluate the dynamic propagation of a local snap-through. The 
characteristics of this analysis are: 
" The `step-by-step implicit integration method' is used to solve the nonlinear equations in the 
dynamic analysis. This method is generally recommended for a broad range of nonlinear 
structural dynamic applications which the dynamic quantities at time t+At are evaluated using 
the equilibrium conditions at time t+At. This involves an iterative process using the `modified 
Newton-Raphson iteration method'. This implicit integration scheme is based on the Newmark's 
constant-average acceleration method (also called trapezoidal rule) which can be understood to 
be an extension of the linear acceleration method. It should be noted that the Newmark's method 
based on the constant-average-acceleration method is unconditionally stable which implies that it 
does not require a significant limitation in choosing the time increment At. However, in using the 
implicit integration, the time step At has to be chosen wisely to yield an accurate solution [Hibbit 
et a11995, Bathe 1982], [see Appendix A]. In this relation, several dynamic analyses of single- 
layer braced domes, carried out in the present work so far, indicate that an accurate solution 
may be obtained if the time increment is chosen between T, /100 and T1/20 with T1 being the 
first natural period of structure. 
" Factors a,. and A which have been obtained in the second step, are used to specify the damping 
matrix according to the Rayleigh damping method. 
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" The velocities which have been obtained in the first step, are used as initial velocities for the 
dynamic analysis. For instance, in the case of a single snap-through at node i, only one initial 
velocity v is applied to the structure at node i with its direction being the same as the direction of 
the dynamic jump. That is, when a downward concentrated load is applied to the dome structure 
at node i (for instance in the Z direction), the initial velocity v will be applied to the structure at 
node i (in the downward Z direction). In the case of two simultaneous snap-throughs at node i 
and at all the nodes of the first central ring, in addition to applying v to node i, the initial 
velocities v fs are also applied to the structure at all nodes of the first central ring corresponding 
to the direction of the dynamic jump. Applying these velocities to the structure has a vital and 
significant role in the propagation of a local snap-through. 
" The type of applied loading is the same as `step-loading' in the dynamic analysis which is 
suddenly applied to the structure and remains constant with time [Clough and Penzien 1993]. 
The applied loading, used in the proposed procedure, has been shown in Fig 3.34. Using this 
type of loading does not mean that the load is applied as a dynamic load, because the applied 
loads are static in nature. Only it implies that the phenomenon is dynamic due to initial velocities. 
As the analyses show, if in this stage, the initial velocities are not applied to the structure and a 
dynamic analysis with step loading is carried out, the structure will not show an additional 
dynamic response. For instance, the grid dome shown in Fig 3.9 is reconsidered, which is under 
a downward vertical concentrated load on the central node 46. The static load-displacement 
responses of the grid dome have been shown in Fig 3.12. The limit point load of the grid dome, 
24.19 kN, is applied to the `strained configuration' of the dome structure as a `step loading'. No 
initial velocity due to kinetic energy released during the snap-through is applied to the dome 
structure. Fig 3.35 shows the time-displacement response of the dome structure. The figure 
indicates that the `strained configuration' of the dome structure is insensitive to the `step 
loading' when applying no initial velocities to the structure. It should be noted that in the case of 
loading condition c, shown in Fig 3.8, the step loading applied is the limit point load. However, 
in the case of loading conditions d and e, shown in Fig 3.8, the step loading is the limit point 
load applied at the central node together with vertical constant concentrated loads at nodes in 
which snap-through has occurred. 
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Fig 3.34 Applied Loading Used in the Proposed Procedure: The figure illustrates the applied 
loading, used in the proposed procedure. The type of applied loading is the same as `step-loading' 
in a dynamic analysis which is suddenly applied to the structure and remains constant with time. 
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Fig 3.35 Time-Displacement Response of the Grid Dome, without Applying the Initial 
Veloci : The figure shows the time-displacement response of the grid dome, at central node 46. 
The limit point load of the grid dome, 24.19 kN, is applied to the `strained configuration' of the 
dome structure as a `step loading'. No initial velocity due to kinetic energy released during the 
snap-through is applied to the dome structure. The figure indicates that the `strained configuration' 
of the dome structure is insensitive to the `step loading' when no initial velocities are applied to the 
structure. 
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All of the analyses described above have been undertaken using the finite element program 
ABAQUS. Data generation was performed using `Forman' [Nooshin et al 1993] together with a 
supplementary program by which the input data is interactively submitted as an ABAQUS input file 
[Chenaghlou 1994]. 
3.7 CONCLUSION 
The dynamic propagation of a local instability is certainly a serious phenomenon for single-layer 
braced domes and requires careful consideration. The kinetic energy released during the snap- 
through phenomenon plays a significant role in the dynamic snap-through phenomenon. The 
released kinetic energy causes an impulsive to be applied to the structure, and in some 
circumstances can cause the collapse of a large part or even the whole of the structure which is 
known as `progressive collapse'. 
Nodal snap-through as a local instability can occur in two situations: 
" There are concentrated loads on some nodes of the dome structure which increase until the limit 
point load. This situation simulates the accumulation of snow load on a small area of the dome 
resulting in a local dynamic snap-through. 
" The concentrated loads on all the nodes are equal but, in addition at the nodes of a local region 
of the dome structure, there are some geometrical deviations from the perfect surface. 
A procedure has been proposed to investigate the dynamic propagation of a local snap-through. In 
this procedure, the key feature is that the effect of dynamic nodal snap-through and the kinetic 
energy released are represented by appropriate initial velocities at the nodes at which snap-through 
has occurred. In the case of a single snap-through, the initial velocity can be directly obtained from 
the kinetic energy released. In the case of simultaneous snap-throughs, the initial velocities of those 
nodes in which snap-through has occurred, should be obtained by considering the following two 
important points: 
" The duration of the dynamic jump at all the nodes at which snap-through has occurred, should 
be the same. 
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" For the nodes at which snap-through has occurred, there are linear accelerations from near their 
static equilibrium state, corresponding to the limit point load, until their static equilibrium state, 
at the end of dynamic jump. 
The proposed procedure consists of three main steps, namely, nonlinear static analysis, linear 
eigenvalue analysis and nonlinear dynamic analysis. At the first stage, a nonlinear (material and 
geometric) static analysis is undertaken using a special loading condition to obtain information 
regarding the local snap-through and its corresponding limit point load, the magnitude of kinetic 
energy released and the values of the velocities of those nodes at which snap-through has occurred. 
At the second step, a linear eigenvalue analysis is carried out to obtain the natural frequencies of 
vibration of the structure in the `strained configuration'. By carrying out this step, the appropriate 
time increment At for the nonlinear dynamic analysis can be predicted as well as suitable damping 
factors according to the `Rayleigh damping method'. In the final step, a nonlinear (elasto-plastic, 
large displacement) dynamic analysis is carried out for the `strained configuration' to evaluate the 
dynamic propagation of a local snap-through. The velocities which have been obtained in the first 
step, are used as initial conditions for the dynamic analysis. The limit load is applied as a `step 
loading'. 
The effects of dynamic snap-through were classified into three response characteristics, namely: 
" Localisation of local instability, associated with a small increase in displacements in the snap- 
through region. 
" Partial dynamic propagation of local snap-through, associated with a considerable increase in 
displacements in the snap-through region as well as the dynamic jump of some rings of the dome 
structure, surrounding the snap-through region. 
" Progressive collapse of the dome structure which causes complete inversion of the dome. 
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CHAPTER 4 
EXPERIMENTAL STUDY 
4.1 INTRODUCTION 
To evaluate the accuracy and validity of the proposed procedure for investigation of the 
dynamic propagation of nodal snap-through, two single-layer braced dome models were 
fabricated and tested to collapse. The first model was a grid dome and the second model 
was a parallel lamella dome. The grid dome model has been carefully designed to exhibit 
the localization of the dynamic nodal snap-through, that is, with no propagation of local 
snap-through. However, the lamella dome model has been designed to permit 
propagation of local snap-through. The main objectives of the experimental studies were 
to obtain reliable experimental data for these type of structures and to use this data to 
asses the validity of the assumptions made in the theoretical procedure. 
4.2 EXPERIMENTS 
4.2.1 Specification of the Models 
The first model tested was a single-layer grid dome, with a span of 2400 mm and a rise 
of 240 mm. This model consisted of ninety members of nine different lengths and thirty 
seven joints of seven different types. Fig 4.1A shows a plan view and an elevation of this 
model with the joint and member numbers. Also, different types of joints and members 
are depicted at Fig 4.1B. The Second model was a single-layer lamella dome, with a span 
of 2400 mm and a rise of 400 mm. This model consisted of seventy two members of five 
different lengths and thirty seven joints of seven different types. Fig 4.2A and 4.2B show 
the plan view and an elevation of the second model with the joint and member numbers, 
respectively. Also, different types of joints and members are depicted at Fig 4.2C. 
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Elevation 
Fig 4"IA Elevation and Plan View of the Grid Dome: The figure shows a plan view 
and an elevation of the grid dome model with the joint and member numbers. The dome 
structure has a span of 2400 mm and a rise of 240 mm. 
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Plan View Showing Joint Numbers 
Plan View Showing Member Numbers 
Joint Type 
A 
Number 
1 
B 6 
C 6 
D 6 
E 6 
F 6 
G 6 
Member 
type 
1 
Length 
(m) 
400.8 
2 400.0 
3 400.9 
4 403.4 
5 407.6 
6 408.1 
7 414.1 
8 422.4 
9 403.8 
E 
Fig 4.1B Plan view of the Grid Dome Model: The figure shows the plan views of the 
grid dome model with different members and joints types. This model consisted of ninety 
members of nine different lengths and thirty seven joints of seven different types. 
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Plan View Showing the Positions of the 
Different Joints Types 
Plan View Showing the Positions of the 
Different members Types 
Plan View Showing Joint Numbers 
Elevation 
Fig 4.2A Elevation and Plan View of the Lamella Dome: The figure shows a plan 
view and an elevation of the lamella dome model with the joint numbers. The dome 
structure has a span of 2400 mm and a rise of 400 mm. 
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Fig 4.2B Plan View of the Lamella Dome: The figure shows a plan view of the lamella 
dome model with the member numbers. The dome structure has a span of 2400 mm and 
a rise of 400 mm. 
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Joint Type 
A 
Number 
1 
B 6 
C 6 
D 6 
E 6 
F 6 
G 6 
I 
Plan View Showing the Positions of the Different Joints Types 
Member 
te 
1 
Length 
(mm) 
428.2 
2 428.2 
3 428.2 
4 527.5 
5 462.3 
6 551.1 
7 416.8 
Plan View Showing the Positions of the Different Members Types 
Fig 4.2C Plan view of the Lamella Dome Model: The figure shows the plan views of 
the lamella dome model with different members and joints types. This model consisted of 
72 members of seven different lengths and thirty seven joints of seven different types. 
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4.2.1.1 Member Manufacture 
The two model structures were fabricated from two different member types. These 
members were annealed, cold-drawn, seamless, mild steel tubes ordered from the 
supplier to comply with the requirement given in the British Standard Specification BS 
6323(1982). Table 4.1 summarizes the member types and gives the nominal outside 
diameters, wall thickness and cross-sectional areas. 
A sufficient quantity of each tube was purchased in an attempt to ensure that each 
member type came from only one batch of material. Each separate tube used in the 
fabrication of the models was coded and samples were taken from each stock length to 
determine the material properties. The tubes were delivered in random lengths 
approximately 7000 mm long. All the members were prepared from straight undamaged 
tubes. Each of the long tubes were first cut in half and then the individual members were 
cut accurately to length. Two test samples were cut from each stock length of tube and 
were tested to failure in tension to determine the mechanical properties and strain-stress 
relationship of the steel material. 
The sample members had a length of 272 mm and were prepared for test using a special 
jig with two steel blocks(40 x 40 x 40 mm). Each block had a 10 mm diameter, 5 mm 
deep hole drilled centrally on one face. Each end of a sample was inserted into the hole in 
one of the blocks and then the sample was checked to ensure that it was free to move 
along its axis. The samples were then welded into the two end blocks using four 
symmetrically-placed spot welds. For the first model, twenty individual member tests and 
for the second model, thirty four individual member tests were undertaken. 
After the members were prepared for each model, the diameter and wall thickness of 
each component was carefully measured using a vernier calliper. 
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Table 4.1 Specifications for the Members Used in Fabricating the Dome Models 
Member Type Outside 
Diameter(mm) 
Wall 
Thickness(mm) 
Cross-sectional 
Area(mm2) 
Use 
Ti 9.52 0.71 19.65 Modell 
T2 9.52 0.91 24.61 Model 2 
The Table lists the two different member types used in the construction of the two 
single-layer dome models. These members were annealed, cold-drawn, seamless, mild 
steel tubes complying with the requirement given in the British Standard Specification 
BS 6323(1982). 
4.2.1.2 Joint Manufacture 
As mentioned before, both models had seven different types of joints. Fig 4.3 shows the 
details of the joint types A and C used in the construction of the first model. Fig 4.4 
shows the details of the joint types B and D used in the fabricating the second model. 
The joints were carefully fabricated from cold-drawn, seamless, mild steel tubes with an 
outside diameter of 48.38 mm and a wall thickness of 4.93 mm. The joints were rigidly 
held in a jig while each member-locating hole was drilled at a specified angle using a 
milling machine. A `sine bar' was used to obtain accurate angles in tubes. The member- 
locating holes were drilled accurately to 10 mm diameter, allowing the tubular members 
(which had a diameter of 9.52 mm) free longitudinal movement when positioned between 
two end nodes, prior to welding. 
Square steel base-plates 55 mm by 3 mm thick were welded to the bottom of joints with 
four symmetrically-placed spot welds, for erection purposes. Also, a5 mm diameter hole 
was accurately drilled in the middle of each of the square base plates to fix the nodes to 
base support bars used in the assembly process. 
4.2.1.3 Model Assembly 
Both dome models were accurately assembled on top of a 2500 mm square, 7.5 mm 
thick steel base-plate. At first, the plan position of each joint was marked on the plate. 
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B Cý Four spot welds 
to fix base-plate 
to node. 
5 mm dia. hole in base-plate 
used to fix the node to the 
support bar (for assembly 
purposes). 
r 
Six 10 mm holes drilled into 
the node used for locating 
members. 
CIB 
Plan view 
4.93mm 
..................... 
j---- 40.0mm 3.690 3.69°- 
l- 
3 mm thick base plate 
55mm spot welded to the bottom of the node. 
20mm 
: 38.54mm 
Sections (A-A), (B-B), (C-C) 
Fie 4.3A Joint Type A of the Grid Dome Model: The figure shows the plan view and 
sections A-A, B-B and C-C of the joint type A of the grid dome model. For joint type A, 
the sections A-A, B-B and C-C are all identical. 
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Rr 
1 
Four spot welds 
to fix base-plate 
to node. 
5 mm dia. hole in base-plate 
used to fix the node to the 
support bar(for assembly 
purposes). 
Six 10 mm holes drilled into 
the node used for locating 
members. 
Plan view 
4.93mm 
38.54mm 
20mm 
. 
11.40° ; 
55mm 
Sections (B-B) and (C-C) 
18.74° 
......................... 
An 0.. 
..................... 3 mm thick base 
plate spot welded to 
the bottom of the 
node. 
11.11° 
Fig 4.3B Joint Type C of the Grid Dome Model: The figure shows the plan view and 
sections A-A, B-B and C-C of the joint type C of the grid dome model. For the joint type 
C, the sections B-B and C-C are identical. 
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Section (A-A) 
Four spot welds 
to fix base-plate 
to node. 
5 mm dia. hole in base-plate 
used to fix the node to the 
support bar (for assembly 
purposes). 
1 
A 
Four 10 mm holes drilled into 
the node used for locating 
members. 
Cam; 
4 9Imm H 
18.44 
............... 
6_14° 
_ 50.0mm 
1 :::::.:::.:.: >>: >::: >:; >:.: ý "i : >::::::: >:; <. > : ><;: > :;:: 3 mm thick base 
55mm plate spot welded to 
the bottom of the 
Section (A-A) node. 
38.54mm 
25mm 
---------- -- - 
I 
1 
Sections (B-B) and (C-C) 
Fig 4.4A Joint Type B of the Lamella Dome Model: The figure shows the plan view 
and sections A-A, B-B and C-C of the joint type B of the lamella dome model. For the 
joint type B, the sections B-B and C-C are identical. 
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Plan view 
C ~Tº B 
Four spot welds 
to fix base-plate 
to node. 
S mm dia. hole in base-plate 
1 
used to fix the node to the 
80.01° support bar (for assembly 
purposes). 
80.010 2 AA 
f; 3 Three 10 mm holes drilled 
into the node used for 
locating members. 
C'B 
Plan view 
4 9Irnm Hi 
---------- 
38.54mm 
25mm 
" 
""' 
130 72° . . ------ 50.0mm 
3 mm base thick 
55mm plate spot welded to 
the bottom of the 
Section (A-A) node. 
Section (B-B) and (C-C) 
Fig 4.4B Joint Type D of the Lamella Dome Model: The figure shows the plan view 
and sections A-A, B-B and C-C of the joint type D of the lamella dome model. For the 
joint type D, the sections B-B and C-C are identical. 
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The joints were then fixed to the base-plate using special node supports. Fig 4.5 shows 
details of the node support for joint type A used in the construction of the grid dome 
model. These supports were adjusted at their base to position the node accurately in 
space. A theodolite was used to assist the process. However, this proved to be very time- 
consuming, because small alterations made to the height of the joint also changed its 
position in space. The nodes for each model took almost four days to position 
accurately. 
After the nodes were accurately located on the base-plate, the members were inserted 
into their correct positions between the nodes. Each member was checked to ensure that 
it was free to move along its axis before welding began. The members were mig welded 
to the nodes using four symmetrically-placed spot welds at each end. This type of 
welding provided reliable rigidly jointed connections for both models. A strict 
operational procedure was adopted for the welding of each of the models. The first 
members to be welded were the six members surrounding the central joint of the model, 
that is, node 19 for the grid dome model and node 22 for the lamella dome model. 
Welding then progressed in a clockwise sequence with the welding of the members 
surrounding the nodes of the first central ring, followed by the members surrounding the 
nodes of the second and third rings. 
After all the members were welded to the joints, each spot weld was visually checked to 
ensure that a suitable degree of penetration of the joint and member had been achieved 
and that the tube walls of the members had not been burnt through. Any tube which was 
damaged during the welding process was cut out and replaced by a new member. 
After the dome models were finally checked, they were carefully removed from the node 
supports by first releasing the central node followed by the remaining nodes. Once the 
models were free from the node supports, their position was checked. No apparent 
change in joint positions had occurred in the lamella dome model. However, due to a 
small fabrication error in the angles of the joint type F used in the grid dome model, 
there were small changes in the heights of the joints in this model which were carefully 
measured and recorded. 
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3 mm Plate 
100 mm sq 
1 
250mm 
250mm 
5 mm bolt sharpened at 
one end to position the 
point of intersection 
Adjustable 
support tube 
31.75 mm OD x3.25 mm 
42.86 mm OD x5.38 mm 
400mm _ET50x5Ox3.2 
mm RHS 
Holding down and 
positioning of 
screw-bolts 
5 mm Plate 
100 mm sq 
31.75mm 50mnr 42.8nnn 
Section A-A 
F iE 4.5 Node Support for the Joint Type A of the Grid Dome Model: The figure 
shows the details of the node support for joint type A used in the construction of the grid 
dome model. During the fabricating process, for each model, thirty seven node supports 
of different heights were used. 
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4.2.2 Equipment 
4.2.2.1 Devices for the Tension Tests 
A Howden universal screw-type testing machine controlled by a Howden E179A control 
unit was used for the testing. To obtain total axial deformation, a D5/2000 linear 
variable-differential transformer (LVDT) transducer was used. However, more accurate 
strain measurement was required to investigate material behavior and for this purpose a 
dual RDP Howden extensometer( DHE 25/50 type) with a gauge length of 50 mm was 
utilised. Fig 4.6 shows one of the sample members under tension test. Also, the four 
sample members failed in tension tests are shown in Fig 4.7. 
4.2.2.2 Loading System 
As outlined in chapter 3, because it was necessary to create a dynamic jump during a 
snap-through, the experimental investigation had to be carried out under load control, 
and consequently, there was no control on the displacements. The load was only applied 
to the central node of each model. Using incremental loading, it was possible to induce a 
local snap-through in both model structures. 
A tank with a capacity of 250 litres was connected to the central node of each of the 
dome models using a frame constructed of two vertical solid steel bars and two 
horizontal steel straps. The dome models were loaded by carefully pouring sand into the 
tank, at a rate of approximately 0.015 kN per minute. A small RDP load cell with an 
operating range of 0.01-4.50 kN was used to measure the values of the loads applied to 
the dome models. This load cell was located on the top of the central joint. Before any 
tests were undertaken, the load cell was calibrated from 0 to 3.00 kN in increments of 
0.10 W. Several voltage readings were taken at each load increment and the calibration 
factor for the load cell was then calculated. Fig 4.8 shows the lamella dome model during 
the assembly process. Also, the position of the RDP load cell is shown in fig 4.9. 
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Fig 4.6 Sample Member under Tension Test: The figure shows one of the sample 
members tested in tension. To obtain total axial deformation, a D5/2000 LVDT 
transducer was used and for strain measurement a dual RDP Howden extensometer 
(DHE 25/50 type) was used. 
Fig 4.7 Sample Members Failed in Tension Tests: The figure shows the four sample 
members failed in tension. A total of twenty individual grid dome members and thirty 
four lamella dome members were tested in tension to determine their mechanical 
properties and stress-strain behaviour. 
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Fig 4.8 Lamella Dome Model During the Assembly Process: The figure shows the 
lamella dome model during the assembly process. Thirty seven node supports were used 
in the construction of both models. The node supports were adjusted at their base to 
position the node accurately in space. 
Fig 4.9 The Position of the RDP Load Cell: The figure shows the position of the RDP 
load cell on the grid dome model. This load cell, with an operating range of 0.01-4.50 
kN, was located on the top of the central joint. 
4.2.2.3 Test Frame 
A test frame was fabricated for the experimental investigation. The frame consisted of six 
steel square hollow section (80 x 80 x5 mm) each with a length of 1200 mm which were 
welded together to form a hexagonal grillage. Six steel square hollow section columns 
(80 x 80 x5 mm) each with a length of 1800 mm were welded vertically at each corner of 
the hexagonal grillage. These columns were then firmly braced together using small steel 
angle section bars (25 x 25 x3 mm). Also, six steel plates (150 x 150 x 20 mm) were 
welded on to the top of each column in order to provide sufficient area to support the six 
boundary nodes of the dome models. In order to allow the dome structures to completely 
invert, the test frame was supported at each of the six corners on large concrete blocks 
(900 x 900 x 500 mm). Before positioning the models on the test frame, the height of 
each column was accurately levelled using a precision level. Fig 4.10 shows the complete 
test frame together with the loading system. 
4.2.2.4 Support Conditions 
Each of the two models was supported at six corner joints. Fig 4.11 shows the positions 
of the supports for both dome models. All six supports were constrained against 
translational and rotational movements about the three principal axes. In order to achieve 
these constraints, the joints were carefully welded, around their entire perimeter, to the 
plates located on the top of each column of the test frame. 
4.2.3 Displacement Measurement 
In order to measure the static displacements and strains, a low-speed data-logger was 
used. During the snap-through phenomenon, dynamic displacements and strains were 
measured using a high-speed data-logger. The low-speed data-logger was controlled 
using an Alpha-16 computer running Basic software. The high-speed data-logger was 
controlled by a signal conditioning system which enabled accurate and reliable data to be 
acquired at high speed with 30 measurements being made in every second. The 
arrangement of the experimental instrumentation is summarized schematically in Fig 
4.12. The low-speed data-logger and high-speed data logger are shown in Figs 4.13 and 
4.14, respectively. 
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Fie 4.10 Test Frame and Loading System: The figure shows details of the test frame 
and loading system. A tank with a capacity of 250 litres was connected to the central 
node of the dome structure. In order to allow the dome structure to completely invert, 
the test frame was supported at each of the six corners on large concrete blocks. 
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Fig 4.11 Boundary Conditions and Position of Applied Load for both Models: The 
figure shows the positions of the supports and applied load for both dome models. All six 
corner nodes were fixed supports, that is, they were constrained against translational and 
rotational movements about the three principal axes. The load was applied to the central 
node of each dome model. 
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Fig 4.12 Schematic Representation of the Data Acquisition System: The figure 
shows the schematic representation of the arrangement of the experimental 
instrumentation. The low-speed data-logger was used to measure the static 
displacements and strains. The high-speed data-logger was used to measure the dynamic 
displacements and strains. 
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Fig 4.13 The Low-speed Data-Logger: The figure shows the low-speed data-logger 
which was used to measure the static displacements and strains. It was controlled using 
an Alpha-16 computer, running Basic software. 
Fig 4.14 The High-speed Data-Logger: The figure shows the high-speed data-logger 
which was used to measure the dynamic displacements and strains. It was controlled by a 
signal conditioning system which enabled accurate and reliable data to be acquired at 
high speed with 30 measurements being made in every second. 
The static vertical displacements of eight nodes and the dynamic vertical displacements 
of one node were measured for both model domes. This was achieved by using nine 
linear variable differential transformer (LVDT) transducers. Six D5/1000 and three 
d5/4000 transducers, with working ranges of 50 mm and 200 mm, respectively, were 
used to measure the vertical displacements of the grid dome model. Two D5/1000 and 
five D5/4000 and two D5/10000 transducers, with working ranges of 50 mm, 200 mm 
and 500 mm, respectively, were used to measure the vertical displacements of the lamella 
dome. The transducers were held in position beneath the nodes by using adjustable 
scaffolding holders. These transducer holders supported the main body of the transducers 
and were held just above the tank by other scaffolding bars. The moving armatures of the 
transducers were suspended from the monitored nodes using thin steel wire. 
Before each of the two tests commenced, every LVDT transducer was calibrated 
separately. The transducers were all switched in turn through one amplifier. They were 
calibrated in conjunction with this amplifier over their working range in steps of 5 mm. 
Several voltage readings were taken at each displacement increment and the calibration 
factor for each transducer was calculated, using the method of least square, to obtain the 
best straight line through the data points. Fig 4.15 shows the voltage-displacement 
responses of the LVDT transducers used to measure static displacements for both test 
models. These responses were used to determine the calibration factors and working 
ranges of the LVDT transducers. Tables 4.2 and 4.3 give the position of the LVDT 
transducers used to measure node deflection in the first and second models, respectively. 
Fig 4.16 shows the positions of some of the LVDT transducers used on both models. 
4.2.4 Strain Measurement 
Precision electrical resistance strain gauges were used to measure member strains in both 
model domes. All of the gauges used had a resistance of 350 ohms and were 
manufactured by Micro-Measurements Incorporated. Type EA/06/125BZ-350 gauges 
were used for both models. These gauges are narrow high-resistance gauges with 
compact geometry and are manufactured using a Constantan alloy foil in a self- 
temperature-compensated form. 
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Fig 4.15 Voltage-Displacement Responses of the LVDT Transducers: The figures 
show the voltage-displacement responses of the LVDT transducers used to measure 
static displacements of both models. Six D5/1000 and two D5/4000 transducers were 
used for the grid dome. Two D5/1000 and five D5/4000 and one D5/10000 transducers 
were used for the lamella dome. 
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Table 4.2. Position of LVDT Transducers in the Grid Dome Model 
Node Static 
Measurement 
Dynamic 
Measurement 
LVDT 
D5/1000 
LVDT 
D5/4000 
LVDT 
D5/10000 
19   
19   
14   
15   
22   
33   
9   
23   
13   
The Table gives the position of the LVDT transducers used to measure node deflections 
in the grid dome model. The transducers were carefully positioned so that, by using 
symmetry, the displacements of all the nodes could be determined. 
Table 4.3. Position of LVDT Transducers in the Lamella Dome Model 
Node Static 
Measurement 
Dynamic 
Measurement 
LVDT 
D5/1000 
LVDT 
D5/4000 
LVDT 
D5/10000 
1    
8   
14   
15   
22   
18   
24   
23   
33   
The Table gives the position of the LVDT transducers used to measure node deflections 
in the lamella dome model. The transducers were carefully positioned so that, by using 
symmetry, the displacements of all the nodes could be determined 
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Fig 4.16 Positions of some LVDT Transducers: The figures show the positions of 
some LVDT transducers used to measure node deflections in both models. The 
transducers were carefully positioned so that, by using symmetry, the displacements of all 
the nodes could be determined. 
Table 4.4 gives the sizes, lengths and resistances of the gauges used in both models. 
In a similar procedure to that adopted to measure displacements, both static and dynamic 
strain were measured using low-speed and high-speed data-loggers, respectively. For 
static measurements, two strain gauges were fixed onto each of the monitored members 
in both models. However, for dynamic measurement, due to some restrictions in the 
high-speed data-logger, only one strain gauge was fixed onto each of the monitored 
members. 
All of the gauges were carefully fixed to the members after the models were fabricated. 
The gauges were cemented on to the members using M-bond 200 and every gauge was 
protected after installation using M-coat D. Both of these products were recommended 
and manufactured by Micro-Measurement Incorporated. All of the strain gauges were 
fixed at the mid-length of the members and where two gauges were used for each 
member, they were placed diametrically opposite each other on the top and bottom of 
the member, using a special jig to mark the location. 
Each of the strain gauges was connected with its own high precision dummy resister to 
form a quarter bridge system. Both the strain gauge and dummy resistor were connected 
to the measurement system incorporated in the data-logger using the five wire system 
shown in Fig 4.17. The measuring system provides twin, constant-current energizing for 
each of the strain gauges and this was only switched through each gauge during the 
actual measurement period. This minimized the heating of the gauge and also decreased 
lead wire errors to a minimum. All of the output voltage signals from each of the strain 
gauges were converted into strains using a constant value for the energizing current and 
the gauge factor [Parke 1988, Window and Holister 1982, Perry and Lissner 1962]. 
Tables 4.5 and 4.6 give a list of the members which have been strain gauged with their 
corresponding strain gauge numbers for the first and second models, respectively. 
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S+ 
B2 
S- 
B1 
G 
S+ =Signal Lead (+Ve) 
B2 =Constant-Current Energising Sink (-Ve) 
S- =Signal Lead (-Vi) 
B1 =Constant-Current Energising Sink (-Ve) 
G =Gaurd and Energising Source (+V. ) 
Fie 4.17 Strain Gauge Circuit: The diagram shows the circuit used to obtain a quarter 
bridge operating system. Each strain gauge was connected with its own high precision 
dummy resistor and was energised by a switched twin constant current supply set at 5 
millamps. 
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Table 4.4. The Specifications of Strain Gauge Type EA/06/125BZ-350 
Resistance Gauge Overall Grid Overall Typical Strain 
(Ohms) Length Length Width Width Gauge Limit 
mm mm (mm) mm Factor 
350±0.15% 3 18 5 59 1.57 1.57 2.065±0.5% Approximately . . ±0.5% 
The Table gives the sizes, lengths and resistances of the gauges used to measure member 
strains in both dome models. 
Table 4.5. Member Numbers and Associated Strain Gauge Numbers for the Grid 
Dome Model 
Member Number Strain Gauge Numbers Static Measurement Dynamic Measurement 
69 25,24  
61 23,22  
53 21,20  
25 19,18  
11 3  
72 2  
42 1  
51 0  
The Table gives member numbers with strain gauge numbers for the grid dome model. 
Two strain gauges were used to measure statically the strain in members 69,61,53 and 
25. One strain gauge was used to measure dynamically the strain in members 11,72,42 
and 51. 
Table 4.6. Member Numbers and Associated Strain Gauge Numbers for the 
Lamella Dome Model 
Member Number Strain Gauge Numbers Static Measurement Dynamic Measurement 
64 25,24  
46 23,22  
35 21,20  
12 19,18  
21 3  
27 2  
31 1  
5 0  
The Table gives member numbers with strain gauge numbers for the lamella dome model. 
Two strain gages were used to measure statically the strain in members 64,46,35 and 
12. One strain gauge was used to measure dynamically the strain in members 21,27,31 
and 5. 
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4.2.5 Test Procedures 
Before each of the model domes were tested to failure, some tests were undertaken to 
measure the natural frequencies of the models. The high-speed data-logger was used for 
this purpose. A sensitive D5/300AGRA LVDT transducer was attached to the central 
node of the models. This transducer was separately calibrated and set up to operate over 
the middle of its working range. 
The model domes were excited from different joints by an impact hammer and their 
oscillations were recorded in the time domain. The Fast Fourier Transform (FFT) 
algorithm [O'neil 1989, Turner 1994] was then used to transform the data obtained 
experimentally in the time domain to the frequency domain. 
Before the main test was undertaken, the central node of the models was loaded several 
times with 0.05,0.10 and 0.20 kN weights and then unloaded to check the operation of 
the test equipment. In addition, the voltage reading from the strain gauges were checked 
and any faulty gauge detected and replaced. The reading from the strain gauges and 
LVDT transducers were also checked to ensure that the models were deforming 
symmetrically and linearly. After checking the operation of the test equipment, the 
signals emanating from the strain-gauges, LVDT transducers and the load cell were 
initialized to zero at both data-loggers. The loading tank was then attached to the dome 
models as explained in section 4.2.2.2 and was loaded with sand at an approximate rate 
of 0.015 kN per minute. However, when the nonlinear behaviour of a model was 
apparent, the rate of loading was decreased to 0.0075 kN per minute. 
After occurrence of the first snap-through and oscillation of the dome models, the LVDT 
transducers were checked and those found to exceed their working range were removed 
from the test process and then the loading was continued. 
Three snap-throughs occurred in the first model, while only one snap-through occurred 
in the second model. For the first model, the test procedure was finished when the third 
snap-through had occurred. However, for the second model, loading continued until 
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complete inversion of the dome model occurred, when the model was supporting 
approximately 3.50 kN, to ensure that there was no additional snap-through. A video 
camera and recorder were used to record the whole procedure of the main tests. 
4.3 RESULTS 
4.3.1 Component Members 
4.3.1.1 Grid Dome 
A total of twenty individual members were tested in tension to determine their 
mechanical properties and stress-strain behaviour. For each stock length, two samples 
were tested. Fig 4.18 shows the tensile stress-strain behaviour obtained from tube type 
Ti (Table 4.1). In this figure, only the behaviour of one sample has been shown. Fig 4.19 
shows a typical tensile stress-strain relationship obtained from tube type Ti cut from 
stock length No. 4. All the stress-strain relationships given in Fig 4.18 show a definite 
yield stress followed by a plateau and an increase in load-carrying capacity due to strain 
hardening. Table 4.7 gives the summary of the experimental results for the mechanical 
properties of tube type Ti which was used in fabricating the grid dome model. Fig 4.20 
shows the linearised stress-strain relationship used in the analysis of the grid domes 
model. 
4.3.1.2. Lamella Dome 
In the design of the lamella dome model, member types 1,2 and 4 shown in Fig 4.2C 
were required to have a low yield stress, approximately 230 N/mm2. To reduce the yield 
stress of these members, the annealing process was used. In this process, groups of 
members consisting of six members and two samples, cut from the same stock length, 
were put in a furnace at a temperature in the range 850 to 950 centigrade for forty five 
minutes [Burdekin 1992, Liewellyn 1992]. The heated members were then allowed to 
cool slowly for twenty four hours by gradually reducing the temperature in the furnace. 
Twenty individual unannealed members and fourteen individual annealed members were 
tested in tension to determine their mechanical properties and stress-strain relationships. 
106 
500 
400 
N 300 E E 
c-f 5 200 
100 
0 
40- -w -a 
-4r 
Ar 0' 
m 
.ý 
---  Sample No it 
Sample No 8-a 
" Sample No 10-a 
+-- --+ Sample No 2-b 
"-ý Sample No 3-b 
 - Sample No 4-b 
"- -" :, ample No 5-a 
o--- " Sample No 6-r 
ý-- -a Sample No 7-a 
Sample No 9-b 
U 05 10 fl 
Strain 
Fig 4.18 Experimental Tensile Stress-Strain Behaviour of the Members of the Grid 
Dome: The figure shows the experimental tensile stress-strain relationships of the 
members of the grid dome model. For each stock length, two samples were tested. In 
this figure, only the behaviour of one sample has been shown. The tension tests were 
undertaken under displacement control at room temperature. Up to the yield point the 
strain rate was 1.25 mm/minute, while after yield the strain rate was increased to 5.0 
mm/minute. 
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Fig 4.19 Tvnical Experimental Tensile Stress-Strain Behaviour of Stock Length 
No. 4: The figure shows a typical tensile stress-strain relationship obtained from tube type 
TI cut from stock length No. 4. For each stock length, two samples were tested. Usually, 
the stress-strain relationships of both samples, cut from one stock length, were very 
similar. 
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Fig 4.20 Linearised Stress-Strain Relationships Used in the Analysis of the Grid 
Dome: The figure shows the linearised stress-strain relationships used in the analysis of 
the grid dome. The relationships shows a definite yield stress followed by a plateau and 
an increase in load-carrying capacity due to strain hardening. 
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For each stock length, two samples were tested. Fig 4.21 shows the tensile stress-strain 
relationship obtained from tube type T2 (Table 4.1). All the stress-strain relationships 
given in Fig 4.21 show a definite yield stress followed by a plateau and an increase in 
load-carrying capacity due to strain hardening. Table 4.8 gives the summary of the 
experimental results for the mechanical properties of tube type T2 which was used in 
fabricating the lamella dome model. Fig 4.21 and Table 4.8 show clearly the effects of 
the annealing process that caused an increase in the ductility of the members and a 
decrease in the yield stress. However, the annealing process caused a decrease the yield 
stress from 380 N/mm2 to 275 N/mm2. Fig 4.22 shows the linearised stress-strain 
relationships used in analysis of the lamella dome model. 
4.3.2 Dynamic Propagation of Local Snap-through 
The experimental load-displacement, time-displacement, load-strain and time-strain 
responses obtained from both single-layer braced dome tests were used to investigate the 
accuracy and validity of the analytical procedure proposed in Chapter 3. At first, the 
experimental behaviour of both dome models, before the first snap-through, was used to 
check the accuracy and validity of the numerical models. In the numerical modeling of 
both dome structures, the following points were considered: 
" As-built measurements of the dome models were used to correct the coordinates of 
the nodes of the analytical models. 
" To obtain accurate and reliable results, each member of the models was divided into 
two elements. 
" Experimental results of the component members were used to define element 
properties in the analytical procedure. 
" The `Euler-Bernolli beam element' with cubic interpolation of displacements was used 
to represent the behaviour of the individual elements. 
4.3.2.1 The Grid Dome 
The grid dome model tested to collapse was designed to exhibit the localisation of 
dynamic nodal snap-through. The results of the experimental and analytical models were 
examined before and after the occurrence of the first snap-through. 
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Table 4.7 Summary of the Mechanical Properties of Tube Type Ti 
Stock Mean Elastic Yield Ultimate Percentage Ratio of 
Length Area Modulus Stress Stress Elongation Ultimate 
Number (mm) (kN/mm2) (N/mm2) (N/mm2) stress to Yield Stress 
1,8,10 -1 19.186 1 209 310 430 18.2 1.387 
2,3,4,5,6,7,9 19.186 209 290 410 17.0 1.414 
The Table gives, for the members of the grid dome model, the mean values of the area, 
elastic modulus, yield stress, ultimate stress and the percentage elongation at failure, 
together with the ratio of the ultimate stress to the yield stress. 
Table 4.8 Summary of the Mechanical Properties of Tube Type T2 
Stock 
Length 
Number 
Process 
Mean 
Area 
(mm2) 
Elastic 
Modules 
(kN/mm) 
Yield 
Stress 
(N/mm2) 
Ultimate 
Stress 
(N/mm2) 
Percentage 
Elongation 
Ratio of 
Intimate 
svew to 
Yield Stress 
1,2,3,4,5 Annealed 24.32 208 275 370 19 1.345 
8,9 Unannealed 24.32 208 360 450 16.5 1.250 
6,7,10 Unannealed 24.32 208 385 480 15.0 1.247 
The Table gives, for the members of the lamella dome model, the mean values of the 
area, elastic modulus, yield stress, ultimate stress and the percentage elongation at 
failure, together with the ratio of the ultimate stress to the yield stress. The Table shows 
clearly the effects of the annealing process that caused an increase in the ductility of the 
members and a decrease in the yield stress. 
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Fig 4.21 Experimental Tensile Stress-Strain Behaviour of the Members of the 
Lamella Dome: The figure shows the experimental tensile stress-strain relationships of 
the members of the lamella dome. The tension tests were undertaken under displacement 
control at room temperature. Up to the yield point the strain rate was 1.25 mm/minute, 
while after yield the strain rate was increased to 5.0 mm/minute. The annealing process 
caused an increase in the ductility of the members and a decrease in the yield stress. 
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Dome: The figure shows the linearised stress-strain relationships used in the analysis of 
the lamella dome. The relationships shows a definite yield stress followed by a plateau 
and an increase in load-carrying capacity due to strain hardening. 
4.3.2.1.1 Before the First Snap-Through: Fig 4.23 shows the analytical, static, load- 
displacement response of the grid dome model. These responses have been obtained 
from a nonlinear (elasto-plastic and large-displacement) static analysis, using `the 
modified Riks method'. The figure clearly shows the occurrence of three snap-throughs 
as described below: 
" The first snap-through occurred at a load level of 1.051 kN. At this load level, only 
the central node of the dome experienced a dynamic jump. 
" The second snap-through occurred at a load level of 1.363 kN. At this load level 
dynamic jumps occurred at the central node as well as all the nodes of the first central 
ring. 
" The third snap-through occurred at a load level of 1.699 W. At this load level 
dynamic jumps occurred at the central node as well as all the nodes of the first and 
second rings. 
" At the first limit point load, there was a local snap-through. That is, only the central 
node of the model experienced a dynamic jump. 
Figs 4.24A, 4.24B and 4.24C show the experimental and theoretical (static procedure) 
load-deflection responses of the grid dome model at the central node, first ring node 23 
and second ring node 9, respectively. It should be noted that the theoretical and 
experimental load-deflection behaviours of nodes 15,22 and 23 of the first ring were 
almost symmetric. Therefore, only the load-deflection responses of node 23 of the first 
ring has been considered. As the experimental investigation was undertaken under `load 
control', the unstable part of the equilibrium path could not be traced. Therefore, the 
experimental load-deflection responses of the model do not show the unstable parts of 
the equilibrium path. 
Fig 4.25 and 4.26 show the grid dome model before the test and after the occurrence of 
the third snap-through, respectively. Fig 4.27 shows the symmetry of the deflections of 
the grid dome during the snap-through phenomenon. Fig 4.28 indicates that the corner 
support has behaved as a fixed support. 
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Fig 4.23 Analytical, Static, Load-Displacement Responses of the Grid Dome 
Model: The figure shows the analytical, static, load-displacement responses of the grid 
dome at central node 19, the first ring node 23 and the second ring node 9. The figure 
clearly shows the occurrence of the first snap-through at a load level of 1.051 kN, the 
second snap-through at a load level of 1.363 kN and the third snap-through at a load 
level of 1.699 kN. The positions of nodes 19,23 and 9 have been shown in Fig 4.1 A. 
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Fig 4.24C The Experimental and Theoretical Load-Deflection Responses of the 
Grid Dome Model at the Second Ring Node 9: 
Figs 4.24A, 4.24B and 4.24C show the experimental and theoretical load-deflection 
responses of the grid dome model at central node 19, first ring node 23 and second ring 
node 9, respectively. The positions of nodes 19,23 and 9 have been shown in Fig 4.1 A. 
The figures indicate that as the imposed central point load acting on the grid dome model 
was gradually increased from zero, the structure behaved elasticaly and linearly. 
However, as the load approached the limit point load, the dome model behaved 
nonlinearly. Also, the figures indicate that up to the first limit point, the load-deflection 
response of the experimental model was slightly softer than that obtained from the 
theoretical model. However, the actual load-displacement behaviour exhibited by the grid 
dome model followed very closely the theoretical behaviour predicted by the static 
analysis. 
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Fig 4.25 The Grid Dome Moldel Before the Test: The figure shows the grid dome 
model before the test. The load was only applied to the central node of the model, using 
a tank with a capacity of 250 litres connected to the central node. 
Fie 4.26 The Grid Dome After the Occurrence of the Third Snap-Through: The 
figure shows the grid dome after the occurrence of the third snap-through. During the 
test of the grid dome, three snap-throughs occurred. The third snap-through occurred 
at a load level of 1.699 kN, 1.9% greater than the corresponding theoretical value. 
After the third snap-through, the dome model had completely inverted. 
processes. 
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Fig 4.27 Symmetrical Behaviour of the Grid Dome Model: The figure shows the 
symmetry of the deflections of the grid dome during the test. The experimentally 
observed behaviour of the grid dome was such that it could be considered to be 
symmetric, and therefore reflected the care taken in the manufacturing and testing 
Fig 4.28 One of the Corner Supports of the Grid Dome Model : The figure shows 
the corner supports of the grid dome model after the third snap-through, indicating that 
the corner supports behaved as fixed supports. 
By examination of the load-deflection responses given in Fig 4.24A, 4.24B and 4.24C, 
some important points can be observed: 
" The experimental load-deflection response of the central node 19 indicates that the 
first snap-through of the dome model occurred at a load level of 1.019 kN, 3% less 
than the corresponding theoretical value. 
" The experimental load-deflection response of the first ring node 23 indicates that the 
second snap-through of the dome model occurred at a load level of 1.233 kN, 9.7% 
less than the corresponding theoretical value. 
" The experimental load-deflection response of the second ring node 9 indicates that the 
third snap-through of the dome model occurred at a load level of 1.732 kN, 1.9% 
greater than the corresponding theoretical value. 
" As the imposed central point load acting on the grid dome model was gradually 
increased from zero, the structure behaved elastically and linearly. However, as the 
imposed load approached the limit point load, the structure behaved nonlinearly. 
" Figs 4.23,4.24A, 4.24B and 4.24C indicate that up to the first limit point, the load- 
deflection response of the experimental model was slightly softer than that obtained 
from the theoretical model. However, the actual load-displacement behaviour 
exhibited by the grid dome model followed very closely the theoretical behaviour 
predicted by the static analysis. 
Table 4.9 gives both the theoretical and experimental values of the vertical displacements 
for the central node 19 at the first limit point load and at the end of the dynamic jump. 
Figs 4.29 
, 4.30 and 4.31 illustrate the experimental and theoretical load (at the central 
node 19) - axial strain responses of members 25,69 and 53, respectively. The 
experimental strains were obtained from each of two strain gauges fixed at the centre, 
diametrically opposite each other, on members 25,69 and 53. These strains were 
measured using the low-speed data-logger. The theoretical strains were obtained by 
defining integration points at the middle of the thickness of the tubes and calculating the 
longitudinal component of the strain, as shown in Fig 4.32. In this figure integration 
points 7 and 3 represent the positions of the points on which two strain gauges have been 
fixed. It can be seen from Figs 4.29,4.30 and 4.31 that up to the first limit point, the 
118 
Top Strain Gauge 
20 
ý Lv 
J 
2.0 
15 
Y. 
-D 
_J 
0. 
a$ ýe i0r } tee. pO 
1- 
1 
i 
r1 O 
ý' 
rr 
im r 
rr i 
Te 
r 
aý 
1I 
{ 
4 Boo 12 00 1600 
ýAicro Strain 
Bct[orn Strain Gauge 
0 L- 
-400 
? OOJ 1500 1 00 -500 
. + + 
f 
m e- 
_4 
M Ba . 
Q 
-9- +, ý. e 
oa, ews- 04; 
1 11% 
{ 
ý- -+ Te5? ý. e ý, 
500 
Fig 4.29 The Experimental and Theoretical Load - Axial Strain Responses of 
Member 25: The figure shows the experimental and theoretical load - axial strain 
responses at the mid-length of the member 25. This member has been shown in Fig 4.1 A. 
The experimental strains have been measured using two strain gauges which were placed 
diametrically opposite each other on the top and bottom of the member at mid-length. 
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Fig 4.30 The Experimental and Theoretical Load -Axial Strain Responses of 
Member 69: The figure shows the experimental and theoretical load - axial strain 
responses at the mid-length of the member 69. This member has been shown in Fig 4.1 A. 
The experimental strains have been measured using two strain gauges which were placed 
diametrically opposite each other on the top and bottom of the member at mid-length. 
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Fig 4.31 The Experimental and Theoretical Load - Axial Strain Responses of 
Member 53: The figure shows the experimental and theoretical load - axial strain 
responses at the mid-length of the member 53. This member has been shown in Fig 4. IA. 
The experimental strains have been measured using two strain gauges which were placed 
diametrically opposite each other on the top and bottom of the member at mid-length. 
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Tnn Strain Galloe, 
Fig 4 . 32 Locations of the Member 
Strain Gauges and the Integration Points: The 
figure shows the integration points in the cross section of the tube and the locations of 
the top and bottom strain gauges on the member. The theoretical strains were obtained 
by defining integration points at the middle of the thickness of the tube for calculating the 
axial component of the strain. The integration points 7 and 3 represent the positions of 
the points on which two strain gauges have been fixed. 
122 
Cross Section of the 
Bottom Strain Gauge 
load-strain responses of members 25,69 and 53 followed very closely the theoretical 
behaviour predicted by the static analysis. Tables 4.10 and 4.11 give both the theoretical 
(static procedure) and experimental values of the longitudinal strain for the members 25, 
69 and 53 at the first limit point load and at the end of the dynamic jump, respectively. 
Considering both the theoretical and experimental load-deflection and load-strain 
responses of the grid dome model, the following points can be concluded: 
" Before the occurrence of the first snap-through, there is relatively good agreement 
between the theoretical and experimental responses (approximately 3% for the load, 
19.6% for the displacements and 24.1% for axial strains at the first limit point). 
" After the first limit point load, at the occurrence of the first dynamic jump, there is 
some discrepancy between the results obtained from the static analysis and those 
obtained from the experimental study. However, after the occurrence of the first snap- 
through, the nonlinear static analysis predicts the general trend of the behaviour of the 
experimental model. 
" In spite of a small increase in the displacements of central node 19 and also in the 
displacements of the first central ring nodes, due to the dynamic effects of the first 
snap-through, the instability was localised and did not propagated. 
" Consequently, it has been found that the analytical model used for the nonlinear static 
analysis is reliable enough to be used to undertake the dynamic analysis complying 
with the proposed procedure for investigating the dynamic propagation of local snap- 
through as outlined in Chapter 3. However, the fact that the analytical model proved 
to be stiffer than the actual grid dome model, must be considered when comparing the 
experimental and theoretical results. 
4.3.2.1.2 After the First Snap-through: The proposed procedure outlined in Chapter 3, 
has been used to evaluate the behaviour of the grid dome model after the occurrence of 
the first snap-through. At first, the amount of kinetic energy released at central node 19 
during the first snap-through was calculated to be 24.3 kN. mm. Using equation 3.10, the 
velocity of the central node 19 at the static equilibrium state of the dome model at the 
end of dynamic jump was calculated to be 673.1 mm/sec. 
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Table 4.9 Theoretical and Experimental Vertical Deflections of the Grid Dome 
Model at the Central Node 19 
Procedure Displacement at the Limit 
Point (mm) 
Displacement at the End of 
Dynamic Jump (mm) 
Static Analysis 9.56 54.96 
Test 11.88 81.39 
Discrepancy 2.32 26.43 
Percentage Error 19.6% 32.47% 
The Table gives the comparisons of the theoretical and experimental values of the 
vertical displacements for the central node 19 at the first limit point load and at the end 
of dynamic jump. 
Table 4.10 Theoretical and Experimental Axial Strains of the Grid Dome Model at 
the First Limit Point Load 
Member 25 Member 25 Member 69 Member 69 Member 53 Member 53 
Procedure (Top Strain) (Bottom Strain) (fop Strain) (Bottom Strain) (Top Strain) (Bottom Strain) 
(Micro Strain) (bficro Strain) Micro Strain) (Micro Strain) Micro Strain) (Micro Strain) 
Static -46.14 -371.2 125.29 105.4 36.40 -106.6 Analysis 
Test -85.227 -299.9 134.9 112.0 71.88 -122.0 
Discrepancy 39.087 -71.3 -9.61 -6.6 -35.48 15.4 
Percentage 45.86% 23.77% 7.12% 5.89% 49.36% 12.62% 
Error 
The Table gives the comparisons of the theoretical and experimental values of the axial 
strain for members 25,69 and 53 at the first limit point load. The average percentage 
error for the strains of these members is 24.10% 
Table 4.11 Theoretical and Experimental Axial Strains of the Grid Dome Model at 
the End of Dynamic Jump 
Member 25 Member 25 Member 69 Member 69 Member 53 Member 53 
Procedure (Top Strain) (Bottom Strain) Crop Strain) (Bottom Strain) (Top Strain) (Bottom Strain) 
(Micro Strain) (Micro Strain) (Micro Strain) (Micro Strain) (Micro Strain) (Micro Strain) 
Static 471.4 -947.0 207.6 157.8 205.5 -303.0 Analysis 
Test 1176 -1236 303.8 213.8 239.8 -722.9 
Discrepancy -704.6 -283.0 -96.20 -56.0 -34.30 419.9 
Percentage 59.91% 22.90% 31.66% 26.19% 14.30% 58.09% 
Error 
The Table gives the comparisons of the theoretical and experimental values of the axial 
strain for members 25,69 and 53 at end of dynamic jump. The average percentage error 
for the strains of these members is 35.51% 
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A linear eigenvalue analysis was then carried out to obtain the natural frequencies of 
vibration of the dome model at the end of the dynamic jump predicted by undertaking a 
static analysis. Table 4.12 gives the ten lowest natural frequencies of the grid dome 
model. This frequency analysis was undertaken to determine the appropriate time 
increment for the nonlinear dynamic analysis which was subsequently predicted to be 
0.004 seconds. 
A nonlinear (elasto-plastic and large displacement) dynamic analysis was then undertaken 
to follow the behaviour of the dome structure after the dynamic jump, predicted by the 
nonlinear static analysis. The step-by-step implicit integration method, based on 
Newmark's constant-average acceleration method, was used to solve the nonlinear 
equations in the dynamic analysis. The velocity of the central node 19 was used as the 
initial condition for the dynamic analysis. The first limit point load, obtained from the 
static analysis, was applied to the central node 19 as a `step loading'. 
Table 4.12 Theoretical Lowest Natural Freauencies of the Grid Dome 
Mode Number Frequency 
z 
1 8.3645 
2 8.3758 
3 8.4310 
4 8.4456 
5 8.5630 
6 8.5669 
7 8.7785 
8 11.038 
9 11.153 
10 11.209 
The Table gives the ten lowest theoretical natural frequencies of the grid dome model, 
obtained using a linear eigenvalue analysis, at the end of dynamic jump, predicted by 
nonlinear static analysis. 
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Fig 4.33 shows the experimental response of the grid dome model at node 19 during the 
first snap-through. Fig 4.34 shows both the theoretical and experimental time- 
displacement responses of the grid dome model at the central node 19 and node 23 of the 
first central ring. As only one LVDT transducer was used for the dynamic displacement 
measurement which was positioned under the central node 19, the experimental time- 
displacement response of node 23 of the first ring was not recorded. Only the 
experimental displacement value of node 23 at the end of dynamic jump is shown in Fig 
4.34. The difference between the responses at the beginning of the oscillation is due to 
the fact that the experimental response has been shown from the displacement 
corresponding to the limit point load, while the theoretical response has been shown 
from the displacement corresponding to the static equilibrium state of the dome model at 
the end of the dynamic jump, predicted by the nonlinear static analysis. 
Table 4.13 gives both the theoretical and experimental values of the displacement at the 
end of the dynamic jump for the central node 19. A slight discrepancy between the 
theoretical and experimental displacement values can be accounted for, because as 
mentioned previously, the analytical model was found to be stiffer than the actual model. 
Consequently, similar to the static analysis, the experimental values of the deflections are 
slightly greater than the theoretical values. 
Figs 4.35,4.36 and 4.37 give the theoretical time - axial strain responses of members 25, 
69 and 53, respectively. As these strains were measured by the low-speed data-logger, 
their time-strain responses were not available and only the values of the experimental 
axial strains in these members at the end of the dynamic jump have been shown in the 
figures. Fig 4.38 shows the theoretical and experimental time - axial strain response of 
the member 72. 
Table 4.14 gives both the theoretical and experimental values of the axial strain for the 
members 25,69,53 and 72 and at the end of the dynamic jump. 
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Fig 4.33 Experimental Time-Displacement Response of the Grid Dome Model: The 
figure shows the experimental time-displacement response of the grid dome model at 
central node 19. The response has been obtained using the high-speed data-logger. 
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Fig 4.34 Theoretical and Experimental Time-Displacement Response of the Grid 
Dome Model: The figure shows both the theoretical and experimental tine-displacement 
responses of the grid dome model at the central node 19 and node 23 of the first central 
ring. Nodes 19 and 23 have been shown in Fig 4.1 A. 
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Fig 4.35 Theoretical Time - Axial Strain Responses of Member 25: The figure shows 
the theoretical time - axial strain responses at the mid-length of member 25. As the 
strains were measured by the low-speed data-logger using the top and bottom strain 
gauges, their time-strain responses were not available and only the values of the 
experimental axial strains in member 25 at the end of the dynamic jump have been shown 
in the figure. Member 25 has been shown in Fig 4.1 A. 
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Fig 4.36 Theoretical Time - Axial Strain Responses of Member 69: The figure shows 
the theoretical time - axial strain responses at the mid-length of member 69. As tile 
strains were measured by the low-speed data-logger using the top and bottom strain 
gauges, their time-strain responses were not available and only the values of the 
experimental axial strains in member 69 at the end of the dynamic jump have been shown 
in the figure. Member 69 has been shown in Fig 4. IA. 
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Fig 4.37 Theoretical Time - Axial Strain Responses of Member 53: The figure shows 
the theoretical time - axial strain responses at the mid-length of member 53. As the 
strains were measured by the low-speed data-logger using the top and bottom strain 
gauges, their time-strain responses were not available and only the values of the 
experimental axial strains in member 53 at the end of the dynamic jump have been shown 
in the figure. Member 53 has been shown in Fig 4.1 A. 
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Table 4.13 Theoretical and Experimental Vertical Deflections of the Central Node 
19 of the Grid Dome Model at the End of Dynamic Jump 
Procedure Dis lacement (mm) 
Dynamic Analysis 77.50 
Test 81.38 
Discre anc 3.64 
Percentage Error 4.5% 
The Table gives both the theoretical and experimental values of the displacement for the 
central node 19 at the end of the dynamic jump. The theoretical value has been obtained 
using the proposed procedure. 
Table 4.14. Theoretical and Experimental Axial Strains of the Grid Dome Model at 
the End of the Dynamic Jumn 
Member 25 Member 25 Member 69 Member 69 Member 53 Member 53 Member 72 
Procedure 
(Top Strain) (Bottom Strain) (Top Strain) (Bottom Strain) (Top Strain) (Bottom Strain) (Top Strain) 
(Micro Strain) (macro Strain) (Micro Strain) (Micro Strain) (micro Strain) (Micro Strain) (Micro Strain) 
Dynamic 850.0 -1200 230 200.0 340.0 -600.0 190.0 
Analysis 
Test 1176 -1236 303.8 213.8 239.8 -722.9 280 
Discrepancy 
-326 -36.00 -73.80 -13.0 100.2 122.9 -90.0 
Percentage 27.72% 2.91% 24.29% 6.1% 41.78% 17% 32.14% 
Error 
The Table gives the comparisons of the theoretical and experimental values of the axial 
strain for members 25,69,53 and 72 at the end of the dynamic jump. The theoretical 
results have been obtained using the proposed procedure. The average percentage error 
for the strains of these members is 21.70%. 
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Considering the dynamic time-displacement and time-strain responses of the model, the 
following points can be concluded: 
" There is a fairly good agreement between the results of the theoretical procedure 
based on the dynamic analysis and the experimentally obtained responses at the end of 
the dynamic jump (approximately 4.5% for the displacements and 21.7% for the axial 
strains). 
" The grid dome model was designed to exhibit a localised nodal snap-through, with no 
propagation of the local snap-through. It can be clearly seen from both the 
experimental and analytical results that the first local snap-through was localised and 
did not propagate and, in this model, the dynamic effects of the local snap-through 
brought about only small increases in the displacements of the snap-through region. 
Investigation into the experimental and theoretical time-velocity and time-acceleration 
responses of the grid dome model can further confirm the validity and viability of the 
proposed procedure. 
Fig 4.39 shows the experimental time-displacement and time-velocity responses of the 
gird dome model at central node 19 during the first snap-through. The experimental 
time-velocity response has been obtained by differentiating the experimental time- 
displacement response with respect to time. This figure indicates that when the 
displacement of central node 19 approaches its equilibrium state at the end of the 
dynamic jump predicted by nonlinear static analysis, the velocity at that node reaches its 
maximum value. The experimental value of the velocity of central node 19 was 518.8 
mm/sec, while the theoretical predicted value was 673.1 mm/sec. It should be noted that, 
as the experimental investigation had to be undertaken under load control, the unstable 
part of the equilibrium path cannot be traced and consequently the actual kinetic energy 
released cannot be obtained using the experimental results. The value of the kinetic 
energy released can only be obtained using the results of the nonlinear static analysis. 
Therefore, the discrepancy between the theoretical and experimental values of the 
velocity of central node 19 can be attributed to the fact that the actual value of the 
kinetic energy may be less than the value predicted by nonlinear static analysis. 
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Fig 4.38 Theoretical and Experimental Time - Axial Strain Responses of Member 
72: The figure shows the theoretical and time - axial strain responses at the mid-length of 
member 25. The experimental strains were measured by the high-speed data-logger using 
the top strain gauge. Member 72 has been shown in Fig 4.1 A. 
CJ 
N 
E 
Cý 
Q' 
l 
C, i 
E 
C 
QcJ 
G 
ci 
U 
Co 
Q 
f 
Displacement of Node 19 
at the End of Dynamic 
Jump. Predicted by Static. 
Analysis 
05 10 15 20 
Time (Sec) 
Fi 4.39 Experimental Time-Displacement and "Time-Velocity Responses of the 
Grid Dome Model: The figure shows the experimental time-displacement and time- 
velocity responses of the gird dome model at central node 19 during the first snap- 
through. This figure indicates that when the displacement of central node 19 approaches 
its equilibrium state at the end of the dynamic jump predicted by nonlinear static analysis, 
the velocity at that node reaches its maximum value. 
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Fig 4.40 shows the experimental time-velocity and time-acceleration responses of the 
grid dome model at central node 19 during the first snap-through. The experimental 
time-acceleration response has been obtained by differentiating the time-velocity 
response with respect to time. This figure indicates that there is linear acceleration from 
near the static equilibrium state of the central node, corresponding to the limit point load, 
until its static equilibrium state at the end of the dynamic jump. Using equation 3.23, the 
dynamic jump duration in which the acceleration is linear was calculated as 0.073 
seconds. The experimentally obtained dynamic jump duration was 0.062 seconds as 
shown in Fig 4.39. 
Fig 4.41 shows the theoretical and experimental time-velocity response of the grid dome 
model at central node 19. The theoretical response has been directly obtained from the 
dynamic analysis. The actual time-velocity response at node 19 indicates that this node 
has a maximum value of velocity at its static equilibrium state, at the end of the dynamic 
jump. As the dynamic analysis starts from this static equilibrium state, it is expected that 
the velocity at node 19 should decrease with increasing time. Fig 4.41 clearly shows a 
decrease of velocity from its maximum value with increasing time. 
Finally, it should be emphasised that from the design viewpoint, the first snap-through is 
significantly important. Therefore, propagation of the first snap-through was only 
investigated and the proposed procedure was not pursued for the second snap-through. 
However, the proposed procedure can be repeated in a loop-type process to investigate 
the propagation of the second snap-through. After the first snap-through, the structure 
oscillates with a large amplitude which, in the presence of damping, diminishes gradually 
and eventually comes to rest at a stable equilibrium state. A nonlinear static analysis can 
be then carried out to find the second limit point load and the released kinetic energy. 
Using the kinetic energy and finding the initial velocities of the central node 19 and all 
the nodes of the first ring, the dynamic analysis is then undertaken to evaluate the 
possibility of the propagation of the second snap-through. It should be noted that this 
process can be very time-consuming. However, if this loop-type process is undertaken 
for this model, the typical time-displacement response simulating the behaviour of the 
grid dome model will be similar to that shown in Fig 4.42. 
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Fig 4.40 Experimental Time-Velocity and Time-Acceleration Responses of the Grid 
Dome: The figure shows the experimental time-velocity and time-acceleration responses 
of the grid dome model at central node 19 during the first snap-through. This figure 
indicates that there is linear acceleration from near the static equilibrium state of the 
central node, corresponding to the limit point load, until its static equilibrium state at the 
end of the dynamic jump. 
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Fig 4.41 Theoretical and Experimental Time-Velocity Response of the Grid Dome: 
The figure shows the theoretical and experimental time-velocity response of the grid 
dome model at central node 19. As the dynamic analysis starts from the static equilibrium 
state at the end of dynamic jump in which the node has the maximum value of velocity, it 
is expected that velocity at node 19 should decrease with increasing time. The figure 
clearly shows a decrease of velocity from its maximum value with increasing time. 
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Fig 4.42: A Typical Time-Displacement Response Simulating the Behaviour of the 
Grid Dome Model: If the proposed procedure in the loop-type process is undertaken 
for the grid dome model during the first, second and third snap-throughs, the typical 
time-displacement responses of the grid dome will be similar to those shown in the 
figure. 
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4.3.2.2 The Lamella Dome 
The second dome model was a single-layer lamella dome, designed to exhibit dynamic 
propagation of nodal snap-through. As explained in Section 4.3.1.2, this model was 
designed so that the members connected to the central node and the nodes of the first 
central ring should have had a lower yield stress, approximately 230 N/mm2. To lower 
the yield stress, all of these members were annealed. However, this process only reduced 
the yield stress of these members to 275 N/mm2. Therefore, it was expected that the 
lamella dome model would only exhibit dynamic propagation of the nodal snap-through 
without a complete inversion of the model. 
4.3.2.2.1 Before the First Snap-Through: Fig 4.43 shows the analytical, static, load- 
displacement responses of the lamella dome model. These responses have been obtained 
from a nonlinear static analysis using the `Modified Riks Method'. This figure clearly 
indicates the occurrence of two snap-throughs, as follows: 
" The first snap-through occurred at a load level of 0.624 kN. At this load level, the 
central node and all the nodes of the first central ring experienced a considerable 
dynamic jump, and there was a simultaneous multi-snap-through. 
" The second snap-through occurred at a load level of 1.72 W. At this load level, snap- 
through occurred at the central node and all the nodes of the first and second rings. 
" At the first limit point load, there was a local snap-through, that is, only the central 
node and all the nodes of the first ring experienced dynamic jumps. 
Figs 4.44A, 4.44B, 4.44C and 4.44D show the experimental and theoretical (static 
procedure) load-deflection responses of the lamella dome at the central node, the first 
ring node 14 and the second ring nodes 8 and 33, respectively. It should be noted that 
the theoretical and experimental load-deflection responses of the nodes 14,15,24 and 23 
of the first ring and nodes 33 and 18 of the second ring were almost symmetric. 
Therefore, only the load-deflection responses of node 15 of the first ring and node 33 of 
the second ring have been considered. Because of the different positions of nodes 33 and 
8 in the second ring, their behaviours have been shown separately. Figs 4.45 and 4.46 
show the lamella dome model before and after the test, respectively. 
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Fig 4.43 Analytical. Static. Load-Displacement Responses of the Lamella Dome: 
The figure shows analytical, static, load-displacement responses of the lamella dome 
model at the central node 22, first ring node 14 and second ring nodes 8,33. The figure 
clearly indicates the occurrence of the first snap-through at a load level of 0.624 kN and 
the second snap-through at a load level of 1.72 kN. The positions of nodes 22,14,8 and 
33 have been shown in Fig 4.2A. 
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Fig 4.44C: Experimental and Theoretical Load-Deflection Responses of the 
Lamella Dome Model at the Second Ring Node 8 
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Fie 4.44D: Experimental and Theoretical Load-Deflection Responses of the 
Lamella Dorne Model at Second Ring Node 33: Figs 4.44A, 4.44B, 4.44C and 4.44D 
show the experimental and theoretical load-deflection responses of the lamella dome 
model at central node 22, first ring node 15 and second ring nodes 8,33, respectively. 
Nodes 22,15,8 and 33 have been shown in Fig 4.2A. The figures indicate that up to the 
first limit point, the load-deflection responses of the experimental model were slightly 
stiffer than those obtained from the theoretical model. However, the actual load- 
displacement behaviour exhibited by the lamella dome model followed closely the 
theoretical behaviour predicted by the static analysis. 
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Fig 4.45 Lamella Dome Moldel before the Test: The figure shows the lamella dome 
model before the test. The load was only applied to the central node of the model, using 
a tank with a capacity of 250 litres connected to the central node. 
Fig 4.46 Lamella Dome after the Test: The figure shows the lamella dome after the 
test. During the test, only one snap-through occurred. The snap-through occurred at a 
load level of 0.628 kN, 0.5% greater than the corresponding theoretical value. 
Fig 4.47 shows symmetry of the deflections of the lamella dome model during the snap- 
through phenomenon. Fig 4.48 indicates that the corner support has behaved as a fixed 
support. By examination of Figs 4.43,4.44A, 4.44B, 4.44C and 4.44D, the following 
points can be observed: 
" In the actual model, only one snap-through has occurred at a load level of 0.628 kN, 
0.5% greater than the theoretical value. The experimental responses indicate that at 
this load level, the dynamic jump occurred at the central node 22 and all the nodes of 
the first and second rings. 
" The results of the nonlinear static analysis indicate that at the first limit point load 
(0.624 kN), the first simultaneous multi snap-throughs have occurred at central node 
and all the nodes of the first ring. Also, according to the theoretical results, the second 
simultaneous multi-snap-throughs have occurred at the central node and all the nodes 
of the first and second ring, at a load level of 1.72 W. 
" These figures illustrate that up to the first limit point, the load-deflection response of 
the experimental model was slightly stiffer than the theoretical model. The actual 
load-displacement behaviour exhibited by the model followed very closely the 
theoretical behaviour predicted by the nonlinear static analysis. 
Tables 4.15 and 4.16 give both the theoretical (static procedure) and experimentally 
obtained values of the vertical displacements for nodes 22,14 and 8 at the first limit 
point load and at the end of the dynamic jump, respectively. 
Figs 4.49,4.50 and 4.51 illustrate the experimental and theoretical (static procedure) 
load - axial strain responses of members 64,35 and 12, respectively. The experimental 
strains were obtained from each of the strain gauges fixed at the centre, diametrically 
opposite each other, on members 64,35 and 12. These strains were measured by the 
low-speed data-logger. It can be seen from these figures that up to the first limit point 
load, the actual load-strain behaviour exhibited by the experimental model followed 
closely the theoretical behaviour predicted by the nonlinear static analysis. Tables 4.17 
and 4.18 give both the theoretical (static procedure) and experimentally obtained values 
of the axial strains for members 64,35 and 12 at the first limit point load and at the end 
of the dynamic jump, respectively. 
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Fig 4.47 Symmetrical Behaviour of the Lamella Dome Model: The figure shows the 
symmetry of the deflections of the lamella dome during the test. The experimentally 
observed behaviour of the lamella dome was such that it could be considered to be 
symmetric, and therefore reflected the care taken in the manufacturing and testing 
Fig 4.48 One of the Corner Supports of the Lamella Dome Model : The figure shows 
the corner supports of the lamella dome model after the test which indicates that the 
corner supports behaved as fixed supports. 
Table 4.15 Theoretical and Experimental Vertical Deflections of the Lamella Dome 
Model at the First Limit Point Load 
Procedure Central Node 22 
(mm) 
Second Ring (Node 8) 
(mm) 
Static Analysis 37.65 -8.54 
Test 29.75 -7.84 
Discrepancy 7.90 -0.70 
Percentage Error 26.5% 9.0% 
The Table gives the comparison of the theoretical and experimental values of the vertical 
displacements for central node 19 and second ring node 8, at the first limit point load. 
The average percentage error is 17.8%. 
Table 4.16 Theoretical and Experimental Vertical Deflections of the Lamella Dome 
Model at the End of Dynamic Jump 
Procedure Central Node(22) 
(mm) 
First Ring (Node 14) 
(mm) 
Second Ring (Node 8) 
(mm) 
Static Analysis 331.0 120.96 35.50 
Test 430.2 178.33 61.52 
Discrepancy -99.2 -57.37 -26.02 
Percentage Error 23.06% 32.15% 42.29% 
The Table gives the comparison of the theoretical and experimental values of the vertical 
displacements for central node 19, first ring node 14 and second ring node 8, at the end 
of the dynamic jump. The average percentage error is 32.5%. 
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_4.49 
Experimental and Theoretical Load - Axial Strain Responses of Member 
64: The figure shows the experimental and theoretical load - axial strain responses at the 
mid-length of the member 64 of the lamella dome. The position of this member has been 
shown in Fig 4.2B. The experimental strains have been measured using two strain gauges 
which were placed opposite each other on the top and bottom of the member at mid- 
length. 
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Fig 4.50 Experimental and Theoretical Load - Axial Strain Responses of Member 
35: The figure shows the experimental and theoretical load - axial strain responses at the 
mid-length of the member 35 of the lamella dome. The position of this member has been 
shown in Fig 4.2B. The experimental strains have been measured using two strain gauges 
which were placed opposite each other on the top and bottom of the member at mid- 
length. 
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Fji 4.51 Experimental and Theoretical Load - Axial Strain Responses of Member 
12: The figure shows the experimental and theoretical load - axial strain responses at the 
mid-length of the member 12 of the lamella dome. The position of this member has been 
shown in Fig 4.2B. The experimental strains have been measured using two strain gauges 
which were placed opposite each other on the top and bottom of the member at mid- 
length. 
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Table 4.17 Theoretical and Experimental Longitudinal Strains of the Lamella 
Dome Model at the First Limit Point Load 
Procedure Member 64 Member 64 Member 35 Member 35 Member 12 Member 12 
(Top Strain) (Bottom Strain) (Top Strain) (Bottom Strain) (Top Strain) (Bottom Strain) 
Micro Strain) (Micro Strain) Micro Strain) Micro Strain) (Micro Strain) (Micro Strain) 
Static 14.272 -2.955 31.94 -11.323 165.09 -185.32 
Analysis 
Test 22.42 -3.039 41.044 -21.791 167.780 -187.32 
Discrepancy -8.148 0.084 -9.104 10.468 -2.690 2.00 
Percentage 36.34% F 2.76% 22.18% 48.04% 1.61% 1.07% Error 
The Table gives the comparison of the theoretical and experimental values of the axial 
strain for members 64,35 and 12 at the first limit point load. The average percentage 
error for the strains of these members is 18.7% 
Table 4.18 Theoretical and Experimental Longitudinal Strains of the Lamella 
Dome Model at the End of Dynamic Jump 
Procedure Member 64 Member 64 Member 35 Member 35 Member 12 Member 12 
(Top Strain) (Bottom Strain) (Top Strain) (Bottom Strain) (Top Strain) (Bottom Strain) 
(Micro Strain) 
(Micro Strain) (Micro Strain) (Micro Strain) (Micro Strain) (Micro Strain) 
Static 65.720 156.5 527.5 -497.3 558.56 -678.6 
Analysis 
Test 258.945 180.56 789.06 -668.07 428.88 -612.87 
Discrepancy -193.225 -24.06 -261.56 170.77 129.68 -65.73 
Percentage 74.62% 13.33% 33.14% 25.56% 30.24% 10.72% 
Error 
The Table gives the comparison of the theoretical and experimental values of the axial 
strain for members 64,35 and 12 at the end of the dynamic jump. The average 
percentage error for the strains of these members is 31.27%. 
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Considering the static load-deflection and load-strain responses of the lamella dome 
model, the following points can be concluded: 
" Before the occurrence of the snap-through, there is a relatively good agreement 
between the theoretical and experimental responses (approximately 0.5% for the load, 
17.8% for the displacements and 18.7% for the axial strains at the first limit point). 
" Consequently, it has been found that the numerical model used in the nonlinear static 
analysis is reliable enough to be used to carry out the dynamic analysis complying with 
the proposed procedure for investigating the dynamic propagation of local snap- 
through. 
" After the first limit point, there is a considerable difference between the results 
obtained from the static analysis and the experimental study. 
" After the snap-through, the nonlinear static analysis does not predict the general trend 
of behaviour of the experimental model. 
" Although according to the theoretical results (static procedure), two snap-throughs 
were predicted, in the actual model only one snap-through occurred. Therefore, it is 
evident that local instability has propagated, despite the fact that the complete 
inversion of the dome model did not occur. 
" The fact that for this dome model the analytical model is softer than the actual model, 
should be considered when comparing the experimental and theoretical results. 
4.3.2.2.2 After the First Snap-Through: The proposed procedure has been used to 
evaluate the behaviour of the lamella dome model after occurrence of the first snap- 
through. At first, the amount of the kinetic energy released during the snap-through 
phenomenon at node 22 was calculated to be 26.44 kN. mm. Using equation 3.10, the 
velocity of central node 22 at the end of dynamic jump, predicted by nonlinear static 
analysis was then calculated to be 911.4 mm/sec. Because in this model, at the first limit 
point load, there was a simultaneous multi-snap-through at the central node and all the 
nodes of the first central ring, it was also necessary to calculate the velocity at all nodes 
of the first ring. This was undertaken using equation 3.33. This equation is based on the 
assumption that there is a linear acceleration from near the static equilibrium state of the 
central node, corresponding to the limit point load, until its static equilibrium state at the 
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end of the dynamic jump. The first test undertaken on the grid dome model confirmed 
the validity of this assumption. The calculated value of the initial velocity at all the nodes 
of the first central ring of the lamella dome model was 432.9 mm/sec. 
Because, the theoretical response of the model shows that at the first limit point load, a 
small jump has occurred at all nodes of the second ring, the initial velocities of these 
nodes were also needed to be obtained using equation 3.33. Although these velocities, 
162.5 mm/sec for node 8 and 92.2 mm/sec for node 33, were much less than the initial 
velocities of the central node and all nodes of the first ring, it was necessary to use these 
initial velocities in the numerical model to fulfill the equilibrium and compatibility 
requirements. 
A linear eigenvalue analysis was then undertaken to obtain the natural frequencies of 
vibration of the model in the static equilibrium state at the end of the dynamic jump, 
predicted by the nonlinear static analysis. Table 4.19 gives the ten lowest natural 
frequencies of the lamella dome model. By carrying out this analysis, the appropriate 
time increment for the nonlinear dynamic analysis was predicted to be 0.001 second. 
A nonlinear dynamic analysis was then undertaken for the deformed structure at the end 
of the dynamic jump, predicted by nonlinear static analysis. The step-by-step integration 
method based on Newmark's constant-average acceleration method was used to solve 
the nonlinear equations associated with the dynamic analysis. The velocities of the central 
node 22 and all the nodes of the first and second central ring were used as the initial 
starting conditions for the dynamic analysis. The first limit point load obtained from the 
static analysis was applied to the central node 22 as a `step loading'. 
Fig 4.52 shows the experimental time-displacement response of the lamella dome model 
at node 14 of the first ring, during snap-through. Unfortunately, after the dynamic jump, 
the model came into contact with the lead of one of the LVDT transducers and this 
caused the oscillation of the model to be damped down relatively quickly. However, this 
incident did not affect the overall behaviour of the model during the snap-through 
phenomenon. 
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Fig 4.53 shows the theoretical time-displacement responses of the lamella dome model at 
central node 22, node 14 of the first ring and nodes 8 and 33 of the second ring. Only the 
displacement values of the nodes 22,14,8 and 33 at the end of the dynamic jump have 
been shown in Fig 4.53. Table 4.20 gives the theoretical and experimental values of the 
deflection after the dynamic jump for the central node 19, node 14 of the first ring and 
nodes 8 and 33 of the second ring. A slight discrepancy between the theoretical and 
experimental displacement values can be accounted for, because as mentioned before, the 
analytical model was found to be softer than the actual. Therefore, similar to the static 
analysis, the theoretical values of deflections are slightly greater that the experimental 
values. 
Table 4.19 Theoretical Lowest Natural Frequencies of the Lamella Dome 
Mode Number Frequency 
(Hz) 
1 1.1470 
2 1.9475 
3 1.9477 
4 2.8173 
5 3.2767 
6 3.2767 
7 4.3106 
8 4.6078 
9 4.6081 
10 4.8910 
The Table gives the ten lowest theoretical natural frequencies of the lamella dome model 
obtained using a linear eigenvalue analysis at the end of the dynamic jump predicted by 
nonlinear static analysis. 
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Fig 4.52 Experimental Time-Displacement Response of the Lamella Dome Model: 
The figure shows the experimental time-displacement response of the lamella dome 
model at the first ring node 14 during the snap-through. The response has been obtained 
using the high-speed data-logger. 
500 
4302 
400 
200 
178 33 
100 
6152 
344 
-" Central Node 22 
Test Result 
(Node 22) 
o---ý First Ring (Node 14) 
o--- --0 Second Ring (Node ö) 
o-------0 Second Ping (Node 33) ! ist exult 
(Node 1d) 
7 
si Result tust Result 
(Nods 33) (Nndýý 6) 
Time (sec) 
Fig 4.53 Theoretical and Experimental Time-Displacement Response of the 
Lamella Dome Model: The figure shows the theoretical and experimental time- 
displacement responses of the lamella dome at central node 22, node 14 of the first 
central ring and nodes 8 and 33 of the second ring. The positions of nodes 22,14,8 and 
33 have been shown in Fig 4.2A. 
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Figs 4.54,4.55 and 4.56 give the theoretical time - axial strain responses of members 64, 
35 and 12, respectively. As these strains were measured by the low-speed data logger, 
therefore their time-strain responses were not available and only the values of the 
experimental axial strains in these members at the end of the dynamic jump have been 
shown. Fig 4.57 shows the theoretical and experimental time-strain response of member 
21. Table 4.21 gives the theoretical and experimental values of the axial strains for 
members 64,35,12 and 21, at the end of the dynamic jump. 
Considering the dynamic time-displacement and time-strain responses of the lamella 
dome model, the following points can be concluded: 
" There is a fairly good agreement between the results of the theoretical procedure 
based on the dynamic analysis and the experimental responses (approximately 9.2% 
for the displacements, 21.9% for the axial strains). 
" The lamella dome model was designed to exhibit dynamic propagation of local nodal 
snap-through. It can be seen from both the experimental and analytical results that the 
local instability has propagated as expected, even though the complete inversion of 
the dome model did not occur. 
Similar to the case of the previous model, further investigation into the time-velocity and 
time-kinetic energy responses of the lamella dome model confirms the validity and 
viability of the proposed procedure. 
Fig 4.58 shows the experimental time-displacement and time-velocity responses of the 
lamella dome model at node 14, during snap-through. This figure indicates that when the 
displacement of node 14 approaches its static equilibrium state at the end of the dynamic 
jump, the velocity at the node reaches its maximum value. The experimental value of the 
velocity of node 14 was 502.6 mm/sec, while the predicted theoretical value was 432.9 
mm/sec. 
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Fig 4.54 Theoretical Time - Axial Strain Responses of Member 64: The figure shows 
the theoretical time - axial strain responses at the mid-length of member 64 of the lamella 
dome. As the strains were measured by the low-speed data-logger using the top and 
bottom strain gauges, their time-strain responses were not available and only the value of 
the experimental axial strains in member 64 at the end of the dynamic jump have been 
shown. The position of member 64 has been shown in Fig 4.2B. 
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Fig 4.55 Theoretical Time - Axial Strain Responses of Member 35: The 
figure shows 
the theoretical time - axial strain responses at the mid-length of member 35 of the 
lamella 
dome. As the strains were measured by the low-speed data-logger using the top and 
bottom strain gauges, their time-strain responses were not available and only the values 
of the experimental axial strains in member 35 at the end of the dynamic jump have been 
shown. The position of member 35 has been shown in Fig 4.2B. 
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Fig 4.56 Theoretical Time - Axial Strain Responses of Member 12: The figure shows 
the theoretical time - axial strain responses at the mid-length of member 12 of the lamella 
dome. As the strains were measured by the low-speed data-logger using the top and 
bottom strain gauges, their time-strain responses were not available and only the values 
of the experimental axial strains in member 12 at the end of the dynamic jump have been 
shown. The position of member 12 has been shown in Fig 4.2B. 
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Table 4.20 Theoretical and Experimental Vertical Deflections of the Lamella Dome 
Model at the End of the Dynamic Jump 
Procedure Central Node(22) 
(mm) 
First Ring (Node 14) 
(MM) 
Second Ring (Node 8) 
(mm) 
Dynamic 
Analysis 
442.9 195.9 70.9 
Test 430.2 178.33 61.52 
Discrepancy 12.7 16.57 9.35 
Percentage 
Error 
2.95% 9.29% 15.25% 
The Table gives the comparison of the theoretical and experimental values of the 
displacement for the central node 19, the first ring node 14 and the second ring node 8 at 
the end of the dynamic jump. The theoretical results have been obtained using the 
proposed procedure. The average percentage error for the displacements is 9.2%. 
Table 4.21 Theoretical and Experimental Axial Strains of the Lamella Dome Model 
at the End of the Dynamic Jump 
Member 64 Member 64 Member 35 Member 35 Member 12 Member 12 Member 21 
(Top Point) (Bottom Point) (Top Point) (Bottom Point) (Top Point) (Bottom Point) (Top Point) 
Procedure (Micro Strain) (macro Strain) (Micro Strain) (macro Strain) (Micro Strain) (Micro Strain) (Micro Strain) 
Dynamic 236.0 411.0 744.05 -811.0 405.50 -530.0 -35.0 Analysis 
Test 258.945 180.56 789.06 -668.07 428.88 -612.87 -60.86 
Discrepancy 1 1 -22.945 230.44 -45.06 -142.12 -23.38 -82.87 -25.86 
Percentage 8.86% 56.07% 5.7% 21.27% 5.45% 13.52% 42.49% 
Error 
The Table gives the comparison of the theoretical and experimental values of the axial 
strains for members 25,69,53 and 72 at the end of the dynamic jump. The theoretical 
results have been obtained using the proposed procedure. The average percentage error 
for the strains of these members is 21.9%. 
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Fig 4.57 Theoretical and Experimental Time - Axial Strain Responses of Member 
21: The figure shows the theoretical time - Axial strain responses at the mid-length of 
member 21 of the lamella dome. The experimental strains were measured by the high- 
speed data-logger using the top strain gauge. The position of member 21 has been shown 
in Fig 4.2B. 
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Fir. 4.58 Experimental Time-Displacement and Time-Velocity Responses of the 
Lamella Dome Model: The figure shows the experimental time-displacement and time- 
velocity responses of the lamella dome model at the first ring node 14 during the snap- 
through. This figure indicates that when the displacement of the first ring node 14 
approaches its equilibrium state, at the end of the dynamic jump, predicted by nonlinear 
static analysis, the velocity at the node reaches its maximum value. 
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Fig 4.59 shows the theoretical time-velocity response of the lamella dome model at the 
central node 22. Similar to the case of the grid dome model, this figure clearly shows the 
decrease of the velocity from its maximum value with increasing time. 
Fig 4.60 shows the theoretical time-kinetic energy response of the lamella dome model. 
The central node and all the nodes of the first ring have maximum velocity at the static 
equilibrium state of the model at the end of the dynamic jump. Because the dynamic 
analysis starts from this equilibrium state, it is expected that the kinetic energy decreases 
with increasing time. Fig 4.60 clearly shows the decrease of kinetic energy with time, 
from its maximum value. 
4.3.3 Frequencies 
Some experimental studies were undertaken to measure the natural frequencies of both 
dome models before they were tested to failure. The purpose of this study was to 
provide more information for comparison with the results of the analysis of the numerical 
model. 
To obtain the theoretical natural frequencies of the structure, a linear eigenvalue analysis 
based on the `subspace iteration method' was undertaken. To obtain the natural 
frequencies experimentally, the model was excited at different nodes by an impact 
hammer. For each impulse, the nodal response in the time domain was recorded. The 
`Fast Fourier Transform' (FFT) algorithm was then used to transform the data obtained 
experimentally in the time domain, to the frequency domain. 
It should be noted that if a time-domain signal is a pure sinusoidal wave, then its FFT is a 
sharp spike in the frequency domain, which represents the frequency of the oscillation. 
However, the time domain signal of the structures had a lot of sinusoidal components. 
Using the FFT, it can be found where the maximum distribution of signal power occurs. 
These maximum points represent the natural frequencies of the structure. 
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Fig 4.59 Theoretical Time-Velocity Response of the Lamella Dome: The figure 
shows the theoretical time-velocity response of the lamella dome model at the central 
node 22. As the dynamic analysis starts from the static equilibrium state at the end of the 
dynamic jump when the node has a maximum velocity, it is expected that the velocity at 
node 22 should decrease with increasing time. The figure clearly shows a decrease of 
velocity from its maximum value with increasing time. 
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Fig 4.60 Theoretical Time-Kinetic Energy Response of the Lamella Dome : The 
figure shows the theoretical time-kinetic energy response of the lamella dome which 
clearly indicates the decrease of kinetic energy with time. 
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4.3.3.1 The Grid Dome 
Table 4.22 gives the theoretical lowest fifteen natural frequencies of the grid dome model 
obtained from a linear eigenvalue analysis. Fig 4.61 shows the experimental responses of 
the grid dome model in the time domain at central node 19, excited by hitting nodes 22 
and 25. Fig 4.62 shows the responses of the model after transferring the data from the 
time domain to the frequency domain using the `Fast Fourier Transform' (FFT) 
algorithm. Some of the lower natural frequencies of the model obtained using an 
eigenvalue analysis can be detected from Fig 4.62, namely, modes 3,5 and 8. Therefore, 
as far as the natural frequencies are concerned, the analytical model shows fairly good 
agreement with the experimental results. 
Table 4.22 Theoretical Lowest Natural Frequencies of the Grid Dome Model 
Mode 
Number 
Frequency 
(Hz) 
1 8.4405 
2 8.5309 
3 8.7211 
4 11.146 
5 11.204 
6 11.488 
7 11.572 
8 11.780 
9 13.947 
10 13.963 
11 14.248 
12 14.267 
13 14.396 
14 14.513 
15 14.727 
The table gives the lowest fifteen natural frequencies of the grid dome. These natural 
frequencies have been obtained using a linear eigenvalue analysis based on the `subspace 
iteration method'. 
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Fig 4.61 Experimental Responses of the Grid Dome Model in the Time Domain : 
The figure shows the experimental responses of the grid dome model in the time domain 
at central node 19, excited by hitting nodes 22 and 25. The position of nodes 22,25 and 
19 are shown in Fig 4. IA. 
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Fig 4.62 Experimental Responses of the Grid Dome Model in the Frequency 
Domain: The figure shows the responses of the grid dome model after transferring the 
data from the time domain to the frequency domain using the FFT algorithm. Some of 
the lower natural frequencies of the model obtained using an eigenvalue analysis can be 
detected from Fig 4.62, namely, modes 3,5 and 8. 
163 
4.3.3.2 The Lamella Dome 
Table 4.23 gives the theoretical lowest eighteen natural frequencies of the lamella dome 
model obtained from a linear eigenvalue analysis. Fig 4.63 shows the experimental 
responses of the lamella dome model in the time domain at central node 22, excited by 
hitting nodes 15 and 11. Fig 4.64 shows the responses of the model after transforming 
the data from the time domain to frequency domain using the `Fast Fourier Transform' 
(FFT) algorithm. Three higher frequencies of the model can be detected from Fig 4.64, 
namely, modes 12,15 and 17. Therefore, as far as the natural frequencies are concerned, 
the analytical model shows relatively good agreement with the experimental results. 
Table 4.23. Theoretical Lowest Natural Frequencies of the Lamella Dome 
Mode 
Number 
Frequency 
z 
1 2.0094 
2 2.5843 
3 3.4704 
4 3.5021 
5 4.1533 
6 5.0526 
7 5.1775 
8 5.7486 
9 6.1898 
10 6.6726 
11 6.7720 
12 6.9972 
13 7.2805 
14 8.3792 
15 10.837 
16 11.315 
17 11.761 
18 11.980 
The table gives the lowest eighteen natural frequencies of the lamella dome. These 
natural frequencies have been obtained using a linear eigenvalue analysis based on the 
`subspace iteration method'. 
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Fig 4.63 Experimental Responses of the Lamella Dome Model in the Time Domain: 
The figure shows the experimental responses of the lamella dome model in the time 
domain at central node 22, excited by hitting nodes 15 and 11. The position of nodes 15, 
11 and 22 are shown in Fig 4.2A. 
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Fir. 4.64 Experimental Responses of the Lamella Dome Model in the Frequency 
Domain: The figure shows the responses of the lamella dome model aller transferring 
the data from the time domain to the frequency domain using the FFT algorithm. Three 
higher frequencies of the model can be detected from the figure, namely, modes 12,15 
and 17. 
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4.4 DISCUSSION AND CONCLUSION 
Two single-layer braced domes were fabricated and tested to collapse in order to 
evaluate the validity and accuracy of the proposed procedure for investigating the 
dynamic propagation of nodal snap-through. The models were designed to exhibit local 
snap-through when loaded at the central node. After the occurrence of local snap- 
through, only the curvature of a part of the models was expected to reverse sign, with 
the other parts being able to sustain additional load through a combination of 
compressive membrane forces and bending moments. The tests for both models were 
undertaken under load control in order to allow the occurrence of dynamic jumps. The 
first model, that is, the grid dome model was designed to exhibit localisation of the 
dynamic nodal snap-through, and the second model, that is, the lamella dome model was 
designed to permit propagation of local snap-through. 
Before the occurrence of the first snap-through, the behaviour of both dome models 
showed that there was relatively good agreement between the experimental and 
theoretical responses, based on the nonlinear static analysis. Table 4.24 gives a summary 
of the average percentage errors for both models at the first limit point. 
Table 4.24 Summflrv of the Avemop Percent we Errors at the First Limit Point 
Dome Model Load Displacement Axial Strain 
Grid Dome 3% 19.55% 24.10% 
Lamella Dome 0.5% 17.75% 18.67% 
The Table gives a summary of the average percentage errors in loads, displacements and 
axial strains for both models at the limit point. These values show that there is relatively 
good agreement between the experimental and analytical results. 
The sources of error in the numerical models could be due to the following points: 
" The effects of the residual stresses due to the welding process have not been 
considered in the numerical models. As outlined in Section 4.2.1.3, the welding 
process for both models was arranged so that the dome models were allowed to 
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expand radially. Also, the welding process was carefully performed in order not to 
subject the joints and the elements to excessive heat. Consequently, it is expected that 
the amounts of residual stresses introduced into the models were relatively low. 
" As outlined in Section 4.2.1.3, the as-built measurements of the dome models were 
only recorded at an intermediate stage of the assembly process. Therefore, the as-built 
measurements used in the numerical models may have been slightly different from the 
final actual dimensions of the models. 
" In the actual models, the members were welded to the joints using four symmetrically- 
placed welds at each end, which provided a reliable rigidly jointed connections for 
both the models. The joints had a finite size, which introduced some flexibility into the 
connections, as shown in Fig 4.65. However, in the numerical models, it was assumed 
that the dome models behaved as rigidly jointed structures with the joints having an 
infinitesimal size. 
It should be noted that when comparing the numerical and actual models, the 
assumptions used in the numerical models should also be considered as other sources of 
error, such as the number of the elements used per member. 
Fig 4.65 Joints in the Actual Models: The figure shows that in the actual models, the 
joints had a finite size. 
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For the grid dome model, at the first limit point load, a single snap-through occurred at 
the central node of the dome model. Both the theoretical results, based on nonlinear 
dynamic analysis, and the experimental responses showed that the first snap-through was 
localised and did not propagate. In this model, the dynamic effects of the local snap- 
through resulted in only small increases in the displacements of the snap-through region. 
For the lamella dome model, the nonlinear static analysis results indicated that at the first 
limit point load (0.624 kN), simultaneous multi-snap-throughs have occurred at the 
central node and all the nodes of the first ring, and that the second limit point load (1.72 
kN), simultaneous multi-snap-throughs have occurred at the central node and all the 
nodes of the first and second ring. However, in the actual model, only one snap-through 
occurred at a load level of 0.628 kN. At this load level, the dynamic jump occurred at the 
central node and all the nodes of the first and second rings. Consequently, it was found 
that local instability propagated, although the complete inversion of the model did not 
occur, as described in Chapter 3. Using the proposed procedure, the results of the 
nonlinear dynamic analysis, undertaken at the end of the first simultaneous multi-snap- 
throughs, indicated that local instability did propagate, without the complete inversion of 
the dome model. 
In the member manufacturing process for the lamella dome model where certain 
members were annealed, if the yield stress of the members connected to the central node 
and all the nodes of the first ring had been decreased to the initial design value of 230 
N/mm2, the occurrence of the complete inversion of the dome model might have been 
possible. 
In general, it may be stated that when the yield stress of the members in the region of the 
local instability is lower, the length of the dynamic jump increases due to spread of 
plasticity. Moreover, during the post-snap behaviour and in the unstable part of the 
equilibrium path, the load decreases considerably with increasing deformation under 
displacement controlled loading. Consequently, a large amount of kinetic energy is 
released and large initial velocities are applied to the structure. 
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The experimental and analytical responses of both models after the occurrence of 
dynamic jump indicated that there was relatively good agreement between theses 
responses. Table 4.25 gives a summary of the average percentage errors for both dome 
models at the end of the dynamic jumps. 
Table 4.25 Summary of the Average Percentage Errors 
nt the End of the Dynamic Jumn 
Dome Model Displacement Axial Strain 
Grid Dome 4.47% 21.70% 
Lamella Dome 9.16% 21.90% 
The Table gives a summary of the average percentage errors in displacements and axial 
strains for both models at the end of the dynamic jump. These values show that there is a 
fairly good agreement between the experimental and analytical responses. The theoretical 
results were obtained using the proposed procedure, outlined in Chapter 3. 
The sources of error could be due to the following points: 
" The amount of kinetic energy released during a snap-through has a significant role in 
the propagation phenomenon. Because tests were undertaken under load control, the 
unstable part of the equilibrium path could not be traced, and the actual kinetic energy 
released during snap-through could not be determined. Therefore, the only way to 
find the value of the kinetic energy released is to undertake a nonlinear static analysis 
which can trace the unstable part of the equilibrium path. 
9 For the dynamic measurement of the displacement of the central node of the grid 
dome and a first ring node of the lamella dome, a D5/4000 transducer with a working 
length of 200 mm and a D5/10000 transducer with a working length of 500 mm were 
used, respectively. The moving armatures of these transducers were very long, namely 
400 mm for the D5/4000 transducer and 600 mm for the D5/10000 transducer. The 
armatures were suspended from the monitored nodes using thin steel wires, and 
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consequently the weights of the moving armatures could have affected the 
experimentally obtained time-displacement, time-velocity and time-acceleration 
responses. 
" When comparing the experimental and theoretical results after the occurrence of a 
local snap-through of both dome models, it should be considered that the analytical 
model of the grid dome was slightly stiffer than the actual model, however the 
analytical model of the lamella dome was softer than the experimental model. 
Unfortunately, it was not possible to use more LVDT transducers to measure the 
dynamic responses with the high-speed data logger and only one LVDT transducer was 
used for each model. If at least three LVDT transducers were used to measure the 
responses of the central node and one of the nodes of the first and second rings, it would 
have been possible to investigate the time-displacement, time-velocity and time- 
acceleration responses more accurately. 
With a simultaneous multi-snap-through, the proposed procedure assumes that the 
duration of the dynamic jump, at all nodes in which snap-through has occurred, should 
be the same. Because of the limitation regarding the use of only one LVDT transducer, 
the validity of this assumption cannot not be proved. However, the fulfillment of the 
equilibrium and compatibility requirements can justify using this assumption as outlined 
in Chapter 3. Investigating the time-energy responses of the models also confirms the 
validity of this assumption. Fig 4.66 shows the time-energy responses of the lamella 
dome model which are obtained using the proposed procedure. The figure clearly 
illustrates that the following three events happen simultaneously (t=0.375 sec) for the 
whole dome: 
" The kinetic energy reaches zero. 
" The recoverable strain energy starts to oscillate. 
" No additional energy dissipates due to plastic deformation. 
When the kinetic energy reaches zero, it means that the dynamic jump has finished. 
Oscillation of the strain energy implies oscillation of the model and this means that the 
model has restabilised. When the energy does not dissipate due to plastic deformation, it 
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means that there is no plastic deformation. The lack of plastic deformation indicates that 
there is no major change in the deflections. The three phenomena occurring at the same 
time, requires that dynamic jumps of the nodes of the dome model also occur at the same 
time. 
As a main conclusion, the experimental study shows that the proposed procedure for 
investigating the dynamic propagation of local nodal snap-through can provide a reliable 
method for the prediction of the behaviour of single-layer braced domes after the 
occurrence of local nodal snap-through. 
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Fig 4.66 Theoretical Time-Energy Responses of the Lamella Dome: The figure 
shows the time-energy responses of the lamella dome model obtained using the proposed 
procedure. This figure clearly illustrates that when the kinetic energy reaches zero at the 
end of the dynamic jump, the strain energy starts to oscillate and no additional energy 
dissipates due to plastic deformation. 
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CHAPTER 5 
PARAMETRIC STUDY 
5.1 INTRODUCTION 
In Chapter 3, the details of the proposed procedure for investigating the dynamic propagation 
of a local nodal snap-through in single-layer braced domes were outlined. The accuracy and 
validity of the proposed procedure was evaluated by undertaking an experimental 
investigation, presented in Chapter 4. The experimental study demonstrated the validity of the 
proposed procedure and consequently, it has provided a sound foundation to undertake a 
parametric study of the behaviour of single-layer braced domes. 
The main objective of the parametric study is to answer the following questions, arising from 
the study of the dynamic propagation of local, nodal snap-through, namely: 
" When does a local nodal snap-through localise, that is, it remains local and there is no 
propagation? 
" Under which conditions and circumstances can a local nodal snap-through propagate over 
a larger area of the structure? 
" Which parameters increase or decrease the possibility of the propagation of a local nodal 
snap-through? 
" How can the designer prevent this dangerous phenomenon occurring? 
5.2 EFFECTIVE PARAMETERS AND IMPORTANT CRITERIA 
5.2.1 Effective Parameters in the Propagation of a Local Nodal Snap-Through 
Using the proposed procedure, the following parameters in the structural behaviour of single- 
layer braced domes were considered in the parametric study: 
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" Initial nodal geometrical imperfection. 
" Plasticity characteristics of the individual elements. 
" Rigidity of the joints. 
" Configuration of the dome structure. 
" Boundary conditions. 
The effects of initial nodal imperfections have been evaluated in both situations in which a 
local snap-through can occur, namely: 
" There are concentrated loads on some nodes of the dome structure which increases until 
the limit point load (loading conditions c, d and e, as shown in Fig 3.8 in Chapter 3). 
" The concentrated loads on all the nodes are equal but, in addition at the nodes of a local 
region of the dome structure, there are some geometrical deviations from the perfect 
surface (loading conditions a and b, as shown in Fig 3.8 in Chapter 3). 
When studying the effects of the initial nodal imperfections on the dome structures under 
loading conditions c, d and e, the downward and upward vertical nodal imperfections 
corresponding to the symmetric and unsymmetric buckling modes of the dome structures 
were considered. 
In order to show the effects which the plasticity characteristics of the elements have on the 
propagation of a local snap-through, different values of yield stress for elements of the dome 
structures were chosen, namely 200 N/mm2,240 N/mm2,270 N/mm2,330 N/mm2,375 
N/mm2 and 450 N/mm2. 
The dome structures were analysed with both rigidly jointed and pin jointed connections in 
order to evaluate the effects of rigidity of the joints in the propagation phenomenon. 
Regarding the effects of the configuration, a number of different types of single-layer braced 
domes (ribbed domes, Schwedler domes, three-way grid domes, parallel lamella domes) with 
different ratios of rise to span (0.025,0.04,0.055,0.625,0.070,0.085,0.1,0.125,0.166, 
0.25) were analysed. 
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Four different types of boundary conditions have been considered. For the first boundary 
condition, all the peripheral nodes were fixed supports, that is, translational and rotational 
degrees of freedom were restrained. For the second boundary condition, all the peripheral 
nodes were pinned supports, that is, only translational degrees of freedom were restrained. In 
the third and fourth boundary conditions, only the corner nodes of the dome structures were 
fixed and pinned supports, respectively. 
5.2.2 Some Criteria Considered in the Parametric Study 
In order to evaluate the effects of different parameters on the propagation of a local nodal 
snap-through, the following criteria have been considered: 
" The amount of kinetic energy released during the snap-through phenomenon. 
" The initial velocity of those nodes at which the snap-through has occurred. 
" The magnitude of the first limit point load. 
" The presence of simultaneous multi-snap-throughs. 
" The quantity of energy dissipated due to plastic deformation. 
The amount of kinetic energy has a significant and vital role in the propagation of a local 
nodal snap-through. When the kinetic energy released during a snap-through phenomenon is 
considerably large, the possibility of the propagation of a local instability will be high, and vice 
versa. 
The initial velocities used as initial conditions for the dynamic analysis, also have a key role in 
the propagation phenomenon. If the initial velocities applied to the dome structures are low, 
the likelihood of the propagation of a local snap-through will be small. 
The values of the first limit point load also has an important role in initiating the propagation 
phenomenon. Lower values of the limit point loads may precipitate the propagation of a local 
instability. 
In the case of a single snap-through, the initial velocity is only applied to one node, while in 
the case of simultaneous multi-snap-throughs, the initial velocities are applied to all the nodes 
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at which snap-through has occurred. Therefore, the possibility of the propagation of a local 
snap-through in the latter case becomes much greater than the former case. 
The dynamic jump associated with snap-through occurs mainly from the plastic deformation 
of the members which causes energy to be dissipated. Therefore, the value of the dissipated 
energy due to plastic deformation during the snap-through phenomenon can be an 
appropriate criterion to asses the propagation of a local instability. 
It should be emphasised that for each effective parameter, different types of single-layer 
braced domes were analysed using the proposed procedure, and only the results of the 
analysis for selected cases are given in the following Sections. 
5.3 EFFECTS OF DIFFERENT PARAMETERS 
5.3.1 Effects of the Initial Geometrical Nodal Imperfection 
Single-layer braced domes are imperfection sensitive structures where their actual 
collapse loads differ substantially from the calculated values for perfect structures. In the 
present study, the effects of nodal geometrical imperfections on the propagation of local 
nodal snap-through have been investigated in both of the situations in which a local snap- 
through can occur. 
5.3.1.1 Effects on the Dome Structures under Loading Conditions c, d and e 
In order to find the effects which geometrical imperfections have on the propagation of 
local snap-through in single-layer braced domes, under loading conditions c, d and e, the 
lowest buckling modes of the structure have been used to find the imperfect shapes of 
the dome structures. 
In the case of limit point instability, the lowest buckling modes can be obtained using 
either the linear eigenvalue buckling analysis or the direct nonlinear analysis. Under 
loading conditions c, d and e where concentrated load exist on some nodes, the 
nonlinearity of the structure is considerably high. Therefore, using the buckling modes, 
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obtained from the linear eigenvalue buckling analysis, to find the imperfect shape of the 
dome structures is not valid. In the present study, the direct nonlinear analysis has been 
carried out to obtain the lowest buckling mode. That is, after performing a nonlinear 
analysis, the pre- and post-buckling deflections near the limit point are calculated, then 
the difference of these two deflections is the precise form of the buckling mode at this 
limit point [Chen and Shen 1993]. However, when obtaining the other buckling modes, 
in the case of limit point instability, as well as the lowest buckling modes, in the case of 
bifurcation point instability, using a linear eigenvalue buckling analysis is inevitable. 
The analysis of the imperfect structure is carried out using the assumption that the initial 
nodal imperfection is proportional to the vertical displacement of the nodes resulting 
from the buckling mode. The initial geometrical imperfection parameter is represented by 
i which is the ratio of the maximum initial imperfection to the rise of the dome. 
5.3.1.1.1 Numerical Results: Fig 5.1 shows the plan view of a grid dome (dome No. 1) 
which has a span of 8000 mm and a rise of 1000 mm. A downward vertical concentrated 
load has been applied to the central node. At first a nonlinear (elasto-plastic, large 
displacement) static analysis has been carried out to find the static load-displacement 
response of the perfect structure. Also, a linear eigenvalue buckling analysis has been 
undertaken to find the buckling modes. The two lowest buckling modes have been 
chosen which are shown in Fig 5.2. The first buckling mode is a symmetric buckling 
shape, and the second mode is an unsymmetric buckling shape. 
Fig 5.3 shows the static load-deflection responses of the dome at central node, for 
different amounts of imperfection. The positive amounts of i are the downward vertical 
imperfections and negative amounts of i indicate upward vertical imperfection. The zero 
value for i represents the perfect structure. The shape of the geometrical imperfection 
chosen was the symmetric buckling mode. For the perfect case, this figure shows strong 
nonlinearity with large plastic deformation at a load level of 8 kN and the occurrence of 
snap-through of the central node at a load level of 19.54 W. 
177 
Fig 5.1 Plan View of the Grid Dome (Dome No. 1): The figure shows the plan view of a 
grid dome with a span of 8000 mm and a rise of 1000 mm. The elements are considered to be 
steel tubes with an external radius of 13.4 mm and a wall thickness of 2.2 mm. The yield 
stress of the component members is 240 N/mm2. All the peripheral nodes of the dome 
structure are pinned supports. 
Symmetric Mode 
Unsymmetric mode 
Fig 5.2 Buckling Modes of Dome No. 1: The figure shows the two lowest buckling 
modes of dome No. 1. The first buckling mode shows a symmetric buckling shape, and 
the second mode shows an unsymmetric buckling shape. 
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Fig 5.3 Static Load-Deflection Responses of Dome No. I (Symmetric Rocklin! 
Mode : The figure shows the static load-deflection responses of dome No. I at the 
central node, for different amounts of imperfection. Positive amounts of i represents 
downward vertical imperfections and negative amounts of i indicates upward vertical 
imperfections. Zero value of i represents the perfect structure. The shape of the 
geometrical imperfection chosen was that of the symmetric buckling mode. For the 
perfect case, the behaviour shows strong nonlinearity with large plastic deformation at a 
load level of 8 kN and occurrence of snap-through of the central node at a load level of 
19.54 kN. 
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Table 5.1 gives the values of released kinetic energy, initial velocity applied to the central 
node as well as first limit point load corresponding to the imperfection parameter i, for 
the symmetric buckling mode. By examination of Figs 5.3 and Table 5.1, the following 
points can be concluded where the symmetric buckling mode was used as the initial 
geometrical shape. 
"A downward geometrical imperfection causes a reduction in the limit point load, 
kinetic energy and velocity. 
" An upward geometrical imperfection causes an increase in the limit point load, kinetic 
energy and velocity. 
" An upward geometrical imperfection brings about the occurrence of dynamic snap- 
through at a load level where the structure shows strong nonlinearity with large 
plastic deformation. 
"A downward geometrical imperfection decreases the magnitude of dynamic violence, 
by reducing the amount of released kinetic energy. However it reduces the limit point 
load and initiates the propagation of local instability. 
" An upward geometrical imperfection increases the magnitude of dynamic violence by 
increasing the amounts of released kinetic energy. However it increases the limit point 
load and delays the propagation of local instability. 
Fig 5.4 shows the static load deflection responses of the structure at the central node for 
different amounts of imperfection using the unsymmetric buckling mode as the initial 
imperfection shape. Table 5.2 gives the values of released kinetic energy, velocity of the 
central node 46 and the first limit point load corresponding to the imperfection parameter 
i, for the unsymmetric buckling mode. It should be noted that in the case of the 
unsymmetric buckling mode, the positive and negative amounts of i have the same effect. 
By considering Fig 5.4 and Table 5.2, the following conclusions can be obtained where 
the unsymmetric buckling mode has been used as the initial geometrical imperfection 
shape. 
" Unsymmetric geometrical imperfections decrease dramatically the magnitude of the 
dynamic violence of the snap-through by reducing the amount of the kinetic energy 
released, which consequently decreases the possibility of the propagation of a local 
instability. 
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" The higher magnitude of the unsymmetric geometrical imperfections change the 
dynamic snap-through to a highly plastic deformation with no dynamic jump. 
" An unsymmetric geometrical imperfection has no effect on the behaviour of the 
structure at a load level where the structure shows strong nonlinearity with large 
plastic deformation. Therefore, it is expected that if before the limit point load the 
structure does not show strong nonlinearity, with large plastic deformation, an 
unsymmetric geometrical imperfection will not have a significant effect on the 
behaviour of the structure. 
Fig 5.5 shows the plan view of a grid dome (dome No. 2) with a span of 2400 mm and a 
rise of 240 mm. A downward vertical concentrated load has been applied to the central 
node. Fig 5.6 shows the unsymmetric buckling mode of the dome. Fig 5.7 shows the 
static load deflection responses of the structure at the central node, for different amounts 
of imperfection, with the shape of the geometrical imperfection corresponding to the 
unsymmetric buckling mode. When examining the eigenvalues of the tangent stiffness 
matrix, it is apparent that before the load level of 1.3 kN, there is no negative eigenvalue, 
indicating the existence of limit point instability. Fig 5.7 demonstrates that in the case of 
an unsymmetric buckling mode taken as the initial imperfection shape, the response of 
the structure is insensitive to the magnitude of the imperfection. 
Fig 5.8 shows the plan view of a grid dome (dome No. 3) which has a span of 1000 mm 
and a rise of 70 mm. A downward vertical concentrated load has been applied to the 
central node. At first a nonlinear static analysis for the perfect structure is undertaken in 
order to determine the fundamental equilibrium path. By examination of the eigenvalues 
of the tangent stiffness matrix, it is apparent that at a load level of 0.57 kN, there is a 
negative eigenvalue indicating the existence of a bifurcation point. By performing a linear 
eigenvlaue buckling analysis of the perfect structure, the lowest buckling mode is 
obtained showing an unsymmetric buckling shape. The first buckling mode of the 
structure was then used for the initial imperfection shape and subsequently the nonlinear 
analysis of the imperfect structure was then carried out. The combination of the 
fundamental and secondary path shows the symmetric-unstable bifurcation instability 
which is depicted in Fig 5.9. 
181 
Table 5.1 Values of Released Kinetic Energy, Initial Velocity and First Limit Point 
Load (Symmetric Buckling Mode) 
(Dome No. 1) 
Imperfection 
Parameter 
i 
Kinetic 
Energy 
(kN. mm) 
Velocity at 
Node 46 
(mm/sec) 
First Limit 
Point Load 
-0.04 1992.7 1270.14 24.21 
-0.02 1402.7 1123.1 21.88 
-0.01 1139.0 1037.2 20.75 
-0.005 994.8 985.4 20.08 
-0.0033 965.0 973.6 19.95 
-0.0025 947.0 967.0 19.85 
0 884.5 941.9 19.54 
0.0025 825.6 917.3 19.23 
0.0033 805.3 908.8 19.11 
0.005 760.6 888.8 18.87 
0.01 650.4 835.5 18.26 
0.02 451.4 720.8 17.03 
The Table gives the values of released kinetic energy, the initial velocity applied to the 
central node number 46, as well as the first limit point load corresponding to the 
imperfection parameter i, for the symmetric buckling mode. 
Table 5.2 Values of Released Kinetic Energy, Initial Velocity and First Limit Point 
Load (Unsymmetric Buckling Mode) 
(Dome No. 1) 
Imperfection 
Parameter 
i 
Kinetic 
Energy 
(kN. mm) 
Velocity at 
Node 46 
(mm/sec) 
First Limit 
Point Load 
(k 
0 884.5 941.9 19.54 
0.0025 813.5 909.2 19.29 
0.0033 787.9 897.5 19.17 
0.005 725.7 868.2 18.87 
0.01 506.6 745.7 17.86 
0.02 137.7 403.2 16.60 
The Table gives the values of released kinetic energy, the initial velocity applied to the 
central node number 46, as well as the first limit point load corresponding to the 
imperfection parameter i, for the unsymmetric buckling mode. In the case of the 
unsymmetric buckling mode, the positive and negative values of i have the same effect. 
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Fig 5.4 Static Load-Deflection Responses of Dome No. 1 (Unsy mmetric buckling 
Mode): The figure shows the static load-deflection responses of dome No. I at the 
central node for different values of imperfection parameter. The shape of the geometrical 
imperfection chosen was the unsymmetric buckling mode. In this case, positive and 
negative values of i have the same effect. 
Fig 5.5 Plan View of the Grid Dome (Dome No. 2): The figure shows the plan view of a 
grid dome with a span of 2400 nun and a rise of 240 mm. The elements are considered to be 
steel tubes with an external radius of 4.76 nom and a wall thickness of 1.22 mm. The yield 
stress of the component members is 330 N/nn2. All the peripheral nodes of the dome 
structure are pinned supports. 
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Fig 5.6 Unsymmetric Buckling Mode of Dome No. 2: The figure shows the 
unsymmetric buckling mode of dome No. 2 which has been obtained using a linear 
eigenvalue buckling analysis. 
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Fie 5.7 Static Load-Deflection Responses of Dome No. 2 (Unsvmmetric I3ucklinj! 
Mode): The figure shows the static load deflection responses of dome No. 2 at the 
central node, for different amounts of imperfection, with the shape of the geometrical 
imperfection corresponding to the unsymmetric buckling mode. It can be observed that 
all the load-displacement curves are identical, and consequently in the case of limit point 
load instability, this single-layer braced dome is not sensitive to imperfections 
corresponding to the unsymmetric buckling mode shape. 
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Fig 5.8 Plan View of the Grid Dome (Dome No. 3): The figure shows the plan view of a 
grid dome with a span of 1000 mm and a rise of 70 mm. The elements have a4 mm x4 mm 
square cross-section. A downward vertical concentrated load has been applied to the central 
node. The yield stress of the component members is 180 N/mm2. All the corner nodes of the 
dome structure are fixed supports. 
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Fig 5.9 Static Load-Deflection Responses of Dome No. 3 (Unsyrnmetric Buckling 
Mode): The figure shows the load-displacement responses of dome No. 3 at the central 
node. The figure illustrates the combination of the fundamental and secondary path, 
showing a symmetric-unstable bifurcation instability. 
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Considering Fig 5.9, the following conclusions can be obtained when using the 
unsymmetric buckling mode as the initial imperfection shape for the case of symmetric- 
unstable bifurcation instability. 
" An unsymmetric geometrical imperfection changes a bifurcation point instability to a 
limit point instability. A very small magnitude of imperfection is enough to cause this 
change and the structure shows no sensitivity to increases in the magnitude of 
imperfection. 
" An unsymmetric geometrical imperfection causes a slight decrease in the amount of 
kinetic energy released. 
In order to evaluate the possibility of progressive collapse, the proposed procedure has 
been used for both perfect and imperfect cases of dome No. 3. At first, a linear 
eigenvalue analysis is carried out to obtain the natural frequencies of vibration of the 
structure, in the static equilibrium state, at the end of the dynamic jump. By carrying out 
this analysis, the appropriate time increment At for the nonlinear dynamic analysis can be 
predicted as well as suitable damping factors. A nonlinear (elasto-plastic, large 
displacement) dynamic analysis is then undertaken after the dynamic jump. The velocity 
of the central node, which is obtained from the static analysis, is used as the initial 
condition for the dynamic analysis. The critical point load (limit point or bifurcation point 
load) is applied as a `step loading'. 
The dynamic response of dome No. 3, at the central node, for both perfect and imperfect 
structures, is shown in Fig 5.10A. As the rise of the dome is 70 mm and the final 
downward displacement of the central node of the dome is about 135 mm in both cases, 
the dynamic response involves the complete inversion of the structure. Fig 5.1OB shows, 
to a larger scale, the oscillations of the central node of the dome for both perfect and 
imperfect structures. The progressive collapse of the imperfect structure has been shown 
in Fig 5.11, with the dome reversing itself. 
5.3.1.2 Effects on the Dome Structures under Loading Condition a and b 
As outlined in Chapter 3, local snap-through can also occur when the concentrated loads on 
all the nodes of the entire dome structure (or half of the structure) are equal but, in 
186 
140 
105 
E 
E 
C E 70 
U 
Q 
35 
/ýI g-8 -9.0. bis -r-oý +-a #+- 9 ß-o- a-9 c--. -9 A"-Oma ý-r-o- 
Yl . 
'' 
11 
,p 
ý1[r y 3. E 
Fe-e--, 
' 
r 
v -o imperfect i= 0907 
Fig 5.1OA 
E 
E 
136 
135 
E 131 
a> U 
Q 
rn 
13? 
132 
i rn? (Seý) 
Fig 5.10B 
Figs 5.10A & 5.10B Time-Displacement Responses of Dome No. 3: The figures 
shows the time-displacement responses of dome No. 3 at the central node for both 
perfect and imperfect structures. As the rise of the dome is 70 mm and the final 
downward displacement of the central node of the dome is about 135 mm in both cases, 
the dynamic response involves the complete inversion of the structure. Fig 5.1 OB shows, 
to a larger scale, the oscillations of the central node of the dome for both perfect and 
imperfect structures. 
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Fig 5.11 Progressive Collapse of Dome No. 3: The figure shows the progressive 
collapse of the imperfect dome structure, with the dome reversing itself. The complete 
inversion of the dome structure has occurred at the time t=0.8 sec. 
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addition at one node or some nodes in a local region, there is a geometrical deviation from 
the perfect surface. 
In section 3.3.2 of Chapter 3, the analytical results of two single-layer braced domes, under 
loading condition a, were presented. By considering their load-displacement responses, 
shown in Figs 3.19 and 3.21, it was found that the occurrence of local snap-through depends 
on the values of the initial nodal imperfections. It is worth noting that under loading condition 
b, single-layer braced domes may also show the same behaviour. For instance, consider the 
grid dome, shown in Fig 5.12 (dome No. 4), which has a span of 8000 mm and a rise of 1000 
mm. Small, downward, nodal imperfections have been applied to node 45 and all its 
surrounding nodes, namely, 40,51,34,56,39 and 50. This dome has been analysed under 
loading condition b. Fig 5.13 shows the load-deflection responses of the dome structure, at 
node 45. The figure illustrates that when the downward nodal imperfection is 25 mm for node 
45 and 12.5 mm for nodes 40,51,34,56,39 and 50, a local snap-through has occurred at 
load of 5.207 kN applied at each node. It can be observed that when the downward, nodal 
imperfections are relatively low (10 mm in a span of 1000 mm) or high (40 mm in a span of 
1000 mm), a local snap-through has not occurred, but instead, there is a `overall collapse'. 
In the following section, the possibility of the propagation of a local snap-through due to 
local, nodal imperfections is evaluated. 
5.3.1.2.1 Numerical Results: The grid dome, shown in Fig 5.12 (dome No. 4), is 
considered, supporting loading condition a. Two different values of downward, nodal 
imperfections have been applied to central node 46 and all the nodes of the first ring. Fig 5.14 
shows the load-displacement responses of dome No. 4 at the central node 46, first ring node 
57, second ring node 68, third ring node 79 and fourth ring node 87. A downward, nodal 
imperfection of 20.25 mm was applied to central node 46 and 10 mm for all nodes of the first 
ring. Fig 5.15 shows the load-displacement responses of the grid dome, when a downward 
nodal imperfection of 21.0 mm for central node 46 and 10.0 mm for all nodes of the first ring 
have been applied. Figs 5.14 and 5.15 illustrate that in both cases a local snap-through has 
occurred. The figures also show that only central node 46 and all nodes of the first ring, on 
which downward nodal imperfection have been applied, have experienced dynamic jumps. 
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Fig 5.12 Plan View of the Grid Dome (Dome No. 4): The figure shows the plan view of a 
grid dome with a span of 8000 mm and a rise of 1000 mm. The elements are considered to be 
steel tubes with an external radius of 13.4 mm and a wall thickness of 2.2 nom. The yield 
stress of the component members is 330 N/mm2. All the peripheral nodes of the dome 
structure are pinned supports. 
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Fig 5.13 Static Load-Displacement Responses of the Imperfect Dome No. 4 under 
Loading Condition b: The figure shows the load-deflection responses of the imperfect 
dome No. 4, at node 45. The figure shows that when the downward, nodal imperfection is 25 
mm for node 45 and 12.5 mm for nodes 40,51,34,56,39 and 50, a local snap-through has 
occurred at the load of 5.207 kN for each node. 
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Fig 5.14 Static Load-Disniacement Responses of the Imperfect Dome No. 4 under 
Loading Condition a: The figure shows the load-displacement responses of the imperfect 
dome No. 4 at central node 46, the first ring node 57, the second ring node 68, the third ring 
node 79 and the fourth ring node 87. A downward, nodal imperfection of 20.25 mm for 
central node 46 and 10 mm for all the nodes of the first ring have been applied. The figure 
illustrates that only central node 46 and all the nodes of the first ring, on which downward 
nodal imperfection have been applied, have experienced dynamic jumps. 
5.607 
-ý 
d7 
t 
entrat Node 4' 6 
." -+ First Ring (Node 5i) 
"--ý Second Ring (Node . ý' ýý ýº -a Thad Ring (Node 79) 
0 ----o fo lrth Rrn. o (N,, 1., ?, ; ') 
[-I! splace: rent (mfr, ) 
Fig 5.15 Static Load-Displacenment Responses of the Imperfect Dome No. 4 under 
Loading Condition a: The figure shows the load-displacement responses of the imperfect 
dome No. 4. A downward, nodal imperfection of 21.0 mm for central node 46 and 10 mm for 
all the nodes of the first ring have been applied. The figure illustrates that only the central 
node 46 and all the nodes of the first ring, on which downward nodal imperfection have been 
applied, have experienced dynamic jumps. 
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Table 5.3 gives the values of limit point load, kinetic energy released and initial velocities for 
both cases. 
Table 5.3 Values of Limit Point Load, Kinetic Energy Released and Initial Velocities 
for Dome No. 4. Under Loading Condition a 
Imperfection at Central Node 10 20.25 21 
Imperfection at the Nodes of First 10 10 
Ring mm 
Limit Point Load 5.875 5.607 
Kinetic Energy Released in Central 20.54 12.33 
Node 46 (kN. mm) 
Kinetic Energy Released in all 
Nodes of the First Ring 1.68 1.0 
kN. mm 
Initial Velocity of Central Node 46, 
at the end of Dynamic Jump 261.8 207.6 
(mm/sec) 
Initial velocity of all Nodes of the 
First Ring, at the end of Dynamic 96.9 74.1 
Jump (mm/sec) H 
The Table gives the values of limit point load, kinetic energy released and initial velocities for 
dome No. 4, under loading condition a. When the dome structure has an initial downward 
nodal imperfection of 20.25 nun at central node 46, the amount of kinetic energy released, 
limit point load and initial velocities, at the end of dynamic jump, are larger than when the 
initial downward nodal imperfection at central node 46 was 21.0 mm. 
In order to evaluate the possibility of progressive collapse due to local nodal imperfections, 
the procedure outlined in Chapter 3, has been used. At first, a linear eigenvalue analysis is 
carried out to obtain the natural frequencies of vibration of the dome structure in the static 
equilibrium state at the end of the dynamic jump. By undertaking this analysis, the appropriate 
time increment At for the nonlinear dynamic analysis can be predicted, as well as suitable 
damping factors. A nonlinear (elasto-plastic, large displacement) dynamic analysis is then 
undertaken at the end of the dynamic jump, predicted by the static analysis. The velocities of 
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node 46 and all nodes of the first ring which are obtained from nonlinear static analysis, are 
used as the initial conditions for the dynamic analysis. The limit point loads are applied to all 
nodes of the dome structure as `step loading'. 
Fig 5.16 shows the dynamic responses of the grid dome, when the downward nodal 
imperfection at the central node 46 is 20.25 mm. As the rise of the dome is 1000 nun and the 
final downward displacement of central node 46 is about 1930 mm, the dynamic response 
involves the complete inversion of the dome structure. Consequently, in this case progressive 
collapse has occurred. Fig 5.17 shows the dynamic responses of the grid dome, when the 
downward nodal imperfection at central node 46 is 21.0 mm. The figure illustrates 
localisation of the snap-through, that is, the local snap-through has not propagated. 
These numerical examples indicates the intense sensitivity of the analysed domes to local 
nodal imperfections, under loading condition a. In dome No. 4 when the downward nodal 
imperfection for central node 46 is 20.25 mm, the amount of kinetic energy released and, limit 
point load and the initial velocities, at the end of dynamic jump, are larger than those values 
obtained for that dome with 21.0 mm downward nodal imperfection for central node 46. 
Consequently, in the former case, local snap-through has propagated and in the latter case 
dome, snap-through has localised. It turns out that in single-layer braced domes considered, 
under loading condition a, and with small downward local nodal imperfections, which can 
cause the occurrence of a local snap-through, the possibility of progressive collapse is high. 
Fig 5.18 shows the progressive collapse of dome No. 4 which has 20.25 mm downward, 
nodal imperfection for central node 46. Complete inversion of the dome structure has 
occurred at the time of t=1.0 sec. 
Dome No. 4 is again considered, under loading condition b. The downward nodal 
imperfections of 25.0 mm for node 45 and 12.5 mm for nodes 40,51,34,56,39 and 50, 
surrounding node 45, have been applied. Fig 5.19 shows the static load-displacement 
responses of the grid dome at nodes 45,40,34 and 47. The figure shows that only nodes 45, 
40 and 34 to which downward nodal imperfection have been applied, have experienced 
dynamic jump. Table 5.4 gives the values of kinetic energy released and the initial velocities of 
those nodes where the dynamic jump has occurred. 
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Fig 5.16 Time-Displacement Responses of the Imperfect Dome No. 4 under 
Loading Condition a: The figure shows the time-displacement responses of dome No. 4, 
when the downward nodal imperfection at the central node 46 is 20.25 mm. As the rise of the 
dome is 1000 mm and the final downward displacement of the central node 46 is about 1930 
mm, the dynamic response involves the complete inversion of the dome structure. 
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Fig 5.17 Time-Displacement Responses of the Imperfect Dome No. 4 under 
Loading Condition a: The figure shows the time-displacement responses of dome No. 4, 
when the downward nodal imperfection at the central node 46 is 21.0 mm. The figure 
illustrates localisation of the snap-through, that is, the local snap-through has not propagated. 
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At the end of dynamic jump, predicted by static analysis, t=0 
t=0.5 sec 
t=0.7 sec 
t=0.85 sec 
t=1.0 sec 
Fig 5.17 Progressive Collapse of the Imperfect Dome No. 4 under Loading 
Condition a: The figure shows progressive collapse of dome No. 4 which has a 20.25 mm 
downward nodal imperfection for central node 46. The complete inversion of the dome 
structure has occurred at the time t=1.0 sec. 
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Table 5.4 Values of Kinetic Energy Released and Initial Velocities for Dome No. 4, 
Under Loading Condition b 
Node 45 40,51 34,56 39,50 
Kinetic Energy 8.2 1.3 1.1 1.0 
(kN. mm) 
Initial Velocity 175.7 70.1 62.0 60.0 
mm/sec 
The Table gives the values of kinetic energy released and initial velocities of nodes 45,40,51, 
34,56,39 and 50 of dome No. 4, under loading condition a. The downward nodal 
imperfections of 25.0 mm for node 45 and 12.5 nun for nodes 40,51,34,56,39 and 50, 
surrounding node 45, have been applied. 
In order to evaluate the possibility of progressive collapse of dome No. 4 under loading 
condition b, the procedure outlined in Chapter 3, has been used. A nonlinear dynamic analysis 
is undertaken at the end of dynamic jump, predicted by static analysis. The initial velocities of 
nodes 45,40,51,34,56,39 and 50 are used as the initial conditions for the dynamic analysis. 
The limit point loads are applied to all the nodes of half of the dome structure, as `step 
loading'. 
The dynamic responses of the grid dome at nodes 45,40,34,46 and 47 have been depicted in 
Fig 5.20. The figure shows that the dynamic response involves the complete inversion of the 
dome. Fig 5.20 also illustrates that because concentrated loads are only on the nodes of half 
of the dome, it takes a longer time for the nodes of the other half of the dome, such as node 
47, to experience a dynamic jump. Fig 5.21 shows progressive collapse of dome No. 4 under 
loading condition b. Complete inversion of the dome has occurred at the time of t=1.30 sec. 
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Fig 5.19 Static Load-Displacement Responses of the Imperfect Dome No. 4 under 
Loading Condition b: The figure shows the static load-displacement responses of the 
imperfect dome No. 4 at nodes 45,40,34 and 47. The figure illustrate that only nodes 45,40 
and 34 at which nodal imperfections have been applied, have experienced dynamic jumps. 
1 `ßi; 
I lC0 
cý., ý 
j: J 
ia-°, 0. °-°0. -. 0. -. 00- 
i 
e; - aI "----" r 
o-6 -0"0' 
1 
°-----o Nod. 
10 
Jim" (Sýý: '1 
15 20 
Fig 5.20 Time-Displacement Responses of the Imperfect Dome No. 4 under 
Loading Condition b: The figure shows the time-displacement responses of the imperfect 
dome No. 4 at nodes 45,40,34,46 and 47, indicating that the dynamic response involves the 
complete inversion of the dome structure. The figure also illustrates that because 
concentrated loads are only on the nodes of half of the dome, it takes a longer time for the 
nodes of the other half of the dome, such as node 47, to experience a dynamic jump. 
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At the end of dynamic jump, predicted by static analysis, t=0 
t=0.6 sec 
t=0.85 sec 
t=1.0 sec 
t=1.3 sec 
Fig 5.21 Progressive Collapse of the Imperfect Dome No. 4 under Loading 
Condition b: The figure shows progressive collapse of dome No. 4 which has a 25.0 mm 
downward, nodal imperfection for node 45. The complete inversion of the dome structure has 
occurred at the time t=1.3 sec. 
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The possibility of progressive collapse, due to local nodal imperfections has been examined 
for another type of single-layer braced dome. Fig 5.22 shows the plan view of a parallel 
lamella dome with a span of 8000 mm and a rise of 1000 mm (dome No. 5). This dome is 
considered, under loading condition a. Downward nodal imperfections of 20.0 mm for central 
node 51 and 10.0 mm for all nodes of the first ring have been applied. Fig 5.23 shows the 
static load-deflection responses of dome No. 5 at central node 51, the first ring node 49, the 
second ring node 47, third ring node 45 and fourth ring node 43. The figure illustrates that 
dynamic jumps have occurred at central node 51 as well as all the nodes of the first ring, on 
which the downward nodal imperfections have been applied. Using the load-displacement 
responses of nodes 51 and 49, the kinetic energy released has been calculated as 50.8 kN. mm 
for central node 49 and 5.4 kN. mm for the nodes of the first ring. Using the values of the 
kinetic energy released, the initial velocities of central node 51 and all the nodes of the first 
ring can be obtained as 386.4 mm/sec and 126.0 mm/sec, respectively. Fig 5.24 shows the 
dynamic responses of dome No. 5, indicating the complete inversion of the dome. Fig 5.25 
shows the progressive collapse of dome No. 5. The complete inversion of this dome has 
occurred at the time of t=1.0 sec. 
Considering the numerical results presented, the following points can be concluded: 
9 It is well known that single-layer braced domes are imperfection sensitive structures 
[Morris 1991 & 1992, Gioncu and Balut 1992, Chen and Shen 1993, Kashani and Croll 
1994]. Regarding the propagation of a local instability, the results of the analysed domes 
indicated that these structures under loading conditions a and b were extremely sensitive 
to local downward nodal imperfections. 
" The occurrence of a local snap-through, under loading conditions a and b depends on the 
values of the initial nodal imperfections, and when these imperfections are relatively low or 
high (for instance 10.0 mm or 40.0 mm for a span of 1000 nun), a local snap-through will 
not occur. The results of the analysed domes showed that when a local snap-through 
occurred due to local downward nodal imperfections, the load carrying capacity of the 
imperfect structure decreased to approximately 50% of the ultimate collapse load of the 
perfect structure. At these levels of load, the possibility of progressive collapse was high. It 
may indicate that under loading conditions a and b, local downward nodal imperfections 
can cause the progressive collapse of the structure at earlier stages of loading. 
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Fig 5.22 Plan View of the Parallel Lamella Dome (Dome No. 5): The figure shows the 
plan view of a parallel lamella dome with a span of 8000 mm and a rise of 1000 mm. The 
elements are considered to be steel tubes with an external radius of 13.4 mm and a wall 
thickness of 2.2 mm. The yield stress of the component members is 330 N/mm2. All the 
peripheral nodes of the dome structure are pinned supports. 
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Fig 5.23 Static Load-Displacement Responses of the Imperfect Dome No. 5 under 
Loading Condition a: The figure shows the static load-deflection responses of the 
imperfect dome No. 5 at central node 5 1, the first ring node 49, the second ring node 47, the 
third ring node 45 and the fourth ring node 43. The figure illustrates that dynamic jumps have 
occurred at central node 51 as well as all the nodes of the first ring, to which the downward 
nodal imperfections have been applied. 
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Fig 5.24 Time-Displacement Responses of the Imperfect Dome No. 5 under 
Loading Condition a: The figure shows the time-displacement responses of the imperfect 
dome No. 5, indicating the complete inversion of the dome. 
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t=0.5 sec 
t=0.7 sec 
t=0.85 sec 
t=1.0 sec 
Fig 5.25 Progressive Collapse of the Imperfect Dome No. 5 under Loading 
Condition a: The figure shows progressive collapse of dome No. 5 which has a 20.0 mm 
downward nodal imperfection for central node 51. The complete inversion of the dome has 
occurred at the time oft=1.0 sec. 
202 
At the end of dynamic jump, predicted by static analysis, t=0 
The results of the analyses, undertaken in the present study, indicated that in these 
structures under loading conditions a and b, the amount of kinetic energy released due to 
local nodal imperfections was relatively lower than that for the dome structures under 
loading conditions c, d and e. However, progressive collapse of these structures, under 
loading conditions a and b, could be triggered by releasing small amounts of kinetic 
energy, and the possibility of propagation of a local snap-through over the whole area of 
the dome was high. The main reason for this is the type of loading. In single-layer braced 
domes under loading conditions c, d and e, only concentrated loads on the nodes of the 
local region of the dome contribute to the propagation phenomenon. However, in the case 
of dome structures under loading conditions a and b, the concentrated loads on all nodes 
of the dome (or half of the nodes) affect the propagation phenomenon. 
5.3.2 Effects of the Plasticity Characteristics of the Elements 
Under imposed loading, single-layer braced domes show geometric and material nonlinearity. 
The latter, in particular, has important effects on the post-snap behaviour of single-layer 
braced domes. Material nonlinearity has a decisive role on the localisation or propagation of a 
local snap-through. The plasticity characteristics of the elements can either prevent or help the 
spread of plastic deformation over a larger area of the dome. 
5.3.2.1 Numerical Results 
Fig 5.26 shows the plan view of a lamella dome (dome No. 6) which has a span of 2400 mm 
and a rise of 400 mm. A downward vertical concentrated load has been applied to the central 
node. In order to show the effects of the plasticity characteristics of the elements on the 
propagation phenomenon, this dome has been analysed with different values of yield stress. 
An elastic-perfect plastic material behaviour is assumed for the elements. Fig 5.27 shows the 
static load-deflection responses obtained for central node, for different amounts of yield 
stress. Table 5.5 gives the values of released kinetic energy, initial velocity applied to the 
central node as well as the first limit point load corresponding to the values of yield stress. 
Table 5.5 shows how the kinetic energy, velocity and limit point load vary with changes in the 
yield stress. It indicates that in this type of loading, the variation of limit point load with 
increasing yield stress is negligible, that is, the first local snap-through has elastic instability 
characteristics. 
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Fig 5.26 Plan View of the Parallel Lamella Dome (Dome No. 6) : The figure shows the 
plan view of a parallel lamella dome with a span of 2400 mm and a rise of 400 mm. The 
elements considered are steel tubes with an external radius of 4.76 mm and a wall thickness of 
1.22 mm. All the peripheral nodes of the dome are pinned supports. 
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Fig 5.27 Static Load-Deflection Responses of Dome No. 6: The figure shows the static 
load-deflection responses obtained for central node, for different values of yield stress. The 
figure illustrates that under loading condition c, variation of limit point load with increasing 
yield stress is negligible, that is, the first local snap-through has elastic instability 
characteristics. 
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Fig 5.28 depicts the dissipated energy-load curves for dome No. 6 with different values of 
yield stress which indicates that plasticity has occurred immediately after the limit point load. 
Therefore, until the limit point there is no dissipated energy due to plastic deformation and 
instability phenomenon has elastic characteristics. However, Table 5.5 indicates that the 
amount of released kinetic energy dramatically increases with decreasing yield stress. When 
the yield stress of the members is lower, the length of the dynamic jump increases due to 
the spread of plasticity. Moreover, during the post-snap behaviour and in the unstable 
part of the equilibrium path, the load decreases considerably with increasing deformation 
under displacement controlled loading. Consequently, a large amount of kinetic energy is 
released and large initial velocities are applied to the structure which have a significant 
role in the propagation phenomenon. It is expected that in the case of members with a low 
yield stress, propagation of the local instability would happen and in the case of members with 
a high yield stress, the local instability remains localised. 
Table 5.5 Values of Released Kinetic Energy, Initial Velocity and First Limit Point 
Load in Dome No. 6 
Yield 
Stress 
(N/mm2) 
Kinetic 
Energy 
(kN. mm) 
Velocity at 
Central 
Node 
(mm/sec) 
First Limit 
Point Load 
(kN) 
200 165.1 1585.1 1.310 
240 143.3 1457.0 1.323 
270 122.2 1337.2 1.340 
330 83.3 1096.9 1.357 
375 R 58.9 920.6 1.362 
50 4 29.9 656.8 1.362 
The Table gives the values of released kinetic energy, initial velocity applied to the central 
node, as well as the first limit point load corresponding to the values of yield stress. The Table 
indicates that under loading condition c, variation of limit point load with increasing yield 
stress is negligible. Also, the Table shows that the amount of released kinetic energy 
dramatically increases with decreasing yield stress. 
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Fig 5.29A shows the dynamic response of dome No. 6 with a yield stress of 370 N/mm2 for 
the elements. This figure indicates localisation of the local instability, because after the 
dynamic jump increases in the displacements are negligible. The dynamic response of the 
same dome with the yield stress of 240 N/mm2 for elements is shown in Fig 5.29B. As the rise 
of the dome is 400 mm and the first downward displacement of the central node of the dome 
is 870 mm, the dynamic response involves the complete inversion of the dome and 
consequently the local instability has propagated. 
Fig 5.30 shows the plan view of a Schwedler dome (dome No. 7) with a span of 8000 mm 
and a rise of 1000 mm. Concentrated loads have been applied to the central node together 
with all the nodes of the first central ring, that is, the dome structure is under loading 
condition c. At first, the static load-deflection response of the structure has been found which 
indicates the presence of simultaneous snap-throughs at the central nodes and all the nodes of 
the first, second and third central rings. Using the proposed procedure, the calculated initial 
velocities have been applied to the structure and the dynamic response of the dome has been 
obtained which indicates propagation of local snap-through, with the dome finally reversing 
itself The progressive collapse of the structure is shown in Fig 5.31. The time-energy 
response of the structure after the dynamic jump is shown in Fig 5.32. This figure illustrates 
that the development and spread of plasticity has an important role in progressive collapse, 
because much of the external work done has been balanced by dissipated energy due to 
plastic deformation. Consequently, one of the significant signs of propagation of a local 
instability is the excessive dissipation of energy due to the plastic deformation. 
5.3.3 Effects of the Rigidity of Joints 
As most single-layer braced domes are constructed with rigidly jointed connections, these 
structures are usually classified as rigidly jointed space structures. Single-layer braced domes 
with non-triangular pattern such as ribbed domes have to be constructed with rigidly jointed 
connections, otherwise they will be statically unstable. However, in some circumstances grid 
domes and parallel lamella domes and Schwedler domes can be constructed with pin jointed 
connections. Moreover, sometimes in reality, providing fully rigidly jointed connections for 
these structures may not be possible and they may behave as a semi-rigidly jointed structure. 
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Fig 5.28 Dissipated Energy-Load Responses of Dome No. 6: The figure shows the 
dissipated energy-load curves for dome No. 6 with different values of yield stress which 
indicates that plasticity has occurred immediately after the limit point load. Therefore, up to 
the limit point, there is no dissipated energy due to plastic deformation and the instability 
phenomenon has elastic characteristics. 
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Fig 5.29 Dynamic Responses of Dome No. 6: Fig 5.29A shows the dynamic response of 
dome No. 6 with elements having a yield stress of 370 N/mm2 . 
This figure shows the 
containment of the local instability, because after the dynamic jump has occurred, increases in 
the displacements are negligible. Fig 5.29B shows the dynamic response of dome No. 6 with 
elements having a yield stress of 240 N/mm2. As the rise of the dome is 400 mm and the first 
downward displacement of the central node of the dome is 870 mm, the dynamic response 
involves the complete inversion of the dome. 
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Fig 5.30 Plan View of the Schwedler Dome (Dome No. 7): The figure shows the plan view 
of a Schwedler dome with a span of 8000 mm and a rise of 1000 mm. The elements are 
considered to be steel tubes with an external radius of 13.4 mm and a wall thickness of 2.2 
mm. The yield stress of the members is 240 N/mmz. All the peripheral nodes of the dome are 
pinned supports. 
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Fig 5.32 Time-Energy Responses of Dome No. 7: The Figure shows the time-energy 
response of dome No. 7 after the dynamic jump. This figure illustrates that the development 
and spread of plasticity has an important role in progressive collapse, because much of the 
external work has been balanced by dissipated energy due to plastic deformation. 
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Deformed Shape of the Dome at Limit Point Load 
Deformed Shape of the Dome after the dynamic jump (t=0 sec) 
t=0.2 sec 
t=0.5 sec 
Final Deformed Shape of the Dome After Applying the Initial Velocities 
(t=1.1 sec) 
Fiz 5.31 Progressive Collapse of Dome No. 7 under Loading Condition c: The figure 
shows the progressive collapse of dome No. '7 under loading conditions c. The complete 
inversion of the dome structure has occurred at the time oft=1.1 sec. 
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Therefore, the effects of the rigidity of the joints should be considered in the behaviour of 
these structures during the snap-through phenomenon. In this study, only the two extreme 
case of rigidity of joints, that is, pin jointed and rigidly jointed cases have been considered in 
the behaviour of grid domes, Scheduler domes and parallel lamella domes. 
5.3.3.1 Numerical Results 
Fig 5.33 shows the plan view of a parallel lamella dome (dome No. 8) with a span of 8000 
mm and a rise of 500 mm. A downward vertical concentrated load has been applied to the 
central node number. Fig 5.34 shows the load-displacement responses of the dome at the 
central node, for both the rigidly jointed and pin jointed cases. This figure clearly shows that 
for the pin jointed case, the value of the kinetic energy released during the snap-through is 
considerably larger than the rigidly jointed case. 
Fig 5.35 shows the static load-displacement responses of a grid dome with the same plan 
view as that shown in Fig 5.8 but with a rise of 40 mm (dome No. 9). A downward vertical 
concentrated load has been applied to the central node. In this figure, the load-deflection 
response obtained for the central node, for both the rigidly-jointed and pin-jointed cases have 
been shown. The initial velocity of the central node for the dynamic analysis of both the 
rigidly-jointed and pin-jointed cases have been calculated as 364 mm/sec and 672.2 mm/sec, 
respectively. Fig 5.36 shows the dynamic response of the rigidly-jointed and pin-jointed cases. 
In the rigidly-jointed case, the vertical displacement of the central node has increased from 
19.5 mrn to 27 mm. Also, in the pin-jointed case, the vertical displacement of the central node 
has increased from 22 mm to 40 mm. Therefore, in this particular dome, the effect of a 
dynamic local snap-through has only caused increases in the displacements when compared to 
the displacements obtained from a static nonlinear analysis. Also, the increase in the 
displacements for the pin-jointed case is larger than that obtained for the rigidly-jointed case. 
Fig 5.37 shows the load-displacement responses of a Schwedler dome with the same plan 
view as shown in Fig 5.30 but with a rise of 500 nim (dome No. 10). A downward vertical 
concentrated load has been applied at the central node. The figure illustrates that for the pin- 
jointed case, at a load level of 9.485 W, there is a snap-through and a considerable release of 
kinetic energy. However, the response of the rigidly-jointed case does not show any release of 
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M2 5.33 Plan View of the Parallel Laniefla Dome (Dome No. 8): The figure shows the 
plan view of a parallel lamella dome with a span of 8000 mm and a rise of 500 nim. The 
elements are considered to be steel tubes with an external radius of 13.4 mm and a wall 
2 thickness of 2.2 mm. The yield stress of the members is 240 N/mrn . 
All the peripheral nodes 
of the dome are pinned supports. 
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Fig 5.34 Static Load-Denection Responses of Dome No. 8: The figure shows the static 
load-displacement responses of dome No. 8 at the central node, for both the rigidly-jointed 
and pin-jointed cases. The dome is under loading condition c. This figure clearly indicates that 
in the pin-jointed case, the value of kinetic energy released during snap-through is 
considerably larger than the rigidly-jointed case. 
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Fig 5.35 Static Load-Displacement dome No. 9: The figure shows the static load- 
displacement responses of dome No. 9 for both rigidly-jointed and pin-jointed cases. The 
figure illustrates that the amount of kinetic energy released for the pin-jointed case in greater 
than that obtained for the rigidly-jointed case. 
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Fig 5.36 Time-Displacement Resl)onses of Dome No. 9: The figure shows the time- 
displacement responses of the ngidly-jointed and pin-jointed cases. In tile 6gidly-jointed 
dome, the vertical displacement of the central node has increased from 19.5 nim to 27 111111. 
For the pin-jointed dome, the vertical displacement of the central node has increased troill 22 
mm to 40 mm, indicating that the increase in the displacements for the pin-jointed case is 
greater than that obtained for the rigidly-jointed case. 
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Fig 5.37 Static Load-Deflection Responses of Dome No. 10: The figure shows the static 
load-displacement responses of the Sch%vedler dome, at the central node. The figure illustrates 
that for the pin-jointed case, at a load level of 9.485 kN, there is a snap-through with a 
considerable release of kinetic energy. The response of the rigidly-jointed dome does not 
show a release of kinetic energy, that is, there is no dynamic snap-through. Instead, tile load- 
displacement response only shows strong nonlinearity with large plastic deformations. 
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kinetic energy, and consequently there is no dynamic snap-through. Instead, the rigidly- 
jointed dome only shows a strong nonlinearity with large plastic deformation. Therefore, in 
the case of this dome, increasing the rigidity ofjoints changes the dynamic snap-through to a 
high plastic deformation state without a dynamic jump. 
5.3.4 Effects of the Configuration of the Domes 
To evaluate the effects which the configuration of a single-layer braced dome has on the 
propagation of a local nodal snap-through two parameters have been considered, namely, the 
rise to span ratio and the pattern of the dome. In this study, only ribbed domes, Schwedler 
domes, three-way grid domes and parallel lamella domes were considered. Regarding the 
pattern of the domes, two different types of single-layer braced domes have been considered, 
namely: 
" Single-layer braced domes whose pin-jointed cases are statically stable, such as usual 
Schwedler domes and three-way grid domes. 
" Single-layer braced domes whose pin-jointed cases are statically unstable, such as ribbed 
domes. 
It is worth mentioning that the pin-jointed cases of the parallel lamella domes can be either 
statically stable or unstable. The results of the numerical analyses indicated that under loading 
conditions c, d and e single-layer braced domes, whose pin-jointed cases are statically 
unstable, usually experienced simultaneous multi-snap-throughs. When simultaneous multi- 
snap-throughs occur, initial velocities due to kinetic energy released are applied to all the 
nodes at which the snap-through has occurred. Therefore, the possibility of the propagation 
of local nodal snap-through over a larger area of the dome is high. 
5.3.4.1 The Numerical Results for the Effects of the Rise to Span Ratio 
A grid dome with the same plan view as shown in Fig 5.8 and with different rise to span ratios 
(6.025,0.04,0.055,0.070,0.085) has been analysed to evaluate the effects of the rise to span 
ratio. A downward vertical concentrated load has been applied to the central node. Fig 5.38 
shows the static load-deflection responses of the dome at the central node. Table 5.6 gives the 
values of the released kinetic energy and the initial velocity applied to the central node, as well 
as the first limit point load corresponding to the different values of the rise to span ratio. 
Considering Fig 5.38 and Table 5.6, it can be deduced although the grid domes vAth a high 
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rise to span ratio have relatively high load carrying capacities, the kinetic energy released 
during the snap-through phenomenon is considerable and relatively large initial velocities are 
applied to those nodes on which snap-through has occurred. Consequently, the grid domes 
with a high rise to span ratio are more sensitive to the propagation phenomenon than those 
with a low rise to span ratio. 
To evaluate the effects of the rise to span ratio, the parallel lamella dome, shown in Fig 5.33, 
has been analysed considering three different rise to span ratios, namely 0.0625,0.125,0.25. 
A downward vertical concentrated load has been applied to the central node. Fig 5.39 shows 
the static load-deflection responses of the dome structure at the central node. This figure 
clearly indicates that during the snap-through phenomenon, the parallel lamella dome with a 
high ratio of rise to span releases a considerable amount of kinetic energy. This kinetic energy 
may cause the propagation of a local snap-through at a relatively high load level. This figure 
also illustrates that for the parallel lamella dome YAth a rise to span ratio of 0.25, there is a 
snap-through at a load level of 18.50 kN and a subsequent snap-through at a load level of 
3 6.15 W. However, the load-displacement response of the dome with a rise to span ratio of 
0.125 shows strong nonlinearity with plastic deformation at an approximate load level of 8 
kN as well as a snap-through occurring at a load-level of 21.25 kN. Therefore, in these dome 
structures, decreasing the rise to span ratio may change the dynamic snap-through to a highly 
plastic deformed state without a dynamic jump. 
Table 5.6 Values of Released Kinetic Energy, Velocity of the Central Node and 
First Limit Point Load of the Grid Dome (Dome No. 3) 
Rise to Span 
Ratio 
Kinetic 
Energy 
(kN. mm) 
Velocity at 
the Central 
Node 
(mm/sec) 
First Limit 
Point Load 
(kN) 
0.085 23.55 720.0 0.8903 
0.070 13.57 651.56 0.6265 
0.055 5.7 540.2 0.3828 
0.04 1.3 363.4 0.1929 
0.025 0.026 77.7 0.0845 
The Table gives the values of the kinetic energy released, the initial velocity of the 
central node and the first limit point load corresponding to the values of various rise to 
span ratios for the grid dome. The table shows that the grid dome with a high rise to span 
ratio has a relatively high load carrying capacity. However, the kinetic energy released during 
the snap-through phenomenon is high and large initial velocities are applied to those nodes on 
which snap-through has occurred. 
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Fig 5.38 Static Load-Deflection Responses of Dome No. 3: The figure shows the load- 
deflection responses of the dome No. 3 with different values of rise to span ratio. The figure 
illustrates that grid domes with high rise to span ratio have relatively high load carrying 
capacities. However, the kinetic energy released is considerable. 
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Fig 5.39 Static Load-Denection Responses of Dome No. 8: The figure shows tile static 
load-deflection responses of dome No. 8, "Ith different rise to span ratios. This figure 
indicates that in these dome structures, decreasing the nse to span ratio may change tile 
dynamic snap-through to a highly plastic deformed state without dynamicjunip. 
216 
5.3.5 Effects of Boundary Conditions 
As explained in detail in Chapter four, a local nodal snap-through can occur in a situation 
where concentrated loads exist on one or some nodes of a single-layer braced dome. This 
important point should be considered when investigating the effects of boundary conditions 
on the propagation phenomenon. 
5.3.5.1 Numerical Results 
The grid dome shown in Fig 5.1 (dome No. 1) was analysed with four different boundary 
conditions under two different loading patterns. The boundary conditions were as follows: 
" Fixed supports at all the peripheral nodes. 
" Pinned supports at all the peripheral nodes. 
" Fixed supports only at the comer nodes. 
" Pinned supports only at the comer nodes. 
For the first loading pattern, downward vertical concentrated loads were applied to all the 
nodes of the dome (loading condition a). For the second loading pattern, a downward vertical 
concentrated load was applied at the central node of the dome (loading condition c). 
Figs 5.40 and 5.41 show the static load-displacement responses of the dome under the first 
and second loading patterns, respectively. Fig 5.40 indicates that when all the peripheral 
nodes are fixed supports, the behaviour of the dome structure is almost the same as that 
obtained when all the peripheral nodes are pinned supports. Ajso, Fig 5.40 shows that when 
only comer nodes are fixed supports, the behaviour of the dome structure is nearly similar to 
that obtained when the comer nodes of the dome structure are pinned. However, when only 
the comer nodes of the dome structure are either pinned or fixed supports, the load carrying 
capacity of the structure reduces considerably when compared to the load carrying capacity 
of the structure with supports at all the peripheral nodes. Fig 5.41 shows that the behaviour of 
the dome is relatively independent of the boundary conditions when the structure is under the 
second loading pattern. 
Figs 5.42 and 5.43 show the static load-deflection responses of a parallel lamella dome with 
the same plan view, as shown in Fig 5.3 3, but with a rise of 1000 mm (dome No. 11). This 
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Fi2 5.40 Static Load-Deflection ResDonses of Dome No. I Under Load* 
Condition a: The figure indicates that when all the peripheral nodes are fixed supports, the 
behaviour of the dome is almost the same as that obtained when all the peripheral nodes are 
pinned supports. Also, the figure shows that when the comer nodes are fixed supports, the 
behaviour of the dome is nearly the same as that obtained when the comer nodes of the dome 
are pinned. 
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Condition c: The figure shows the static load-displacement response of the dome with 
different boundary conditions. The figure also illustrates that the behaviour of tile donie is 
almost independent of the boundary condition when the structure is tinder tile loading 
condition c. 
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dome has also been analysed with the previously mentioned different boundary conditions and 
loading patterns. By considering Figs 5.42 and 5.43 and by comparing the results of the 
parallel larnella dome vvith those obtained from the grid dome, it can be seen that the 
behaviours of both domes are consistent. 
By examination of Figs 5.40 to 5.43, it can be seen that both domes, under the second loading 
pattern and for each of the different boundary conditions, release the same amount of kinetic 
energy during the snap-through phenomenon. However, when the comer nodes of the domes 
are either pinned or fixed supports, the stifffiess and load carrying capacity of the structure 
decreases significantly. Therefore, it may indicate that a single-layer braced dome with either 
pinned or fixed supports at the comer nodes is more sensitive and vulnerable to propagation 
phenomenon than that dome supported at all the peripheral nodes. 
5.4 DISCUSSION AND CONCLUSION 
The dynamic propagation of a local nodal snap-through is certainly a serious phenomenon for 
single-layer braced domes and requires careful consideration. In order to detect and fully 
understand the propagation of a local nodal snap-through in single-layer braced domes, a 
parametric study has been carried out. Five parameters were considered in this study, namely, 
initial nodal imperfections, plasticity characteristics of the elements, the rigidity of joints, the 
configuration of the domes and the influence of the boundary conditions. Based on the results 
of this parametric study, certain conclusions have been drawn for the analysed domes. Strictly 
speaking, the scope of the conclusions is limited to the group of analysed domes. However, it 
is likely that the conclusions are of more general applicability. 
The effects of initial nodal imperfections were examined in both of the following 
situations in which a local snap-through can occur, namely: 
There are concentrated loads on some nodes of the dome which increase until the limit 
point load (loading conditions c, d and e). 
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The concentrated loads on all the nodesare equal but, in addition at the nodes of a local 
region of the dome, there are some geometrical deviations from the perfect surface 
(loading conditions a and b). 
In order to find the effects of geometrical imperfections under loading conditions c, d 
and e, the lowest buckling modes of the structure have been used to introduce the critical 
imperfect shapes of the domes. Symmetric buckling mode used for the downward 
geometrical imperfection shape decreased the amount of kinetic energy released and it 
also reduced the limit point load and initiated the propagation of local instability. When 
the symmetric buckling mode was used as an upward geometrical imperfection shape, it 
increased the amount of the kinetic energy released and the limit point load. 
Consequently, the upward geometrical imperfection delayed the propagation of local 
instability. For the structures which exhibit strong nonlinearity with plastic deformation 
before snap-through, an unsymmetric buckling mode used as the geometrical 
imperfection shape, decreased the amount of the kinetic energy released. Consequently, 
the early spread of plastic deformation decreased the possibility of the propagation of 
local instability. However, in other cases the response of a single-layer braced dome was 
usually insensitive to this type of imperfection. 
As far as the propagation of a local snap-through is concerned, the results of the analysis 
undertaken in this study indicated that single-layer braced domes under loading conditions a 
and b were extremely sensitive to local downward nodal imperfections. The progressive 
collapse of domes could be precipitated at earlier stages of loading due to local nodal 
imperfections. Under loading conditions a and b, the amount of kinetic energy released, due 
to local nodal imperfections, was relatively lower than that for the single-layer braced domes, 
under loading condition c, d and e. However, under loading conditions a and b, the 
concentrated loads on all nodes of the dome structure (or half of the nodes) contributed to 
propagation phenomenon. Consequently, the possibility of propagation of a local snap- 
through under loading conditions a and b was high. 
One of the most effective parameters to influence the dynarniic propagation of a local nodal 
snap-through in single-layer braced domes is the plastic characteristics of the members of the 
dome. When the yield stress of the members in the region of a local instability is low, the 
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length of the dynamic jump increases due to the spread of plasticity. Furthermore, during 
the post-snap behaviour and in the unstable part of the equilibrium path, the load 
decreases considerably with increasing deformation under displacement controlled 
loading. Therefore, a large amount of kinetic energy is released and large initial velocities 
are applied to the structure which increases the possibility of the propagation 
phenomenon. Also, members which exhibit a high ductility and low yield stress cause rapid 
spread of plasticity during the dynamic behaviour of the structure. 
Single-layer braced domes with pin-jointed connections appeared to be more sensitive to the 
propagation phenomenon than rigidly-jointed dome structures. This is due to the large 
amounts of kinetic energy released during snap-through in the pin-jointed cases. In actual 
single-layer braced domes whose connections are usually semi-rigid, the possibility of 
dynamic propagation is higher than that considered in the numerical models assuming fully 
rigidity of the connections. This important point must be considered in the design of these 
structures. 
Single-layer braced domes with high rise to span ratios were more sensitive to the 
propagation phenomenon than those with low rise to span ratios. Although, the former 
structures had relatively high load carrying capacities, they released substantial amounts of 
kinetic energy during local snap-through, and consequently large initial velocities were 
applied to those nodes on which snap-through has occurred. Hence, the possibility of the 
propagation phenomenon in single-layer braced domes with high rise to span ratio of more 
than 0.1, was high. 
Single-layer braced domes whose pin-jointed cases are statically unstable appeared to be more 
sensitive to the propagation of a local snap-through. The main reason for this was the 
presence of simultaneous multi-snap-throughs in these structures occurring as a first snap- 
through. Therefore, in the dynamic analysis, initial velocities were applied to several nodes 
and this increased the possibility of the propagation phenomenon occurring. 
Single-layer braced domes with either pinned or fixed supports at the comer nodes appeared 
to be more vulnerable to the propagation phenomenon than those domes with supports at all 
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the peripheral nodes. Under concentrated loads acting on one or more nodes of a local 
region, the release of kinetic energy from the structure was usually independent of boundary 
conditions. However, when the comer nodes of the domes were either pinned or fixed 
supports, the load carrying capacity of the structures decreased considerably. Consequently, 
the propagation of a local snap-through increased when the dome structure was prone to 
abnormal concentrated loads on one or nodes of a local region. 
It is now possible to put forward some design recommendations to prevent the occurrence of 
the propagation of a local nodal snap-through in single-layer braced domes. These design 
recommendations aim to help the engineer to deal with the serious and complicated problem 
of the propagation of a local snap-through in a relatively simple manner. In order to reduce 
the risk of this phenomenon occurring, a designer should consider the following guidelines, in 
addition to the conventional design criteria. It should be emphasised that the following design 
recommendations are only relevant when a single-layer braced dome has been accepted for 
construction, from both the architectural and structural viewpoints. 
" Determination of the real imperfection shape of a dome structure is a difficult task, and 
perhaps it is impossible to find the real imperfection shape. However, using the lowest 
buckling modes of the domes as the initial imperfection shape, can give useful guidelines 
about the effects which the geometrical imperfections have on the structural behaviour of 
single-layer braced domes. The designer should employ both the unsymmetric and 
symmetric buckling modes of the dome to evaluate the possible critical effects of the initial 
nodal imperfections on the propagation of a local nodal snap-through. 
" The designer should consider the likelihood of the occurrence of the abnormal 
concentrated loads acting over a small area of the dome which is likely to provide the 
impetus for a local snap-through. If the likely position of this abnormal loading is 
unknown, then the designer is advised to examine the sensitivity of the dome to the 
propagation of a local snap-through by applying concentrated loads on some central nodes 
of the dome which should be increased until the limit point loads at those nodes are 
reached. 
" The designer should appreciate that the yield stress of the material of the members, 
forming the dome, plays an important role in the propagation of a local snap-through. If 
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the structure is fabricated from a high yield stress steel, typically steel grades 50 or 55, the 
overall load carrying capacity of the dome may be significantly increased, depending on the 
overall failure mechanism, and the limit point load for one or some nodes of a local region 
of the structure may also increase slightly. However, the likelihood of the propagation of a 
local snap-through is significantly reduced due to the decrease in kinetic energy released. 
" The designer should select rigidly-jointed connections for the domes. Providing fully 
rigidity for the connections is very important in preventing the propagation phenomenon 
occurring. However, if providing fully rigidity for the connections is not possible, the 
designer should appraise the rigidity of the connections and make a suitable allowance for 
the increased likelihood of the propagation of a local snap-through occurring. 
" If architectural considerations permit, the designer should select single-layer braced domes 
whose pin-jointed cases are statically stable such as Schwedler domes and three-way grid 
domes, in preference to the domes whose pin-jointed cases are statically unstable. 
" The designer should appreciate that the load carrying capacity of the domes with a low rise 
to span ratio is low and these structures usually show local nodal snap-through at earlier 
stages of loading. However, the amount of the kinetic energy released in these domes 
during the snap-through phenomenon is usually small. Consequently, there is a lower 
possibility of the propagation of local snap-through in single-layer braced domes with low 
rise to span ratio. 
" If the designer is able to select the type of boundary conditions applied to the dome 
structure, preference should be given to supporting the dome structure at all the peripheral 
nodes on fixed supports. 
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CHAPTER 6 
DYNAIVHC PROPAGATION OF THE MEMBER SNAP IN 
DOUBLE-LAYER BRACED DOMES 
6.1 INTRODUCTION 
Ae Most A ILa single-layer braced domes are constructed with figidly-jointed connections, these 
structures are usually idealised as rigidly-jointed space structures. Double-layer braced domes 
"hose pin-jointed cases are statically stable, can be idealised as space structures with pin-jointed 
connections, although true pin-jointed connections do not usually exist in practice. In the pin- 
jointed case, it is assumed that the connections cannot transmit moments. 
In most investigations undertaken on double-layer space structures "hose pin-jointed cases are 
statically stable, pin-jointed conditions have been assumed [Marsh 1975, Schmidt et al 1976, 
Schmidt and Gregg 1980, Collins 1981 & 1984, Karamchandani and Comell 1992, Parke 1988, 
trill et al 1989, Papadrakakis 1983, Murtha-Smith 1984 & 1988 & 1993 & 1994]. This is normally 
due to the following reasons: 
" In rigidly-jointed double-layer space structures with usual proportions of the members used, the 
level of moments acting on the elements is generally low, and consequently the moments have 
only a secondary effect on the structural behaviour. This is because in these structures, although 
zigidly-jointed, load is primarily transmitted as axial forces [Collins 198 1, Hanaor 1995]. 
" If a double-layer space structure is a pure pin-jointed structure, and each member is truly pin- 
ended, then the buckling of each member can be considered independently. If rigidity exists at 
the joints, the members will assist in stabilising each other. However, even when joint rigidity 
exists, experimental investigations have shown that for double-layer space structures, members 
in the compression chord offer each other only limited restraints. Consequently, the assumption 
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of pin-ended connection, while apparently conservative, night closely approximate physical 
reality [Murtha-Smith 1982]. 
When it is assumed that a double-layer space structure behaves as a structure formed from pin- 
ended members, the individual behaviour of the members has a dominant effect on the structural 
behaviour. Consequently, the system response is a fimetion of the member response, and the level 
of sophistication of the member modelling. Particularly, the buckling behaviour of the compression 
members which plays a siýcant role in the behaviour of double-layer space structures. 
In practice, a compression member often displays 'brittle-type' buckling, in which the force drops 
dynamically and there is a dynamic jump or snap in the post-buckling behaviour of the member. 
Member snap has a dynamic effect on the behaviour of the structure as it applies an impulse on the 
neighbouring parts. Consequently, the neighbouring members have to carry the part of the load that 
was to have been carried by the buckled members. Ibis force redistribution has, in turn, dynamic 
characteristics and may cause members adjacent to the failed members to exhibit nonlinear 
behaviour and yield in the case of a tension member or buckle in the case of a compression 
member. However, because of the strain hardening characteristics of steel, a yielded tension 
member can typically absorb additional force, whereas a compression member sheds load after 
reaching its critical load. 'Mus, if a compression member cannot resist the load shed from the failed 
members, it in turn will fail and cause additional force redistribution. If the structure is capable of 
withstanding the dynamic redistribution of internal forces, then it may be able to support increased 
e7demal load. However, if the load-shedding is so abrupt that the other members cannot absorb the 
dynamically redistributed loads quickly enough, the dynamic redistribution causes other members to 
fail and brings about further force redistribution. Consequently, failure can progress through a 
structure to cause the overall collapse. For double-layer space-structures, this phenomenon is 
known as 'progressive collapse' or the 'domino effect'. 
6.2 MEMBER SNAP 
6.2.1 Basic Concept 
A structure is stable if it tends to return to its original position after a small disturbance is applied to 
it and then removed. On the other hand, a structure is unstable if a small disturbance produces a 
fitrther increase in deflection. In the first instance, an addition of energy is required to produce the 
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disturbance, and in the second instance, energy is released. In the mathematical treatment of 
stability problems, the distubance is usually virtual, that is, it does not change the existing force 
system In an actual structure these disturbances are real, and their effect is reflected not only on the 
structure but also on the loading system 
At first, the stability of a structure subjected to dead or gravity loads is considered. Fig 6.1 shows 
the equilibrium state under dead loading. The addition of weight to the structure causes an increase 
in potential energy, and the load-deformation characteristics of the load system can be represented 
by a series of straight lines parallel to the deflection axis, as shown by the dashed lines in Fig 6.1. 
Each line corresponds to a different weight or energy level defined by the intercept with the load 
axis. 7111e intersections of the load lines and the structure load-deflection curve correspond to 
equilibrium points. In order to check for stability, the structure is disturbed by a small amount, 
displacing A to AI and B to B'. For point A, this disturbance requires an increase of energy, that 
is, the load level tends toward a higher energy level A". The unbalanced force, representing the 
difference between the two load levels, is directed toward point A. An increase of energy is 
required to make this disturbance, and point A is therefore stable. For point B the disturbance tends 
toward a lower energy level B" and the unbalanced force is directed away from B. The energy is 
released and thus point B is unstable [Galambos 1968]. 
Another type of loading, commonly encountered, in screw-type testing machines and in loads 
transmitted from adjacent elastic structures is shown as a series of parallel lines in Fig 6.2. Applying 
the same type of examination for stability as for the loading in Fig 6.1, it will be found that points A, 
B, C and G are stable and points E and F are unstable. Neutral equilibrium exists at point D, where 
the gradient of the load characteristics is equal to the gradient of the structure curve. Because 
disturbances are naturally present in any test, the structure curve will not follow its path from the 
start of an instability at D through E and F to G, where it is again stable. But instead, it will rapidly 
pass from D to G. This phenomenon is called 'dynamicjump', and it usually involves large changes 
in geometry. It can be concluded that a structure is stable if the gradient ofthe load-deflection curve 
of the structure S, is larger than the gradient ofthe load characteristics S, , or [Galambos 1968]: 
S, )Sj stable equMbrium 6.1 
S. = S, neutral equilibrium 6.2 
SI(S, unstable equilibrium 6.3 
227 
Limit of Stnbilit% 
Load 
Stable 
Stable Rcýion Unstablc Region 
1,4 Unstable 
Load Characteristics 
Structure Ch., iracteristics 
Bý 
-B ----D 
Býý 
Deflection 
H2 6.1 State of Eguilibritim Under Dead Loading: The figure shows tile state of equilibrium 
of a structure under dead loading. The load-deforniation characteristics of the load system can be 
represented by a series of straight lines parallel to the deflection axis shown by tile dashed lilies. 
Each line correspondents to a different weight or energy level defined by the intercept with the load 
axis. The intersections between the load characteristics and the structure load-deflection curve 
corresponds to equilibrium points [Galarnbos 1968]. 
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Fig 6.2 Equilibrium State in a Testing Machine: The figure shows the equilibrium state of' 
a structure under the type of loading encountered in screw-type testing machines and in loads 
transmitted from adjacent elastic structures. The points A, 13, C and G are stable and points E and 
F are unstable. Neutral equilibrium exists at point D, where the _gradient of 
the load characteristics 
is equal to the gradient of the load-displacernent response of the structure [Galanibos 1968 1. 
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6.2.2 Member Snap in a Compression Test 
Fig 6.3 illustrates a comparison of both stable and unstable post-buckling responses in the early IF. 7 
plastic region of a compression member. The curve ABCDE represents the theoretical solution, 
while the actual unloading path is sýunilar to ADE. On reaching the peak load a strut in the 
compression tests will buckle and become unstable and shed load to regain equilibrium on path 
ABCDE with a corresponding increase in displacement. 
As observed in the work of Paris [1954] and Supple and Collins [1980], if the test machine was 
infinitely rigid, the path followed would be AC However, a loading machine acts elastically and 
when the strut buckles, extra displacements are induced on the sample due to the release of strains 
within the machine itself Ilis causes the instability path AC to have a gradient and so the 
experimental results follow path AD. The move fromA to D is a dynamicjump, called the'member 
snap phenomenon'. On regaining equilibrim at point D, the strut is no longer acting dynamically 
and may be considered to be static, hence the lower regions of the theoretical and experimental post 
buckling curves may be meaningfully compared. 
6.2.3 Member Snap in Structures 
The phenomenon of member snap in a structure was evaluated theoretically for the first time and 
seen expenmentally in a sfiWle pin-jointed structure by Davis and Neal [1959 & 1963]. 
The behaviour of a redundant pin-jointed truss containing a single compression member, as shown 
in Fig 6.4, has been analysed theoretically by Davis and Neal. It was shown that when the applied 
load mg is such that the load on the strut has passed its critical value, equi1ibrium. may be lost 
temporarily while the structure undergoes a dynamic jump to a new position of equilibriunt The 
dynamic jump was analysed by postulating a rigid-plastic model for the strut BD and elastic 
behaviour for the tension members AB and CB, so that the equation of motion took on a 
reasonably simple form This analysis showed that the dynamic jump is governed by the 
interchanges between the elastic strain energy stored in the tension members, the work absorbed in 
the plastic hinge at the centre ofthe strut and the kinetic and potential energies of the applied load. 
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FiLy 6.3 Comparison of Stable and Unstable Post-Bucklinz Responses of a Compression 
Member: The figure shows a comparison of stable and unstable post-buckling responses in the 
early plastic region of a compression member. The curve ABCDE represents the theoretical 
solution. If the test machine was infinitely rigid, the path followed would be ACDE. However, a 
loading machine acts elastically and when the strut buckles, extra displacements are induced on the 
sample due to the release of strains within the machine itself This causes the instability path AC to 
have a gradient and so the experimental results follow the path ADE [Collins 198 1]. 
Fig 6.4 A Pin-Jointed Simple Structure Containing a Single Compression Member: I'lie 
figure shows a redundant pin-jointed truss containing a single compression member BD and two 
tension members AB and CB. The structure is under a concentrated load mg (g is the acceleration 
due to gravity) [Davis and Neal 1959 & 19631. 
230 
Davis and Neal [1959] suggested an energy method to analyse the behaviour during a dynamic 
jump in practical cases, if the relation between the axial load P and axial deformation 5 for the 
strut is knowtL This method is illustrated in Fig 6.5. In this figure, the (P, 5) relation for the strut is 
sho"n as curve a. The members AB and CB in Fig 6.4 are presumed to remain elastic and to 
provide a combined stifffiess A against the vertical movement of A Consequently, for the vertical 
load mg at B the condition for static equilibrium is: 
mg=P+25 6.4 
where g is the acceleration due to gravity. Iftng is increased steadily from zero, static equilibrium is 
at first maintained, and the relation between mg and 8 is shown as 01, in Fig 6.5.11iis relations is 
derived as follows: 
For a given deflection 81 . the force P, in the strnt is represented by E. A. A line FIH is then drawn 
wiffi slope A, so then FII,, = A51, Then EII,, =Pl+ A8, . so that from Eqn 6.4, EII, represents the 
corresponding load, denoted by m*g. If this construction is continued for the case illustrated, the 
relation between mg and A is shown as curve b in Fig 6.5, and it is seen that for deflections greater 
than 81 the equilibrium load fills below the value m*g. Generally, this will happen whenever 
IdP, "' >A. For a dead load, there would, therefore, be a loss of static equilibrium, since the actual IdS 
applied load would remain constant at m*g. Thus, for the deflection 8, shown in the figure, there 
would be a net downward force R on the mass m* which is given by. 
R=m'g-p-. %5 6.5 
and it will be seen that R is the vertical intercept between the stiffiess he HGI and the strut 
characteristics a. 
If no appropriate velocities were developed after the load m*g was attained, the behaviour would 
be quasi-static, and the strut would deform to F, where R again become zero. However, while the 
strut deforms from F, to F, R is always positive, and the mass m. is therefore accelerated. In fact, 
at F, the velocity of m* will reach a ma)dmam value. The mass will first come to rest when the net 
work done by R is zero, so that: 
I R. d8=0 6.6 
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The deflection. 52 at which m* first comes to rest is therefore determined by the condition that the 
net area between the stiffiess line HG2 and the strut characteristics a is zero. 
Motion cannot stop at this stage, since at deflection 8, there is a net upwards force represented by 
F2G2 acting on the mass. The (P, 8) relation for the stfut is not reversible, and for a decreasing 
deformation the characteristics are of the form F2F3, representing elastic unloading. The mass m* 
comes to rest for the second time at a deflectionS3 such that the areas G.; Fj G. and GAG., are 
equal The net downward force GIF3 then causes a finther downward motion, and the strut 
characteristics during this phase will be F; F2. It is seen that further motion is therefore oscillatory in 
character, and because of the damping, final equilibrium will be reached at the deflection 5... 
Therefore, it appears that the first phase of a dynamic jump from I, to 12 must be followed by 
0 scillations between 12 and It which are eventually damped out by the action of the joints and the 
supports. Tlie amplitiate of the oscillation will. be hirly small by comparison with the magnitude of 
dynamic jump. When the applied dead load is subsequently increased, the strut deformation will. 
continue along G.. F2 and the load-deflection relation along I. I'. On reaching the point F2 the 2 
strut will. again follow the quasi-static unloading curve [Davis and Neal 1959 & 1963]. 
Consider a complex pin-jointed structure such as double-layer space structure. The member is 
assumed to maintain equilibrim and compatibility with the adjoining structure to which the 
member is attached. nus, the member-structure interaction can be described in terms of axial 
force-deflection equilibrium and compatibility relationship. A typical relationship between the 
nonlinear response of a member and of the adjoining structure is shown in Fig 6.6 [Murdia-Smith. 
1982]. Curve OABCD is the response of the member. Curve OBDF is the response of the 
adjoining structure without the member. Equilibrium and compatibility exist between the member 
and its adjoining structure. It can be seen that under some circumstances for a given external load, 
two solutions might exist, for instance at B and D. Thus, as the structure is loaded, point B will be 
reached. Point B is an unstable point, since a slight increase in the axial displacement will cause the 
force from the adjoining structure to be greater than the equilibrium state force in the member for 
that displacement. Equilibrium cannot be maintained, and thus the member will continue to axially 
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Fie 6.5 Load-Deflection Responses of the Pin-Jointed Structure and Cornmession 
Member BD: The figure shows the load-deflection responses of the structure and the strut. 
Cure ai (P, S) for the compression member BD, curve b is the (nig, 8) relation for 
quasi-static behaviour of the pin-jointed structure and curve c represents the ( nig, 8) relation 
of the structure during the dynamic jump [Davis and Neal 1959]. 
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Fiji 6.6 Member and AdioininLy Structure Responses durinz the Member Snap 
Phenomenon: The figure shows a typical relationship between the nonlinear response of a 
member and of the adjoining structure to which the member is attached. Curve OABCD is the 
response of the member. Curve OFDB is the response of the adjoining structure without the 
member [Murtha-smith 1982]. 
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disp ce or axially snap-through with the adjoining structure until equilibrium and compatibility are ,, 
la 
again possible at point D. Work is done by the structure and is being partially dissipated in the 
member. The excess energy, given by the area BCD C' between the responses of the member and 
its adjoining structure, will cause point D to be overshot to GG', until the energy is dissipated. 
Equilibrium and compatibility are restored after oscillation at point H. When the load on the 
structure is subsequently incremented, the member will. return from point H to G and then down 
the softening post-buckling curve [Murtha-Smith 19821. 
It turns out that if the effective stiffiess of the structure adjoining the member is less than the 
negative post-buckling stiffiess of the member, then there is a local instability. The member will be 
in unstable equilibfim and wA for a slight disturbance, shorten until equilibrium and compatibility 
can be found between the member and its adjoining structure. However, if the effective stiffiess of 
the structure adjoining the member is greater than the negative post-buckling stiffiess of the 
member, then the situation is stable. The member win be in stable equilibrium, the unloading curve 
of the member BCD can be followed without any dynamic jump, and additional external load is 
required to cause the member to move along and down its post-buckling response. 
6.3 INVESTIGATION INTO THE BEHAVIOUR OF COMPRESSION 
MEMBERS, USING THE FINITE ELEMENT METHOD 
In most collapse analysis methods used in the appraisal of double-layer space structures, primarily 
the ax: ial load - a)CW displacement behaviour of the compression members are determined. The axial 
load - axial displacement response of a compression member can then be used to model the 
member behaviour in the nonlinear collapse analysis of the structure. Therefore, the representation 
of the behaviour of the compression members has a central role in the collapse analysis of double- 
layer space structures. 
There are two main procedures to determine the behaviour of the compression member, namely. 
* Numerical methods such as the finite difference method, the finite segment method and the finite 
element method. 
* Single member methods based on closed form solutions. 
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As mentioned in Chapter 2, for complicated situations in compression members such as materLad 
nonlinearity, geometric nonlinearity and local buckling, the finite element method has proved to be 
an extremely powerful and appropriate technique. Consequently, in the present study, the finite 
element method has been used to evaluate compression members behaviour. 
Various types of sections are used in the construction of double-layer space structures, and it 
would be necessary to establish the post-critical characteristics of each member type in order 
to model their axial load - axial displacement relationships for use in the analysis. The member 
type most commonly used in double-layer space structures is the circular hollow (tubular) 
section and the present study is limited to the investigation of the post-critical properties of 
tubular members in compression. 
In the fiaite-element analysis of tubular members in compression, the following points have 
been considered. 
" To obtain accurate and reliable results, each member was divided into fifty elements. 
" The 'Timoshenko beam element' has been used to represent the behaviour of each element. 
This element includes the effects of shear deformation, which is assumed to be linear. Thus, 
in the constitutive model, various strain components may be in the nonlinear range except 
for the shear deformation. Also, the effects of warping of the cross-section are ignored. 
" An elastic-perfectly plastic material behaviour is assumed for the individual elements. 
"A nonlinear (elasto-plastic, large displacement) static analysis has been undertaken to find 
the axial load - axial displacement response of the compression members. That is, both 
material and geometrical nonlinearity have been considered in the analysis. 
" To trace the equilibrium path through a critical point into the post-critical range, the 
'Modified Riks Method' based on the Arc-length approach is used. In this method, a 
constraint equation controls the load increment in order to force the iteration process to 
follow a plane normal to the tangent at the starting point of the iteration. 
" The nature of imperfections in compression members, generally includes an initial curvature 
of the member, unavoidable end eccentricity in axial load application, and residual stresses 
in the member section. However, in the present study, only the initial curvature associated 
with the bowing of the member has been considered as an initial imperfection. Bowing of a 
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compression member has been taken to be symmetric with a maximum amplitude A at the 
mid-length of the member. 
" Ile compression members have been assumed to have no local instabilities. 
" The compression members have been considered to be deflected in only the plane of cross- 
sectional symmetry without twist. 
" Ile compression members have been considered to act as pin-ended members under pure 
axial force (without any eccentricity). 
Ile member section has been considered to be symmetric and uniform throughout its 
length. 
It has also been tentatively assumed that the Euler buckling condition has been set aside and 
the reduction in critical load with an increase in the maximum amplitude A can then be 
determined. Subsequently, the Euler buckling load of the member can be treated as a cut- 
off value below which the results are valid. 
6.3.1 Numerical Results 
A tubular cross section with an external radius of 41.275 mm and a wall thickness of 9.52 mm 
has been considered. In order to evaluate the effects of the slenderness ratio of the 
compression member on the axial load-aydal displacement behaviour, four different lengths 
have been chosen, namely 500 mm, 2000 mm, 3000 mm and 5000 mm 'Me corresponding 
slenderness ratios of these compression members are 20,80,120 and 200, respectively. Tle 
yield stress of the material has been taken as 360 N/mmý. When applying an initial bow to the 
compression members acting as the initial imperfection, five different values for the maximum 
amplitude of imperfection A at mid-length of the member have been considered, namely, 0.0, 
0.0005L, 0.005L, 0.02L and 0.051, (L = member length). 
Figs 6.7,6.8,6.9 and 6.10 show the axial load - axial displacement responses of the 
compression members with slenderness ratios of 20,80,120 and 200, respectively. Fig 6.11 
and 6.12 show the axial load - axial displacement responses of the compression members with 
maximum imperfection amplitudes A of 0.0005L and 0.005L, respectively. Fig 6.13 shows 
how the negative post-buckling stiffilesses of the compression members (with a slenderness 
ratio of 80) vary with changes in the maximum amplitude of imperfection A at mid-length of 
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the member. Fig 6.14 shows the axial load-axial displacement responses of a compression 
member with three different yield stresses, namely 250 N/mmý, 360 N/mm2 and 450 N/mný. 
Tlie slenderness ratio of the member is 80, and the maximum amplitude of imperfection A has 
been chosen as 0.005L. 
Considering Figs 6.7 to 6.14, the following points can be concluded: 
When the slenderness ratio of the member is low (IJr--20) [Fig 6.7], the negative post- 
buckling stiffness of the compression member is also low, and there is no 'brittle type' post- 
buckling behaviour. The post-buckling path is soft and ductile. Ilese compression 
members deform elstically until the material yield stress has been reached throughout the 
column cross section, initiating plastic deformation buckling. 
When the slenderness ratio of the compression member is at an intermediate value (L/r--80) 
[Figs 6.8,6.11,6.12 and 6.13], the negative post-buckling stiffness of the compression 
member is high and there is a 'brittle type' post-buckling behaviour with rapid load- 
shedding. Generally, at this slenderness ratio (L/r--80), plastic buckling occurs. This type of 
compression members (L/r--80) is sensitive to initial imperfections and increasing the level 
of imperfection dramatically decreases both the critical load and the negative post-buckling 
stifffiess. When the level of the initial imperfection is relatively low (0.0005L<A<0.005L), 
the sensitivity of the negative post-buckling stiffiess of the member to initial imperfections 
is rather high. 
For compression members with a high slenderness ratio (Ur--120) [Figs 6.9,6.11 and 
6.12], when the initial imperfection is relatively low (0.0005L<A<0.005L), the negative 
post-buckling stiffness is relatively high. However, when the initial imperfection is high 
(0.005L<A<0.02L), the post-buckling path is characterised by a load plateau followed by a 
soft and ductile unloading path. 
When the slenderness ratio of the member is very high (Ur--200) [Figs 6.10,6.11 and 
6.12], the negative post-buckling stiffness of the compression member is very low and 
there is no 'brittle type' post buckling behaviour. Ile post buckling path of these members 
is characterised by a load plateau followed by a soft and ductile unloading path. A very 
small amount of imperfection (A=0.0005L) can cause the member to buckle, with its 
critical load below the critical Euler load. Also, increasing the amount of imperfection does 
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Fi2 6.7 Axial Load - Axial Dist)lacement Resvonses of a Conivression Member (1, /t---20): 
The figure shows the axial load - axial displacement responses of a compression member with 
a slenderness ratio of 20 and with different values for the maximum amplitude of imperfection 
A at the mid-length of the member. In this case, the negative post-buckling stiffness of the 
compression member is low and there is no 'brittle type' post-buckling behaviour. 
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Fi? - 6.8 Axial Load - Axial Disi)lacenient Resimnses of a 
Com1wession Member 01r=80): 
The figure shows the axial load - axial displacement responses of a compression member with 
a slenderness ratio of 80 and with different values for the maximum amplitude ofinipert'ection 
A at the mid-length of the member. In this case, the negative post-buckling stifiness of tile 
compression member is high and there is a 'brittle type' post-buckling behaviour with rapid 
load-shedding. 
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Fiz 6.9 Axial Load -Axial Dist)lacement ResDonses or a Conitwession Member (1, /r--120): 
The figure shows the axial load - axial displacement responses of a compression member with 
a slenderness ratio of 120 and with different values for the maximum amplitude of 
imperfection. In this case, when the imperfection is relatively low, the negative post-buckling 
stiffness is relatively high. However, when the initial imperfection is high, the post-buckling 
path is characterised by a load plateau followed by a soft and ductile unloading path. 
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Filz 6.10 Axial Load - Axial Disiflacement Responses of a Compression Member 
(1, /r--200): The figure shows the axial load - axial displacement responses of a compression 
member with a slenderness ratio of 200 and with difIerent values for tile maximum amplitude 
of imperfection A at the mid-len-th of the member. In this case, the negitive post-buckling 
stiffness of the member is very low and there is no 'brittle type' post buckling behZIVIOLIr. 
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Fig 6.11 Axial Load - Axial Displacement Responses of COMMISSi2n Members, with a 
Maximum Amplitude of Imperfection A of 0.00051L: The figure shows for members with a 
slenderness ratio of 80 and 120, there is 'brittle type' post-buckling behaviour with rapid load- 
shedding characteristics. 
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path of the member with a slenderness ratio of 200 is characteriscd by a load plateau followed 
by a soft and ductile unloading path. 
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Fiiz 6.13 Relationshin between the Ne2ative Post-Bucklinj! Stiffness of a Conilwession 
Member and the initial ImDerfection: The figure shows how the negative post-buckling 
stiffness of a compression member (with a slenderness ratio of 80) varies with changes in tile 
maximum amplitude of the imperfection A at the mid-length of the member. When tile amount 
of the initial imperfection is relatively low (0.0005L<A<0.005L), tile sensitivity of the 
negative post-buckling stiffness of the member to the initial imperfection is high. 
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Fiv- 6.14 Axial Load - Axial disiflacement RCSI)OI)SCS of a Coil] m-essioll Member with 
Different Yield Stresses: The figUre shows the axial load - axial displacerrient responses of a 
compression member with an intermediate slenderness ratio (L/rý-80) n1anufactured from three 
grades of steel. The figure illustrates that the member with tile highest yield stress (450 
N/m M2) has the sharpest load-shedding characteristics. 
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not change the behaviour of the compression member dramatically. These compression 
members (L/r--200) buckle elastically before the material compression yield stress is 
reached in the member cross section. Also, this type of compression member shows a high 
degree of nonlinearity prior to yielding. 
Compression members with an intermediate slenderness ratio (L/r--80) manufactured from 
the higher grade steels are more unstable in the initial post-critical regime. Thus these 
compression members shed their load more abruptly as shown in Fig 6.14. 
The residual load carrying capacity of compression members, after large strain has occurred 
on the post buckling path, is independent of the amount of the initial imperfection. 
* An increase in the initial imperfection reduces the ultimate strength of the compression 
member, at all slenderness ratios. 
It should be noted that the compression members with intermediate slenderness ratios (about 
80) are commonly used in double-layer space structures. Also, for design purpose, the 
maximum amplitude of the initial imperfection A at the mid-length of an actual compression 
member is normally assumed to be equal to 0.001L. As mentioned above, this type of 
compression member (L/r--80) has a high negative post-buckling stiffness, particularly when 
the amplitude of the imperfection at the mid-length of the member is relatively low 
(0.0005L<A<0.005L). These members often show 'brittle-type' buckling. Consequently, in 
double-layer space structures, manufactured using compression members with intermediate 
slenderness ratios, the possibility of the occurrence of member snap-through is high. 
6.4 EFFECTS OF COMPRESSION MEMBER BEHAVIOUR ON THE LOAD - 
DISPLACEMENT RESPONSE OF DOUBLE-LAYER BRACED DOMES 
As mentioned before, the behaviour of compression members within a double-layer space 
structure has a commanding influence on the overall behaviour of the structure. The response 
of a compression member (with pin-jointed ends) is mainly a function of three characteristics 
of the member, namely, the slenderness ratio, the level of the initial imperfection and the yield 
stress of the material. In double-layer space structures, compression members with 
intermediate slenderness ratios, manufactured from grade 50 steel, are commonly used. This 
type of compression members often shows 'brittle-type' buckling with rapid load-shedding 
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characteristics. However, the rapidity of the load-shedding depends on the initial imperfection. 
When a compression member in a double-layer space structure buckles, it sheds load and, 
consequently redistribution of the internal forces occurs. 
Ile effects of the behaviour of compression members (with an intermediate slenderness ratio) 
can be classified by three response characteristics, namely: 
Overall collapse of the structure, as shown in Fig 6.15. In this case, the load-shedding 
characteristics of the compression members is abrupt and during the redistribution process, 
the other members within the structure cannot absorb the load shed by the first member (or 
the first set of members) to fail, without themselves failing. Consequently, buckfing of a 
highly stressed compression member (or a set of members) leads to the overall coRapse of 
the structure, as a mechanism is formed. 
I* Local collapse of the structure with a dynamic snap-through, as shown in Fig 6.16. In this 
case the load-shedding characteristics of the compression members is so abrupt that during 
the redistribution process, the other members cannot absorb the redistributed loads quickly 
enough and instability occurs in the structure. Under displacement controlled loading, the 
deformation of the structure continues to grow as the applied load decreases. The 
instability proceeds until the first buckled member (or the first set of buckled members) 
reach(es) its minimum post-critical strength, whereupon the situation is re-stabilised and the 
other members then continue to carry load until they reach their critical capacity. In other 
words, when the first member (or the first set of members) buckle(s), no neighbouring 
equilibrium state is available for a slight increase in loading. It is at this point that the 
structure will be compelled to seek another stable equilibrium state which may exist at this 
load. The move to such an equilibrium state involves a large change in deformation or a 
'dynamic nodal snap-through'. In reality, the unstable part of the equilibrium path cannot be 
traced and load control dominates the behaviour of the structure. Consequently, the 
structure will experience a 'dynamic jump'. It should be noted that when the first member 
reaches its critical load, which is unstable, equilibrium cannot be maintained and 
consequently the member will continue to axially displace and snap-through until 
equilibrium is achieved. Therefore, when local collapse with snap-through occurs, the dome 
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structure experiences a 'dynamic instability coupling phenomenon'. Ilat is, the dynamic 
nodal snap-through occurs at the nodes of the structure as well as member snap occurring 
in the buckled members. Ilie kinetic energy released is due to both nodal snap-through and 
member snap phenomena. 
Local collapse without snap-through, as shown in Fig 6.17: In this case, the load-shedding 
characteristics of the compression members is not abrupt. During the redistribution process, 
the load-shedding characteristics of the first buckled member (or the first set of members) is 
sufficiently mild to be absorbed by the other members and so there is a stable situation. 
Further load can be carried by the structure until other members buckle causing overall 
coflapse of the structure. 
6.4.1 Numerical Results 
'Me plan view and elevation of a square-on-square double-layer braced dome with a square 
plan (3200 mmx3200 mm) are shown in Fig 6.18 (dome No. 1). Also, the figure shows the 
dimensions of the structure. Ile angle 0 is the angle subtended by one half of the span, Rb is 
the radius of curvature of the lower chord spherical surface and R, is that of the upper chord 
spherical surface. The dome structure is subjected to uniform vertical concentrated loads at the 
nodes of the upper chord. All four comer nodes of the lower chord of the dome are pinned 
supports. The members are considered to be steel tubes with an external radius of 9.525 nun 
and a wall thickness of 2.03 mm- The yield stress of the component members is 360 N/mrný. 
At first, the axial load - axial displacement responses of the compression members have been 
obtained using the finite element method, as outlined in Section 6.3. Although, the exact 
length of the compression members of the dome varies from 400 mm to 550 mni, as an 
approximation a typical compression member of length 500 mm has been chosen. The results 
of the analysis undertaken on the compression members show that this approximation has only 
minor effects on the overall behaviour of the dome. However, this particular way of 
approximation helps the analytical process to be simple and efficient. Five different values for 
the maximum amplitude of the initial imperfection A at mid-length of the members have been 
chosen, namely, 0.0001L, 0.0005L, 0.002L, 0.005L and 0.02L. 
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Fig 6.15 Overall Collapse: The figure shows the 'overall collapse phenomenon'. In this case, 
the load-shedding characteristics of the compression members is abrupt, and buckling of the 
first set of highly stressed members is synonymous with overall collapse of the structure. 
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6.16 Local Collapse with Snap-Through: In this case, the load-shedding characteristics of 
the compression members is so abrupt that during the redistribution process, the other 
members cannot absorb the redistributed loads quickly enough and the instability occurs. 
Consequently, the structure will experience a 'dynamic jump', and member snap-through 
phenomenon also occurs in the first set of the buckled members. 
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6.17 Local Collapse without Snap-Through: In this case , the 
loa d-shedding characteristics 
of the compression members is sufficiently mild to be absorbed by the other members and so 
there is a stable situation. Further load can be carried by tile structure. 
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Fig 6.18 Square-on-Square Double-Laver Braced Dome (Dome No. 1): The figure 
shows the plan view and elevation of a square-on-square double-layer braced dome 
with a square plan (3200 mmx3200 mm). Aso, the figure shows the dimensions of the 
structure. 
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Fig 6.19 shows the axial load - axial displacement responses of the compression member with 
different initial imperfections. The Euler buckling load is 33.05 kN which is treated as a cut-off 
value below which the results are valid. Consequently, the axial load-aNial displacement 
response of the member with maximum amplitude of initial imperfection of 0.0001L is not 
valid. TIle response of the member with aA of 0.002L is also unrealistic, and consequently 
these results have not been used in the overall analysis of the structure. Fig 6.20 shows how 
the negative post-buckling stiffness of the compression member varies with changes in the 
maximum amplitude of imperfection A at mid-length of the member, indicating the high 
sensitivity of the negative post-buckling stiffness of the member to the initial imperfection, 
particularly when A is less than 0.005L. Figs 6.21A, 6.21B and 6.21C show the axial load - 
axial displacement responses of the member with A as 0.0005L, 0.0021, and 0.005L, 
respectively. Also, shown in the figures is the slope of the post-buckling path or negative post- 
buckling stiffness of the compression members. 
The axial force - axial displacement responses of the compression members shown in Figs 
6.21A, 6.2113 and 6.21C have been idealised using the piecewise linearisation approach 
[Murtha-Smith 1984] to represent the behaviour of the member in the collapse analysis of the 
double-layer braced dome shown in Fig 6.18. Figs 6.22A, 6.2213 and 6.22C show the ideal 
model behaviour of the members in compression and tension when A is 0.0005L, 0.002L and 
0.005L, respectively. 
Before presenting the results of the collapse analysis of the double-layer braced dome, it is 
necessary to outline the details of the static collapse analysis used in tile present study. ne 
following points are the main characteristics of this static collapse analysis: 
The static collapse analysis is similar to the 'Dual Load Method', as explained in Chapter 2, 
in which the elements are given negative stiffiiess fii the post-buckling regime according to 
the assumed piecewise linearisation. 
A special beam element called the 'Beam General Section' element was used to represent 
tile ideal behaviour of the members [Hibbit Et al 1995]. In this element, the geometry and 
material descriptions of the members are combined, therefore the element can represent the 
elasto-plastic response. Ile element includes the elastic unloading behaviour as shovai hi 
Figs 6.22A, 6.2213 and 6.22C. Elastic unloading occurs, when. any non-confonnities are 
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figure shows the axial load - axial displacement responses of a compression member with 
different initial imperfections. The member is a steel tube with an external radius of 9.525 nim 
and a wall thickness of 2.03 mm. The yield stress of the member is 360 N/mm 
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stiffiness of a compression member varies with changes in the niaxIML1111 amplitude of tile 
imperfection A. The figure illustrates the high sensitivity of' the negative post-buckling 
stiffness of the member to tile initial imperfection, particularly when A is less than 0 0051, 
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when A is 0.0005L, 0.0021- and 0.0051., respectively. The axIal compression 1101-ce-Mal 
displacement responses of the member shown in Figs 6.21A, 0.2111 and 6.21C have becii 
idcalised using piecewise linearisation approach. The ideal IIIeII1bCr I)CIMVIOUr also considers 
the unloading characteristics of' the member afler buckling in compression and yielding in 
tension. 
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found in the incremental stresses of the failed members, in tension or compression, when 
compared to their position on the member model. 
" The member is not discretised but treated as a one-dimensional continuum. 
"A nonlinear (large-displacement) static analysis has been undertaken to find the load- 
deflection response of the dome. Both material nonlinearity, represented by the 'Beam 
General Section Element', and geometrical nonlinearity were considered in the analysis. 
" To trace the equilibrium path of the dome, through a critical point, into the post-critical 
range, the 'Modified Riks Method' based on the Arc-length approach is used. BY using the 
'Modified Riks Method', it is possible to find out the type of collapse of the dome. 
Six, nonlinear static analyses were carried out for the dome shown in Fig 6.18, with the same 
loading condition (uniform vertical loads at the upper nodes of the dome) and with the same 
member specifications (steel tubes with an external radius of 9.525 mm and a wall thickness of 
2.03 mm and yield stress of 360 N/mM2) . The analysed cases were as 
follows: 
1. Analysis of the dome with rigidly-jointed connections: An elastic-perfect plastic material 
behaviour expressed in the form of a specified stress-strain relationship is assumed for the 
component members. The static analysis was a nonlinear (large displacement and elasto- 
plastic) analysis using the 'Modified Riks Method'. 
2. Analysis of the dome with pin-jointed connections: An elastic-perfect plastic material 
behaviour expressed in the form of a specified stress-strain relationship is assumed for the 
component members. The static analysis is a nonlinear (large-displacement, elasto-plastic) 
analysis using the 'Modified Riks Method'. 
3. Analysis of the dome with pin-jointed connections: A 'Beam General Section' element was 
used to represent the axial load - axial displacement response of the members. The same 
behaviour was considered for both tension and compression members and no load-shedding 
was introduced. A static collapse analysis of the double-layer dome, as outlined before in 
the present section, was undertaken. 
4. Analysis of the dome with pin-jointed connections: A 'Beam General Section" element was 
used with the axial load - axial displacement member behaviour, as shown in Fig 6.22A. For 
the compression members, a maximum amplitude of initial imperfection of 0.0005L at the 
mid-length of the member was considered.. A static collapse analysis of the dome was 
undertaken. 
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5. Analysis of the dome with pin-jointed connections: A 'Beam General Section' element was 
used with the axial load - axial displacement member behaviour, as shown in Fig 6.22B. For 
the compression members, A was considered to be equal to 0.002L. A static collapse 
analysis of the dome was undertaken. 
6. Analysis of the dome with pin-jointed connections: A 'Beam General Section' element was 
used with the axial load - axial displacement member behaviour, as shown in Fig 6.22C. For 
the compression members, A was considered to be equal to 0.005L. A static collapse 
analysis of the dome was undertaken. 
Fig 6.23 shows the load - displacement responses of the dome at the central node of the upper 
chord, obtained from the aforementioned six nonlinear static analyses. Figs 6.24,6.25 and 6.26 
show separately the load - displacement responses of the dome structure at the central node of 
the upper chord, when A is 0.0005L, 0.002L and 0.005L, respectively. Also shown in Figs 
6.24,6.25 and 6.26 are the load levels at which the buckling of the first and second sets of 
compression members have occurred. Ile positions of the first and second sets of the buckled 
members have been shown in Fig 6.27. Ile modelling of the member characteristics using 
discrete linear portions has resulted in the structural responses which themselves are composed 
of series of linear sections. However, using a nonlinear form for the compression element 
behaviour, which has a smooth form throughout, it can be seen that the structure responses 
will be such that some of the linear portions are blended together to form a smooth nonlinear 
response and the sharp discontinuities between some adjacent portions being eradicated. This 
is type of response that can be observed in the collapse tests of the double-layer space 
structures [Supple and Collins 1981]. 
By considering the load - displacement responses shown in Figs 6.23,6.24,6.25 and 6.26, the 
following points can be noted for this type of double-layer braced dome which is under 
uniform vertical concentrated loads at the nodes of the upper chord: 
The load - deflection responses of the dome structures with rigidly-jointed connections and 
pin-jointed connections, assuming an elastic-perfect plastic material behaviour, are almost 
the same. This comparison clearly shows that this double-layer braced dome transmit load 
primarily by aNial forces acting in the members. 
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(1) Rigidly-Jointed Connection, Without Imperfection in Merrbes 
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(2) Pin-Jointed Connection, with Strain-Stress Relationship fcr Material 
a ------ 0 (3) Beam General Section, The Same Tension and Compres&on Beinaviours 
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Fig 6.23 Load-Displacement Responses of Dome No. 1: The figure shows the load- 
displacement responses of the dome at the central node of the upper chord, obtained from six 
different types of nonlinear static analyses. 
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Fiz 6.24 The Load-Displaceinent Response of Dome No. I (A=0.00051, ): The figure shows 
the load-displacement response of the dome at the central node of the upper chord, when A is 
0.0005L. The figure also illustrates the load levels at which the buckling of tile first and 
second sets of compression members have occurred. 
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Fig 6.25 The Load-Displacement Response of Dome No. I (A=0.002L): The figure shows 
the load-displacement response of the dome at the central node of the upper chord, when A is 
0.002L. The figure also illustrates the load levels at which the buckling of the first and second 
sets of compression members have occurred. 
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M2 6.26 The Load-Displacement Response of Dome No. I (A=0.0051, ): The figure shows 
the load-displacement response of the dome at the central node of tile tipper chord, when A is 
0.005L. The figure also illustrates the load levels at which the buckling of the first and second 
sets of compression mernbers have occurred. 
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" Tlie load - deflection responses of the dome structure with pin-jointed connections, when 
an elastic-perfect plastic material behaviour in the form of a specified stress-strain 
relationship is assumed for the component member, is almost the same as that when a 
'Beam General Section' element with the same behaviour for both tension and compression 
elements is assumed. 
" Fig 6.24 shows that when A is very low (A=0.0005L), the buckling of the first set of 
members occurring at a load level of 4.532 kN, causes the overall collapse of the dome. 
This is because the load-shedding characteristics of the compression members is very 
abrupt and during the redistribution process the other members cannot absorb the load shed 
by the first set of buckled members. Consequently, failure of the first set of compression 
members leads to the overall collapse of the dome. In this case, the negative post-buckling 
stiffness of the compression members is 19.4 kN/mm. 
" Fig 6.25 shows that when A is relatively low (A=0.002L), local collapse with dynamic snap- 
through has occurred at the load level of 3.677 kN. At this load-level, the first set of 
compression members, whose positions have been shown in Fig 6.26, have buckled causing 
a dynamic snap-through. This is because, the load-shedding characteristics of the 
compression members is so abrupt that during the redistribution process the other members 
cannot absorb the redistributed loads quickly enough and instability occurs in the dome. 
Ile instability proceeds until the first set of the buckled members reach their ii 
post-critical strength, whereupon the situation is re-stabilised. The other members then 
continue to carry load until the second set of compression members, whose positions have 
been shown in Fig 6.27, reach their critical loads at the load level of 3.835 W, which leads 
to the overall collapse of the dome. It is worth noting that during the nodal snap-through 
phenomenon, member snap has also occurred at the post-buckling response of the first set 
of buckled member, as shown in Fig 6.28. The shaded area in the figure represents the 
kinetic energy released during the member snap phenomenon. In this case, the negative 
post-buckling stiffness of the compression members is 10.429 kN/mm 
Fig 6.26 shows that when A is relatively high (A=0.005L), local collapse without snap- 
through has occurred at the load level of 3.169 W. That is, during the redistribution 
process, the load-shedding characteristics of the first set of buckled member is sufficiently 
mild to be absorbed by the other members and so there is a stable situation. Further load is 
carried by the when the second set of compression members buckled at a load level of 
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3.533 kN, causing overaR coHaPse of the dome. In this case, the negative post-buckling 
stiffiess of the compression members is 4.374 kN/mm. 
Table 6.1 gives a summary of the results of the static collapse analysis of the double-layer 
braced dome shown in Fig 6.18 (dome No. 1). 
Table 6.1 Summary of the Collapse Static Analysis of the Double-Layer Braced Dome 
(Dome No. 1). 
Negative Type of Load Level Load Level 
Post-buckling Collapse (at which (at which the 
Stiffness of the Load Shedding (when the first buckling of the buckling of the 
Compression Characteristics set of members first set of second set of 
Members buckle) members occur) members occur) 
(kN/mm) (W) (kN) 
0.0005L 19.4 Very Abrupt Overall 4.532 4.425 
Collapse 
0.002L 10.429 Relatively Local Collapse 3.677 3.835 
Abrupt (with Snap- 
Through) 
- 0.005L 4.374 Local Collapse T 169 3.533 
Relatively Mild (without Snap- 
T 
- -- 
Through) 
The table gives the summary of the collapse analysis of the double-layer braced dome shown in 
Fig 6.18. When A is relatively low (A=0.002L), dynamic coupling instability has occurred at a 
load level of 3.677 W, that is, nodal snap-through as well as member snap has occurred at the 
first set of buckled members. 
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Fig 6.27 The Position of the First and Second Sets of Buckled Members: The figure 
shows the positions of the first and second sets of buckled members. The figure also illustrates 
that the compression members connected to the support nodes are the first members which 
buckle. 
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Fig 6.28 Member Snap Phenomenon Occurring in the Compression Member (Donle No. 
1) (A=0.002L): The figure shows the occurrence of a dynamic i urnp in the post-bucklIng path 
of the compression member with A=0.002L. The shaded area in the figure represents the 
kinetic energy released during the member snap phenomenon. 
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6.5 PROPOSED PROCEDURE FOR INVESTIGATING THE DYNAMIC 
PROPAGATION OF MEMBER SNAP 
In this section, a procedure is proposed which may be used to investigate the phenomenon of 
member snap in double-layer braced domes. The proposed procedure, has three main steps 
which are as foRows: 
6.5.1 Step One 
Ile first step consists of two stages, as follows: 
1. In the first stage, a nonlinear (elasto-plastic, large displacement) static analysis is carried 
out to find the axial load-aNial displacement responses of the compression members, as 
outlined in Section 6.3. The axial force - axial displacement responses of the compression 
members is then idealised using a piecewise linearisation approach to represent the 
behaviour of the member for the collapse analysis of the dome. 
2. In the second stage, a nonlinear (elasto-plastic, large displacement) static collapse analysis 
is undertaken to find the load-deflection responses of the dome, as outlined in Section 
6.4.1. The outcome of the first step is the following data: 
" Information regarding the negative post-buckling stiffiless of the compression members and 
their load-shedding characteristics. 
" Information regarding the type of collapse occurring in the dome. 
" Information about the load levels at which the first, second and subsequent sets of the 
members have buckled. 
" Information about the position of the first, second, and subsequent sets of the buckled 
members. 
When the type of collapse occurring in the dome is an 'overall collapse', where buckling of the 
first set of compression members leads to the overall collapse of the structure, the subsequent 
steps will not be undertaken. Because there is no local collapse to be investigated. 
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When the type of collapse is a 'local collapse with a snap through', dynamic coupling 
instability phenomenon occurs in the dome, that is, dynamic member snap occurs in the first 
set of buckled members as well as dynamic nodal snap-through occurring at the nodes of 
dome. As it is necessary to investigate the possibility of progressive collapse of the dome due 
to the dynamic effects of the coupling phenomenon, the subsequent steps will be undertaken. 
When the type of collapse occurring in the dome is a 'local collapse without snap-through', if 
the effective stiffness of the adjoining structure, to which the first set of buckled members is 
attached, is greater than the negative post-buckling stiffness of the members, the members will 
be in stable equilibrium Consequently, there is no member snap and the behaviour of the 
structure still has static characteristics. However, if the effective stiffness of the adjoining 
structure is smaller than the negative post buckling stiffness of the members, there is the 
possibility of a dynamic response and in this case, it is necessary to evaluate the possibility of 
progressive collapse. It is worth noting that to find the stiffness of the adjoining structure, a 
linear analysis of the dome can be carried out, with the first set of buckled members removed 
and unit, loads applied at the end nodes of one of the buckled members in its direction. T'he 
ratio of the unit load to the relative joint movement can be taken as the stiffness of the 
adjoining structure. It should also be noted that if the adjoining structure is stiffer than the first 
set of the buckled members, this process can be repeated for the second set of buckled 
members. In this case, the stiffness of the adjoining structure is determined with both sets of 
buckled members removed. As more members buckle, the stiffness of the adjoining structure 
decreased and consequently, there is a greater possibility of member snap. 
6.5.2 Step Two 
In this step, a linear eigenvalue analysis is carried out to obtain the natural frequencies of the 
structure in its 'strained configuration'. The term 'strained configuration' refers to the static 
equilibrium state of the structure when the first set of compression members reach their critical 
loads. This eigenvalue extraction is based on the 'subspace iteration method' [Bathe 1982, 
Clough and Penzien 1993]. 
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Having carried out an eigenvalue frequency analysis, firstlY it is possible to predict the 
appropriate time increment At for the subsequent nonlinear dynamic analysis. Secondly, 
because the behaviour of the dome and its oscillation should be investigated after applying the 
effects of the member snap, it is also necessary to apply suitable damping factors. The 
'Rayleigh Damping Method' is used to find the damping factors, as outlined in Section 3.6.2 
of Chapter 3 [Bathe 1982, Clough and Penzien 19931. 
6.5.3 Step Three 
In this step, a nonlinear (elasto-plastic, large displacement) analysis is carried out to evaluate 
the dynamic propagation of member snap. The characteristics of this analysis are as follows: 
TIle 'step-by-step implicit integration method' based on 'Newmark's constant-average 
acceleration method' is used to solve the nonlinear equations in the dynamic analysis, as 
outlined in Section 3.6.3 of Chapter 3 [Bathe 1982, Clough and Pen2ien 1993]. In order to 
obtain an accurate solution, the time increment, when the first set of the compression 
members reach their critical load, is chosen between T1/100 and T1/20 with T, being the 
first natural period of the structure [Ifibbit et al 1995, Bathe 1982]. 
Factors a. and fl. which have been obtained in the second step, are used to specify the 
damping matrix according to the 'Rayleigh Damping Method', as outlined in Section 3.6.2 
of Chapter 3. 
Ile type of applied loading is shown in Fig 6.29. Ile figure illustrates a ramp load of P, 
with the rise time of t,. When a 'local collapse with snap-through' occurs in a dome, P, is 
the load level at which the first set of compression members will buckle and the nodes of 
the dome together with the buckled members experience a dynamic jump. When a 'local 
collapse without snap-through' occurs in a dome, P, is the load level at which the first set 
of compression members reach their critical load and their negative post-buckling stiffness 
is greater than the stiffness of the adjoining structure to which the buckled members are 
attached. 'Me rise time t, is chosen to be greater than IOT1. It has been demonstrated that if 
4 is chosen to be greater than IOT1, the load can be considered to be applied slowly and the 
dynamic effects can generally be ignored [Craig 1981]. Therefore, this type of loading 
condition indicates that up to the P, the behaviour of the dome is pseudo-static and after 
that point, the structure has a dynamic behaviour. That is, before buckling of the first set of 
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compression members at load level of P, the behaviour of the structure has static 
characteristics, while immediately after the members have buckled, the dome has obtained 
dvnamic characteristics. 
It should be noted that in the case of a 'local collapse with snap-through', the kinetic energy in 
both the nodes at which the snap-through has occurred, and the buckled members can be 
determined using their load-displacement responses. Therefore, the proposed procedure to 
investigate the propagation of a local snap-through in single-layer braced domes, as outlined in 
Chapter 3, should be undertaken in this case, which can give accurate and reliable results. 
When a 'local collapse with snap-through' occurs in a double-layer braced dome, which is 
subjected to uniform vertical concentrated loads at the nodes of the upper chord, usually an 
the nodes of the dome experience a small dynamic jump. Obtaining the kinetic energy released 
during the snap-through of each of the nodes and the buckled members, using their load - 
displacement responses, and finding the initial velocities of the nodes is a very time-consuming 
and cumbersome task. Therefore, it is preferred to use the procedure, outlined in this section, 
to investigate the propagation phenomenon when a 'local collapse with snap-through' occurs 
in the dome. 
It is worth mentioning that all of the analyses described above, have been undertaken using the 
finite element program ABAQUS [11ibbit et al 1995]. Data generation was performed using 
Tormian' [Nooshin et al 1993]. 
6.6 NUMERICAL RESULTS 
Using the proposed procedure, a number of different types of double-layer braced domes have 
been analysed. Two boundary conditions have been considered, namely, pinned supports for 
all the peripheral nodes, and pinned supports only for the comer nodes of the domes. All the 
domes considered are assumed to be subjected to uniform vertical loads at an the nodes of the 
upper chord. The results of the analysis for the selected cases are given below. All the 
members of the double-layer braced domes considered in the present numerical study have the 
same specifications as those used in the square-on-square double-layer braced dome shown in 
Fig 6.18. 
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The configuration of the dome structures have been chosen such that the length of the 
members varies from 400 mm to 550 mm Therefore, a typical compression member has been 
chosen with a length of 500 mm and a slenderness ratio of about 80. 'Me axial load - axial 
displacement responses of the compression members, with different maximum amplitude of 
imperfection A at the mid-length of the members, have been shown in Fig 6.19. The ideal 
behaviour of the compression members, used in the present study, have been shown in Figs 
6.22A, 6.22B and 6.22C, when A is 0.0005L, 0.002L and 0.005L, respectively. 
6.6.1 Square-on-Square Double-Layer Braced Dome 
Ile square-on-square double-layer braced dome shown in Fig 6.18 has been analysed with 
two different boundary conditions. Ile load-displacement responses of the dome with pinned 
supports at the four comer nodes of the lower chord have been shown in Figs 6.24,6.25 and 
6.26. 
When maximum amplitude of imperfection A at the mid-length of the members is 0.0005L, 
coverall collapse' of the dome structure has occurred, as shown in figure 6.24. Consequently, 
in this case, the proposed procedure has not been undertaken. 
When A is 0.002L, a 'local collapse with snap-through' has occurred, at a load level of 3.677 
W, acting at each node of the upper chord, as shown in Fig 6.25. For this case, the proposed 
procedure can be used to investigate the possibility of progressive collapse. At first, a linear 
eigenvalue analysis is carried out to obtain the natural frequencies of the structure at the load- 
level of 3.677 kN at which the first set of compression members has experienced member 
snap. By carrying out this analysis, the appropriate time increment At for the nonlinear 
dynamic analysis as well as suitable damping factors are predicted. A nonlinear (elasto-plastic, 
large displacement) dynamic analysis is then undertaken when the dome is under a ramp load 
of 3.677 W (on each node of the upper cord) with a rise time of 6.5 sec. Fig 6.30 shows the 
time-displacement response of the dome at the central node of the upper cord. The figure 
indicates that at t--7.05 seconds a mechanism has formed, causing the occurrence of 
progressive collapse. 
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Fig 6.29 The Loading Condition Used in the Proposed Procedure: The figure shows the 
loading condition used in the proposed procedure to investigate the propagation of a member snap. 
The figure illustrates a ramp load P,, with rise time t,. Plim is the limit point load of the structure 
that can be obtained using a nonlinear static analysis. The rise time t, is chosen to be greater than 
IOT, where T, is the first natural period of the dome, predicted by a linear eigenvalue frequency 
analysis. 
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Fig 6.30 Time-Displacement Response of (lie Dome No. I (A=0.002L): The figure shows 
the time-displacement response of the dome at the central node of the upper cord. The figure 
indicates that at t=7.05 secends a mechanism has formed, causing progressive collapse. 
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Fig 6.31 shows the load-displacement response of the dome, with and without the dynamic 
effects of the member snap, indicating that up to the load level of 3.677 kN, the results of both 
the static collapse analysis and the dynamic analysis are the same. Ile figure demonstrates that 
when the rise time 4 is chosen to be greater than IOTI, the load can be considered to be 
applied slowly and the dynamic effect can be ignored. Fig 6.31 also illustrates that the actual 
overall collapse load of the dome structure is 3.677 kN which is 5% less than the overall 
collapse load predicted by the static collapse analysis (3.835 W). 
When the maximum amplitude of imperfection A at the mid-length of the members is 0.005L, 
a 'local coHap se without snap-through' has occurred at a load level of 3.169 kN acting at each 
node of the upper chord, as shown in Fig 6.26. A linear analysis of the dome, with the first set 
of buckled members removed has been undertaken. As a result, the effective stiffiess of the 
remainder of the dome structure, was obtained as 2.814 Mmm, which is less than the 
negative post buckling stiffiless of the buckled member (4.374 kN/mm). Therefore, there is the 
possibility of a dynamic response and the proposed procedure can be used to evaluate the 
possibility of progressive collapse. After carrying out a linear eigenvalue analysis at a load 
level of 3.169 W, to find the appropriate time increment At and suitable damping factors, a 
nonlinear dynamic analysis was undertaken when the dome was under a ramp load of 3.169 
kN with a rise time of 6.5 sec. Fig 6.32 shows the time- displacement response of the dome at 
the central node of the upper cord. The figure illustrates that no mechanism has formed, and 
consequently progressive collapse has not occurred. 
Ile square- on- square double-layer braced dome, shown in Fig 6.18, has also been analysed 
when each lower chord perimeter node is pinned supports (dome No. 2). Fig 6.33 shows the 
load-displacement responses of the dome structure at the central node of the upper chord. Figs 
6.34,6.35 and 6.36 show separately the load-displacement responses of the dome at the 
central node of the upper chord, where A has been chosen as 0.0005L, 0.002L and 0.005L, 
respectively. Also, shown in Figs 6.34,6.35 and 6.36 are the load levels at which the buckling 
of the first, second and third sets of the members have occurred. The position of the first, 
second and third sets of buckled members have been shown in Fig 6.37. 
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Fi2 6.31 Load- D is placem ent Responses of Dome No. I (A=0.002L): The figure shows the 
load-displacement responses of the dome at the central node of the Lipper cord, with and 
without the dynamic effects of member snap. The figure illustrates that the actual overall 
collapse load of the dome is 3.677 kN which is 5% less than the overall collapse load 
predicted by the static collapse analysis (3.835 kN). 
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M2 6.32 Time-Displacement Response of Dome No. I (A=0.005Lh. The figure shows the 
time-displacement response of the dome at the central node of the Lipper cord. The figure 
illustrates that no mechanism has formed, and consequently progressive collapse has not 
occurred. 
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Fig 6.33 Load-Displacement Responses of Dome No. 2: The figure shows the load- 
displacement responses of the dome at the central node of the upper chord. All the lower 
chord perimeter nodes of the dome, as shown in Fig 6.18, are pinned supports. 
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Fig 6.34 Load-Displacement Rewonse of Doine No. 2 (A=0.00051, ): The figure shows the 
load-displacement response of the dome at the central node of the upper chord, when A is 
0.0005L. The figure also illustrates the load levels at which the buckling of the first, second 
and third sets of compression members have occurred, 
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Fi2 6.35 Load-Displacement Response of Dome No. 2 (A=0.002L): The figure shows the 
load-displacement response of the dome at tile central node of the upper chord, when A is 
0.002L. The figure also illustrates the load levels at which the buckling of the first, second and 
third sets of compression members have occurred. 
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Fig 6.36 Load-Displacement Response of Dome No. 2 (A=0.0051, ): The figure shows the 
load-displacement response of the dome at tile central node of tile upper chord, when A is 
0.005L. The figure also illustrates the load levels on which the buckling of the first, second 
and third sets of compression members have occurred. 
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When the maximum amplitude of the initial imperfection A at the mid-length of the member is 
0.0005L, 'overall, collapse' of the dome has occurred, as shown in Fig 6.34. Consequently, in 
this case, the proposed procedure has not been undertaken. However, when A is 0.002L or 
0.005L, a 'local collapse without snap-through' has occurred, as shown in Figs 6.35 and 6.36, 
respectively. The linear analysis of the dome, for both cases, with the first set of buckled 
members removed has been undertaken to find the effective stiffliess of remainder of the dome 
structure. Also, the linear analysis has been repeated with the first and second sets of the 
buckled members. 
Table 6.2 gives the summary of the results of the static collapse analysis and the hear analysis 
of dome No. 2, when all the lower chord perimeter nodes are pinned supports. From Table 
6.2, it can be seen that only when the maximum amplitude of the imperfection A at the mid- 
length of the member is 0.002L and the load level is 15.56 kN (at which the second set of 
compression members reach their critical load), there is the possibility of dynamic response. 
Therefore, for this case, the proposed procedure was used to evaluate the possibility of 
progressive collapse. 
After carrying out a linear eigenvalue analysis at the load level of 16.15 kN, to find the 
appropriate time increment ýt and suitable damping factors, a nonlinear dynamic analysis was 
undertaken, using a ramp load of 3.169 kN (at each node of the upper chord) with rise time of 
6.5 seconds. Fig 6.38 shows the time-displacement response of the dome at the central node of 
the upper chord. The figure illustrates that no mechanism has formed and consequently 
progressive coRapse has not occurred. 
6.6.2 Triangular Double-Layer Braced Dome 
The plan view and elevation of a double-layer braced dome with an triangular plan (with a side 
of 2498 mm) are shown in Fig 6.39 (dome No. 3). The figure also shows the dimensions of the 
structure. The dome is subjected to a uniform vertical concentrated load acting at the nodes of 
the upper chord. All three comer nodes of the lower chord of the dome are pinned supports. 
The specifications of the members are the same as those used in the square-on- square double- 
layer braced domes. 
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Table 6.2 Summary of the Static Collapse Analysis and Linear Static Analysis of 
Dome No. 2 
A 0.0005L 0.002L 0.005L 
Negative Post-Buckling 
Stiffness of the 19.4 10.429 4.374 
Compression Member 
Load Shedding Very Abrupt Relatively Abrupt Relatively Mild 
I 
Characteristics 
Type of Collapse Overall Collapse Local Collapse without Local Collapse without 
(when the first set of Snap-Through Snap-Through 
members buckle) 
Load level 
(at which the first set of 18.66 15.015 12.97 
members buckle) 
(kN) 
Load level 
(at which the second set 18.66 15.56 13.47 
of members buckle) 
(kN) 
Load level 
(at which the Third set of 18.00 16.15 13.95 
members buckle) 
(W) 
Effective Stiffness of the 
Adjoining Structure Not Applicable 27.134 26.094 
(when the first set of 
members buckle) 
(kN/mm) 
Possibility of Dynamic Not Applicable No No 
Response 
Effective Stiffness of the 
Adjoining Structure Not Applicable 8.976 8.564 
(when the second set of 
members buckle) 
mm) I II 
I 
Possibility of Dynamic 
I 
Not Applicable I Yes I No 
Response 
Ile Table gives a summary of the results of the static collapse analysis and linear static 
analysis of dome No. 2. It can be seen that only when the maximum amplitude of imperfection 
A at the mid-length of the member is 0.002L, and the load level is 15.56 kN (at which the 
second set of compression members reach their critical load), there is the possibility of a 
dynamic response. 
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Fi, 2 6.37 Positions of the First, Second and Third Sets of Buckled Members (Donle No. 
2). The figure shows the positions of the first, second and third sets of the buckled members. 
The figure illustrates that the compression members in the centre of the dome and the 
compression members connected to the supports in the middle half of the span are the first 
members which reach their critical load. 
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Fit! 6.38 Time-Displacement Response of Dome No. 2 (A=0.002): The figure shows the 
tirne-displacernent response of the dorne at the central node of tile upper cord. The figure 
illustrates that no mechanism has formed, and consequently progressive collapse has not 
occurred. 
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Fig 6.39 Double-Laver Braced Dome with a Trianvilar Plan (Dome No. 3): The 
figure shows the plan view and the elevation of a double-layer braced dome with a 
triangular plan (with each side of 2500 mm). Also, the figure shows the dimensions of 
the dome. 
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Fig 6.40 shows the load-deflection responses of the dome at the central node of the upper 
chord. Figs 6.41,6.42 and 6.43 show separately the load-deflection responses of the dome at 
the central node of the upper chord, where the maximum amplitude of the initial imperfection 
A at the mid-length of the member has been chosen as 0.0005L, 002L and 0.005L, 
respectively. Also shown in Figs 6.41,6.42 and 6.43 are the load levels at which the buckling 
of the first and second sets of the members have occurred. 'Me positions of the first and 
second sets of buckled members are shown in Fig 6.44. 
When the maximum amplitude of the initial imperfection A at the mid-length of the members is 
0.0005L or 0.002L,, a 'local collapse with snap-through' has occurred at load levels of 4.725 
kN and 3.815 W, acting at each node of the upper chord, as shown in Fig 6.41 and 6.42, 
respectively. Therefore, in both cases, the proposed procedure can be used to investigate the 
possibility of progressive collapse, due to the occurrence of the dynamic instability coupling 
phenomenon. When A is 0.005L, a 'local collapse without snap-through' has occurred at a 
load level of 3.263 W, as shown in Fig 6.43. A linear static analysis of the dome structure, 
with the first set of buckled members removed, has been undertaken. As a result, the effective 
stiffness of the remainder of the dome structure is obtained as 4.273 kN/mm, which is slightly 
less than the negative post-buckling stifiess of the buckled member (4.374 kN/mm). 
Therefore, there is the possibility of a dynamic response and the proposed procedure can be 
used to evaluate the possibility of progressive collapse. Table 6.3 gives the summary of the 
results of the static collapse analysis and static linear analysis of the dome. 
As mentioned before, when A is 0.0005, a 'local collapse with snap-through' has occurred. In 
order to evaluate the possibility of progressive collapse, a linear eigenvalue analysis is carried 
out at the load level of 4.725 W, acting at each node of the upper chord. A nonlinear (elasto- 
plastic, large displacement) dynamic analysis is then undertaken where the dome is under a 
ramp load of 4.725 kN with a rise time of 6.5 sec. Fig 6.45 shows the time displacements 
response of the dome at the central node of the upper chord. 'Me figure indicates that at 
t=6.52 seconds a mechanism has formed, causing the occurrence of progressive collapse. Fig 
6.46 shows the load-displacement responses of the dome with and without the dynamic effects 
of the member snap, indicating that up to the load level of 4.725 W, the results of both static 
collapse analysis and dynamic analysis are the same. Fig 6.46 also illustrates that the actual 
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overall collapse load of the dome is 4.275 kN, which is 3.5 % less than the value obtained by 
static collapse analysis (4.884 kN). Also when A is 0.002, a 'local collapse with snap-through' 
has occurred. For this case, after carrying out a linear eigenvalue analysis at the load level of 
3.815 kN, a nonlinear dynamic analysis has been undertaken where the dome is under a ramp 
load of 3.815 kN with a rise time of 6.5 sec. Fig 6.47 shows the time-displacement response of 
the dome at the central node of the upper chord. The figure indicates that at t--6.54 seconds a 
mechanism has formed causing the occurrence of progressive coHapse. Fig 6.48 shows the 
load-displacement responses of the dome with and without the dynamic effects of the member 
snap. 'Me figure illustrates that the actual collapse load of the dome is 3.815 kN, which is 11% 
less than the value obtained by static collapse analysis (4.233 kN). The proposed procedure 
was used to evaluate the possibility of progressive collapse, when A=0.005L. Fig 6.49 shows 
the time-displacement response of the dome at the central node of the upper chord. The figure 
clearly illustrates that no mechanism has formed, and progressive has not occurred. 
Table 6.3 Summary of the Static Collapse Analysis and Linear Static Analysis of 
Dome No. 3 
A 0.0005L 0.002L 0.005L 
Negative Post-Buckling 
Stiffness of the 19.4 10.429 4.374 
Compression Member 
(kN/mm) 
Load Shedding Very Abrupt Relatively Abrupt Relatively Mild 
Characteristics 
Type of Collapse Local Collapse with Local Collapse with Local Collapse without 
(when the first set of Snap-Through Snap-Through Snap-Through 
members buckle) 
Load level 4.725 3.815 3.263 
(at which the first set of 
members buckle) 
(W) 
Load level 4.884 4.233 3.679 
(at which the second set 
of members buckle) 
(kN) 
Effective Stiffness of the 4.273 
Adjoining Structure 
(when the first set of 
members buckle) 
(kN/mm) 
Possibility of Dynýý Yes F- Yes Yes 
Response I I 
Tlie Table gives a simmary of the static collapse analysis and linear static analysis of dome 
No. 3. It can be seen that only when the maximum amplitude of imperfection A at the mid- 
length of the member is 0.00051, or 0.002L, a 'local collapse with snap-through' has occurred. 
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Fig 6.40 Load-Displacerrient Responses of the Triangular Double-Layer Braced Dome 
(Dome No. 3): The figure shows the load-displacernent responses of the dome at the central 
node of the upper chord. Different values for the maximum amplitude of imperfection A at the 
mid-length of the compression members has been used. 
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Fig 6.41 Load-Displacement ResI)onses of Dome No. 3 (A=0.0005L): The figure shows the 
load-displacement response of the dome at the central node of the Lipper chord, when A is 
0.0005L. The figure also illustrates the load levels at which the buckling of tile first and 
second sets of compression members have occurred, 
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Fig 6.42 Load- D ispla cem ent Responses of Dome No. 3 (A=0.002L): The figure shows the 
load-displacement response of the dome at the central node of the upper chord, when A is 
0.002L. The figure also illustrates the load levels at which the buckling of the first and second 
sets of compression members have Occurred. 
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Fig 6.43 Load-Displacenient Resj)onses of Dome No. 3 (A=0.0051, ): The figure shows the 
load-displacement response of the dome at the central node of the upper chord, when A is 
0.005L. The figure also illustrates the load levels at which the buckling of tile first and second 
sets of compression members have occurred. 
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Fig 6.44 Positions of the First and Second Sets of Buckled Members (Dome No. 3): The 
figure shows the positions of the first and second sets of the buckled members in dorne No. 3. 
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Fig 6.45 Time-Displacement Respoiise Dome No. 3 (A=0.0005L): The figure shows the 
time-displacement response of' the donle at the central node of file Lipper cord. Tile figure 
indicates that at t=6.52 seconds a mechanism has formcd, causing progressive collapse. 
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Fi2 6.46 Load-Dist)lacement Responses of Dome No. 3 (A=0.0005): The figure shows the 
load-displacement responses of the dome at the central node of the upper cord, with and 
without the dynamic effects of the member snap. The figure illustrates that the actual overall 
collapse load of the dome is 4.725 kN which is 3.5% less than the overall collapse load 
predicted by the static collapse analysis (4.884 kN). 
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Fit! 6.47 Time-Displacenient Response Dome No. 3 (A=0.0021, ): The figure shows tile 
time-displacement response of the dome at tile central node of the Lipper cord. The figure 
indicates that at t=6.54 seconds a mechanism has formed, causing progressive collapse. 
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Fij! 6.48 Load-Displacernent Responses Dome No. 3 (A=0.002): The figure shows the load- 
displacement responses of tile dome at the central nodeof the upper cord, with and without tile 
dynamic effects of the member snap. The figure illustrates that tile actual overall collapse load 
of the dome is 3.815 kN which is 11% less than the overall collapse load predicted by the 
static collapse analysis (4.233 kN). 
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Fig 6.49 Time-Displacenient Response of Dome No. 3 (A=0.005): The figure shows tile 
time-displacement response of the dome at the central node of tile upper cord. The figure 
clearly illustrates that no mechanism has formed, and consequently progressive collapse has 
not occurred. 
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6.7 CONCLUSION 
The dynamic propagation of a member snap is certainly a serious phenomenon for double- 
layer braced domes and requires carefid considerations. Considering the usual proportions of 
the members used, double-layer space structures whose pin-jointed cases are statically stable 
transmit loads primarily as axial forces. Therefore, they are usually treated as structures with 
pin-jointed connections. The response of double-layer braced domes with pin-ended members 
is a function of the member and the level of the sophistication of the member modelling, 
particularly the post-buckling behaviour of the compression members. Ile compression 
members used in double layer braced domes, often display 'brittle-type' buckling, that is, their 
negative post-buckling stiffness is very high, and also their load-shedding characteristics are 
very abrupt. 
Member snap is a dynamic instability phenomenon which in some circumstances occurs in 
compression members with abrupt load-shedding characteristics. Member snap occurs when 
equilibrium and compatibility cannot be maintained between the member and the adjoining part 
of the structure to which the member is attached. The kinetic energy released during the 
member snap phenomenon causes dynamic redistribution of the internal forces in the dome, 
which in turn, can cause other members to fail and cause further force redistribution. 
Consequently, failure can progress through a structure to cause overall collapse. 
The effects of compression member behaviour on the responses of double-layer braced domes 
has been classified into three response characteristics namely, 'overall collapse', 'local collapse 
with snap-through' and 'local collapse without snap-through'. When the load-shedding 
characteristics of a compression member is very abrupt and its negative post buckling stiffness 
is very high, during the redistribution process other members cannot absorb the load shed by 
the first set of failed members, without themselves failing. Tberefore, when the first set of 
highly stressed compression members reach their critical load, the overall collapse of the dome 
occurs. When the load shedding characteristics is relatively abrupt and their negative post- 
buckling stiffliess is relatively high, during the redistribution process, the other members 
cannot absorb the redistributed loads quickly enough and dynamic coupled instability occurs. 
279 
That is, nodal snap-through occurs at all nodes of the dome, as well as the buckled members 
which experience dynamic member snap. When the load-shedding characteristics of the 
compression members is mild and their negative post buckling stiffness is low, a 'local collapse 
without snap-through' occurs in the dome. During the redistribution process, the load shed 
can be adequately absorbed by the other members. So, there is a stable situation and finther 
load can be carried by the structure until other members buckle causing overall collapse. 
To evaluate the possibility of progressive collapse due to the member snap phenomenon in 
double-layer braced domes, subjected to uniform vertical concentrated loads at all the nodes of 
the upper chord, a procedure has been proposed which consists of three main steps, namely 
nonlinear static analysis, Bear eigenvalue analysis and nonlinear dynamic analysis. At the first 
step, a nonlinear (large displacement, elasto-plastic) static analysis is carried out to find the 
axial force - axial displacement response of the compression members. A nonlinear static 
collapse analysis is then undertaken to find the load-deflection responses of the dome using the 
ideal compression member behaviour obtained by a piecewise hearisation approach. If the 
response of the dome is a 'local collapse with snap-through' or a 'local collapse without snap- 
through' (when the negative post-buckling stiffness of the compression member is greater than 
the effective stiffness of the adjoining structure), the subsequent steps can be undertaken. At 
the second step, a linear eigenvalue analysis is carried out to obtain the natural frequencies of 
the structure in the static equilibrium state when the first set of compression members reach 
their critical load. By carrying out this step, the appropriate time increment for the nonlinear 
dynamic analysis as well as suitable damping factors can be predicted. In the final step, a 
nonlinear dynamic analysis is carried out to evaluate the possibility of progressive collapse of 
the dome. 
Using the proposed procedure, a number of different types of double-layer braced domes, 
subjected to uniform vertical concentrated loads at all the nodes of the upper chord, were 
analysed. The results of the analysis for the selected cases were presented in Section 6.6. 
Based on the results of these numerical analyses, the following points can be noted: 
When a 'local collapse with snap-through' occurs in the dome due to the dynamic 
instability coupling phenomenon, the possibility of progressive collapse is very high. The 
occurrence of dynamic instability coupling phenomenon results in a large amount of kinetic 
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energy being released, either in those nodes at which the snap-through has occurred or in 
the buckled members. Ile kinetic energy released during the dynamic coupled instability 
phenomenon causes an impulsive action to be applied to the dome. Consequently, a 
dynamic redistribution of internal forces occurs in the structure and the other highly 
stressed compression members reach their critical load. Ile dynamic redistribution causes 
additional failures in other members and results in the progressive collapse of the dome. 
When a 'local collapse without snap-through' occurs in a dome whose comer nodes are 
pinned supports, usually a linear static analysis, with the first set of buckled members 
removed, shows that the effective stiffness of the adjoining structure is less than the 
negative post-buckling stiffness. Consequently, there is the possibility of a dynamic 
response. However, the results of the dynamic analysis of the dome indicate that a member 
snap cannot occur and the occurrence of progressive collapse is not possible. This can be 
attributed to the fact that with linear static analysis, the effective stiffness of the adjoi ig 
structure is underestimated due to neglecting the post-buckling strength of the buckled 
members. It should also be noted that usually when all the peripheral nodes of the dome are 
pinned supports, after the first set of compression members reach their critical load, the 
effective stiffiess of the adjoining structure to which the buckled members are attached, is 
still greater than the post-buckling stiffness of the buckled members and therefore, the 
occurrence of members snap is not possible. 
It has been found that in double-layer braced domes with pinned supports at the comer 
nodes, usually the compression members connected to the support nodes are the first set of 
members which buckle with the possibility of member snap. Also, in double-layer braced 
domes with pinned supports at all the peripheral nodes, the compression members in the 
centre of the dome and the compression members connected to the supports at the middle 
half of the span, are usually the first sets which reach their critical load. Consequently, it is 
suggested that to improve the resistance to progressive collapse, these compression 
members should be designed with higher factors of safety than those currently used. 
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CHAPTER 7 
CONCLUSIONS 
7.1 GENERAL 
One of the most dangerous and complicated forrns of instability in braced domes, which has 
remained relatively unexplored, is the propagation of local instability initiated by nodal 
snap-through and member snap. Nodal snap-through can be defined as a considerable 
deviation occurring suddenly in the geometry of the dome at a local region around a node. 
Member snap is an instability phenomenon, occurring in double-layer braced domes with 
pin-jointed connections. A compression member, with an intermediate slenderness ratio, 
often displays 'brittle type' buckling in which the force drops suddenly when the member 
fails and there is a dynamic snap-through in the post-buckling path of the member. Both the 
nodal snap-through and member snap, as local instabilities, have dynamic characteristics 
and neglecting the dynamic effects of these phenomena may lead to an unrealistic 
estimation of the behaviour. In this Chapter a brief account of the research work is 
presented, followed by the main findings of the investigation. Finally, some suggestions for 
future work have been presented. 
7.2 DYNAMIC PROPAGATION OF NODAL SNAP-TIIROUGII IN SINGLE- 
IAYER BRACED DOMES 
Usually, single-layer braced domes experience nodal snap-through as a result of two 
different types of instabilities, namely, limit point instability and unstable-symmetric 
bifurcation point instability. In limit point instability, the softening associated with the initial 
mode of deformation may, by gradual reduction of stiffness, reach a state where the 
stiffness is lost completely. With an unstable-symmetric bifurcation point, the fundamental 
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equilibrium path intersects an unstable secondary failing post-buckling path. At both the 
limit point and unstable-symmetric bifurcation point, the structure will be compelled to seek 
other stable equilibrium states and therefore a dynamic jump will occur. The dynamic 
effects associated with the change of equilibrium states often involve large quantities of 
energy. Dynamic snap-through involves interchanges between recoverable strain energy, 
dissipated energy due to plastic deformation, kinetic energy released and work done by the 
applied loads. If the dome is capable of absorbing the kinetic energy released, the instability 
will not propagate and will remain contained. However, if the dome is unable to absorb this 
sudden release of kinetic energy, progressive collapse of the structure will ensue. 
Consequently, the amount of kinetic energy released during the snap-through has a 
dominant effect on the propagation phenomenon. 
One of the main concerns in the propagation phenomenon is to distinguish between a local 
instability and an overall instability. When nodal snap-through occurs in a single-layer 
braced dome as a local instability, only the curvature of a part of the dome reverses sign and 
the other parts of the structure can support additional load through a combination of the 
compressive membrane forces and bending moments. In the present study, abnormal local 
concentrated loads and local nodal imperfections were considered to be the primary causes 
of local nodal snap-through. 
It should be emphasised that in a reliable numerical method used to investigate the dynamic 
propagation of a local snap-through, the effects of the kinetic energy released should be 
introduced into the dynamic analysis. In the procedure proposed in the present study, this is 
achieved by using the concept of initial velocity. That is, the key point in the proposed 
procedure is that the effects of kinetic energy, released during the snap-through 
phenomenon, are represented by the initial velocities at the nodes at which snap-through 
has occurred. The proposed procedure consists of three main steps, namely, a nonlinear 
static analysis, a linear eigenvalue frequency analysis and a nonlinear dynamic analysis. By 
undertaking a nonlinear (elasto-plastic, large displacement) static analysis, it is possible to 
obtain infon-nation regarding the type of snap-through, limit point load (or bifurcation point 
load), the magnitude of kinetic energy released, the severity of violence in the dynamic 
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jump and the values of the initial velocities at the nodes at which snap-through has 
occurred. To trace the equilibrium path through a limit point into the post-critical range, an 
arc-length approach, such as the 'Modified Riks Method' should be used. In the second 
step, at the static equilibrium state of the structure at the end of the dynamic jump, a linear 
eigenvalue frequency analysis is undertaken to obtain the natural frequencies of the 
structure. By carrying out this step, the appropriate time increment for the subsequent 
nonlinear dynamic analysis can be predicted, as well as damping factors according to the 
'Rayleigh damping method'. In the final step, a nonlinear (elasto-plastic, large 
displacement) dynamic analysis is undertaken, beginning from the static equilibrium state of 
the structure at the end of the dynamic jump, to evaluate the possibility of progressive 
collapse. The velocities obtained in the first step, are used as initial conditions for the 
dynamic analysis. The limit load is applied as a 'step loading'. 
The effects of dynamic snap-through have been classified into three response 
characteristics, namely: 
Containment of local instability which is associated with a relatively small increase in 
displacements in the snap-through region. Consequently, only the sign of the curvature 
of a small part of the dome is reversed. 
Partial dynamic propagation of local snap-through which is associated with a 
considerable increase in displacements in the snap-through region as well as the dynamic 
jump of some rings of the dome surrounding the snap-through region. However, the 
complete inversion of the dome does not occur. 
Progressive collapse in which a local nodal snap-through propagates over the whole of 
the dome and the complete inversion of the dome occurs. 
7.2.1 Experimental Study 
The main objectives of the experimental study were as follows: 
To evaluate the accuracy and validity of the proposed procedure. 
To evaluate the behaviour of the domes after the occurrence of nodal snap-through. 
To asses the validity of the assumptions made in the theoretical procedure. 
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In order to achieve these objectives, two single-layer braced domes were fabricated and 
tested to collapse. The first model was a grid dome and the second model was a parallel 
lamella dome. The models were designed to exhibit local snap-through when loaded at the 
central node. The collapse tests of both domes were undertaken under load control in order 
to pen-nit the occurrence of dynamic jumps, that is, there was no control on the 
displacements. The grid dome model was designed to exhibit containment of local nodal 
snap-through. The lamella dome model was designed to allow propagation of local nodal 
snap-through. The behaviour of both models, before occurrence of the first snap-through 
showed that there was relatively good agreement between the experimental and theoretical 
responses. For the grid dome model, at the first limit point, a single snap-through occurred 
at the central node of the dome. Both the experimental and theoretical responses showed 
that the first snap-through was contained and did not propagate. For the lamella dome, the 
experimental results showed the occurrence of simultaneous multi-snap-through at the 
central node and all the nodes of the first and second rings, indicating the propagation 
of the local snap-through. The theoretical responses, based on the proposed procedure, 
showed fairly good agreement with the experimental results, and indicated that the 
local instability has propagated, even though the complete inversion of the dome model 
did not occur. 
On the whole, the experimental study showed that the proposed procedure for 
investigating the dynamic propagation of local nodal snap-through can provide a 
reliable approach for the prediction of the actual behaviour of single-layer braced 
domes after the occurrence of local nodal snap-through. 
7.2.2 Parametric Study 
In order to obtain some insight regarding the behaviour of single-layer braced domes during 
the snap-through phenomenon, a parametric study was undertaken. In evaluating the effects 
of different parameters on the propagation of a local nodal snap-through, five criteria were 
considered, namely: 
o the amount of kinetic energy released, 
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the initial velocities of those nodes at which snap-through has occurred, 
the magnitude of the first limit point load, 
the presence of simultaneous snap-through and 
the quantity of energy dissipated due to plastic deformation. 
The results of the parametric study are used to obtain certain conclusions regarding the 
characteristics of the propagation phenomenon. Strictly speaking, the scope of the 
conclusions is limited to the group of cases considered for the analysis. However, it is likely 
that the conclusions are of more general applicability. 
Considering the effects of initial nodal imperfections, it was found that geometrical 
imperfections can precipitate the propagation of a local nodal snap-through at earlier stages 
of loading. Also, it was shown that the analysed domes under loading conditions a and b 
were extremely sensitive to local downward nodal imperfections, and the progressive 
collapse of these structures could be triggered by releasing small amounts of kinetic energy. 
In other words, regarding the propagation of a local instability, the domes were much more 
sensitive to local nodal imperfections than local abnormal concentrated loads. Considering 
the effects of plasticity characteristics of the material, it was found that the amount of 
released kinetic energy dramatically increased with decreasing yield stress. When the yield 
stress of the members was low, the length of the dynarnic jump increased due to the spread 
of plasticity. In addition, during the post-snap behaviour and in the unstable part of the 
equilibrium path, the load decreased considerably with increasing deformation under 
displacement controlled loading. Thus, a large amount of kinetic energy was released and 
large initial velocities were applied to the structure which could cause the progressive 
collapse of the domes. Regarding the effects of rigidity of the joints, it was found that the 
domes with pin-jointed connections appeared to be more sensitive to the propagation 
phenomenon than rigidly-jointed domes. This is due to the large amount of kinetic energy 
released during snap-through in the pin-jointed cases. Also, the propagation phenomenon 
can be precipitated at earlier stages of loading for the pin-jointed domes. It was also shown 
that in some circumstances, increasing rigidity of the joints can change a dynamic snap- 
through to a high plastic deformation state without a dynamic jump. Considering the effects 
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of the configuration, it was found that the domes with high rise to span ratios (more than 
0.1) were more sensitive to the propagation phenomenon than those with low rise to span 
ratios. Single-layer braced domes with high rise to span ratio have relatively high load- 
carrying capacity, however, they release a substantial amount of kinetic energy during local 
snap-through and thus large initial velocities are applied to those nodes at which snap- 
through has occurred. It was also found that the domes whose pin-jointed cases are 
statically unstable appeared to be more sensitive to the propagation of a local snap-through. 
The main reason for this is the presence of simultaneous multi-snap-throughs in these 
structures occurring as a first snap-through. Regarding the effects of boundary conditions, 
the domes with either pinned or fixed supports at the comer nodes were more sensitive to 
the propagation phenomenon than those with supports at a the peripheral nodes, 
particularly when the domes were under abnormal concentrated loads on one or more 
nodes of a local region. 
Based on the results of the experimental work and parametric study, some design 
recommendations have been put forward to prevent the occurrence of propagation 
phenomenon. These design recommendations should be considered in addition to the 
conventional design criteria. The recommended design guidelines are as follows: 
" The likelihood of the presence of local nodal imperfection should be considered when 
the dome is under loading conditions a and b. 
" The likelihood of occurrence of the abnormal concentrated loads acting over a small 
area of the dome should be considered. 
Steel grades 50 and 55 should be selected in preference to steel with a lower yield stress. 
Rigidly-jointed connections should be selected for the domes. Also, the rigidity of the 
connections in the analysis and design processes should be considered. 
Single-layer braced domes whose pin-jointed cases are statically stable should be 
selected, in preference to the domes whose pin-jointed cases are statically unstable. 
The designer should appreciate that the domes with a low rise to span ratio usually show 
local nodal snap-through at earlier stages of loading. However, the amount of the kinetic 
energy released in these domes during the snap-through phenomenon is usually small. 
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Consequently, there is a lower possibility of the propagation of local snap-through in the 
domes with low rise to span ratio (less than 0.1). 
The preference should be given to supporting the dome at all the peripheral nodes on 
fixed supports. 
7.3 DYNAMIC PROPAGATION OF MEMBER SNAP IN DOUBLE-LAYER 
BRACED DOMES 
Considering a double-layer braced dome as a structure formed from pin-ended members, 
the individual behaviour of the members has a dominant effect on the structural behaviour, 
particularly the buckling behaviour of the compression members. Member snap is a 
dynamic instability phenomenon occurring in compression members with abrupt load- 
shedding characteristics. The member is assumed to maintain equilibrium and compatibility 
with the adjoining structure to which the member is attached. Under some circumstances 
when the compression member has reached its critical point which is unstable, equilibrium 
cannot be maintained between the member and its adjoining structure, and thus the member 
will continue to axially displace or 'axially snap-through' until equilibrium and compatibility 
are again possible at another point on the post-buckling path. If the effective stiffness of the 
adjoining structure is less than the negative post-buckling stiffhess of the member, the 
member will be in unstable equilibrium and will shorten with a dynamic jump. The member 
snap has dynamic characteristics and causes kinetic energy to be released which results in a 
dynamic redistribution of the internal forces in the dome. If the structure is not capable of 
withstanding the dynamic redistribution, failure can propagate through the dome, causing 
overall collapse. 
As the representation of the behaviour of the compression members has a central role in the 
collapse analysis of double-layer braced domes, an investigation into the behaviour of 
compression members, using the finite element method, was undertaken. Three parameters 
were considered, namely, the slenderness ratio of the compression members, the maximum 
amplitude of the initial imperfection at the mid-length of the member and the yield stress of 
the steel material. It was found that when a compression member has the following 
characteristics: 
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intermediate slenderness ratio (about 80), 
high grade steel (55 or 50), 
the maximum amplitude of the initial imperfection at the mýid-length of the member is 
relatively low (between 0.0005L and 0.005L), 
the negative post-buckling stiffhess of the member is high and the load-shedding 
characteristics is abrupt and there is a 'brittle type' post-buckling behaviour. 
The effects of compression member behaviour on the response of double-layer braced 
domes were classified into the following three response characteristics: 
Overall collapse in which the buckling of the first set of the compression members leads 
to overall collapse of the dome. This type of collapse occurs when the load shedding 
characteristics of the compression members is very abrupt. 
Local collapse with snap-through in which dynamic coupling instability occurs in the 
dome. That is, nodal snap-through occurs at the nodes of the dome, as well as'the 
buckled members experiencing member snap. 
Local collapse without snap-through in which the load-shedding characteristics of the 
compression member is low and consequently during the redistribution process, the load 
shed canbe adequately absorbed by the other members and there is a stable situation. 
When the type of collapse occurring in the dome is a local collapse with or without snap- 
through, a procedure was proposed to evaluate the possibility of progressive collapse of 
double-layer braced domes, subjected to uniform vertical concentrated loads at all the 
nodes of the upper chord. The proposed procedure, which is based on the dynamic 
instability concept, has three main steps, namely, nonlinear static analysis, linear eigenvalue 
frequency analysis and nonlinear dynamic analysis. At the first stage a nonlinear static 
analysis is undertaken to obtain the response of the compression members. The axial force - 
axial displacement responses of the compression members are then idealised using a 
piece, Mse linearisation approach to represent the behaviour of the members in the static 
collapse analysis. By undertaking a nonlinear static collapse analysis, it is possible to obtain 
information regarding the type of collapse, the load levels at which the first, second and 
subsequent sets of the members have buckled and the positions of the buckled members. In 
the second step, at the static equilibrium state of the dome when the first set of compression 
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members reach their critical load, a linear eigenvalue analysis is undertaken to find an 
appropriate time increment for the subsequent nonlinear dynamic analysis and suitable 
damping factors. At the final step, a nonlinear dynamic analysis is carried out, beginning 
from the static equilibrium state of the structure when the first set of compression members 
reach their critical load, to evaluate the possibility of progressive collapse. 
Using the proposed procedure, a number of different types of double-layer braced domes 
were analysed. The main conclusions obtained are as follows: 
" When the type of collapse occurring in the dome was a 'local collapse with snap- 
through', due to the dynamic instability coupling phenomenon, the possibility of 
progressive collapse was high. 
" When a 'local collapse with snap-through' occurred in the dome, the proposed 
procedure estimated the actual overall collapse load of the dome to be 5 to 15 percent 
less than the value obtained by a static collapse analysis. Therefore, the results of static 
post-buckling analyses of double-layer braced domes must be used with caution since 
they may lead to a sioficant overestimate of the load-carrying capacity of the structure. 
" When the type of collapse occurring in the dome was a 'local collapse without snap- 
through', dynamic analysis of the dome indicated that the possibility of progressive 
collapse was low. 
" In double-layer braced domes, with pinned supports at the comer nodes, the 
compression members connected to the support nodes should be designed with higher 
factors of safety than those currently used, because these members are the first set of 
members which buckle with the possibility of member snap. 
" In double-layer braced domes, with pinned supports at all the peripheral nodes, the 
compression members in the centre of the dome and those connected to the support 
nodes at the middle half of the span should be designed with higher safety factors than 
those currently used. 
7.4 FUTURE WORK 
Careful consideration of the investigation undertaken in the present study into the dynarnic 
propagation of nodal snap-through in single-layer braced domes and member snap in 
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double-layer braced domes together with the experimental study has led to following items 
being suggested for future work: 
7.4.1 Theoretical Studies: 
" The progressive collapse resistance design of single-layer braced domes and double- 
layer braced domes using the dynamic alternate path analysis. 
" The probabilistic analysis of the progressive collapse of single-layer braced domes and 
double-layer braced domes. 
" Extending the studies to single-layer braced domes and double-layer braced domes 
which are under dynamic loading such as earthquake loads. 
" Extending the studies to single-layer braced domes and double-layer braced domes 
which have been designed using optimisation techniques. 
" Consideration of the effects of the inclusion of soft members and force limiting devices 
on the dynamic propagation phenomenon in double-layer braced domes. 
" Automation of the proposed procedures for investigating the propagation phenomenon 
in single-layer braced domes and double-layer braced domes. 
" Parametric study of the dynamic propagation of member snap in double-layer braced 
domes. 
" Further investigation into the time-acceleration and time-velocity responses of single- 
layer braced domes and double-layer braced domes during the propagation 
phenomenon. 
7.4.2 Experimental Study: 
" Investigation into the propagation phenomenon in single-layer braced domes under 
loading conditions a and b, when there are geometrical imperfections at the nodes of 
local regions of the domes. 
" Investigation into the duration of a dynamic jump and the linearity of the acceleration in 
single-layer braced domes when simultaneous multi-snap-throughs occur. 
" Collapse tests of double-layer braced domes under load control in order to investigate 
the dynamic propagation of member snap. 
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APPENDIX A 
BACKGROUND TO THE NUMERICAL PROCEDURES 
AA INTRODUMON 
All of the analyses in the present study have been undertaken using ABAQUS which is a general 
purpose finite element program designed specificalty for advanced structural analysis. The main 
objective of the Appendix A is to give a background to the numerical procedures implemented in 
ABAQUS, which have been used in the present study. These basic numerical procedures are as 
follows: 
* Finite element modelling of space frame structures including large deformation and elasto-plastic 
analysis. 
Instability phenomenon including limit Point instability and bifurcation point instability, and 
finperfection sensitivity as well as strategies for tracing the equilibrium paths. 
Nonlinear dynamic analysis including derivation and solution of the nonlinear finite element 
equations. 
A. 2 NONLINEAR FINITE ELEMENT ANALYSIS OF SPACE STRUCTURES 
The finite element method is an approach to analyse structural systems. The analysis of an 
structural system requires the idealisation of the system, the formulation of the governing 
equilibrium equations of this idealised system, the solution of the equilibrium equations. 
In the finite element method, in order to establish the system governing equations, a variational 
formulation is used. A variational formulation consists of locating the set (or sets) of values (state 
variable) Uj, n for which a given fimctional (such as total potential energy in the finite 
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element method) 17 (U,,.., U, ) is a xna)dmý mininunn or has a saddle point. Ile conditions to 
obtain the equations for the state variables are as follows: 
8H= 0 or d YdUi =0j, k--I..., n A. I 
-, A&ere S stands for 'arbitrary variations in the state variables Uj satisfying the boundary conditions', 
and the second derivatives of 17 with respect to the state variables decide whether the solution 
corresponds to a maximum, miniminn or saddle point. Ile essence of this approach is to calculate 
the total potential energy 17of the system and to find the stationary value of 17, that is, 817-'-0 with 
respect to the state variables. In this way, the system governing differential equations are obtained 
To solve these equations in the finite element method, an approximation approach is used which 
generally is based on the Ritz analysis method. The basic step in the Ritz analysis is to assume a 
solution of the form: 
aifi A2 
"here the terms fj are linearly independent trial fimctions and the terms ai are multipEers to be 
determined in the solution. Using the Ritz method in the finite element method, the trial fimction 0 
is substituted into 17 and n simultaneous equations are generated for the parameters ai using the 
stationary condition ofH: 
dIll = () k--19 2,..., n A3 / da, 
A. 2.1 General Derivation of Finite-Element Equilibrium Equations 
Consider the equilibrium of a general three-dimensional body such as in Fig Al. The external 
forces acting on the body are surface forces f s, body forces f ', and concentrated forces F'. 
These forces include all extemally applied forces and reactions and have in general three 
components corresponding to the three coordinate axes [Bathe 1982]: 
fB 
x 
fs 
x 
fi 
x 
a0s=sA. 
4 fyj f f; fr, 
fzg- 
- 
fzs fzl- 
The displacements of the body are denoted by U, where: 
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uT = [U v W] A-5 
The strains corresponding to U are: 
T 
-P = 
lexx eyy --Zz exy Cyz Czx] A. 6 
and the stresses corresponding to e are: 
Ar =[, tx, AYY AZZ Axr AYZ AZXI A-7 
Assume that the externally applied forces are given and that it is required to solve for the resulting 
displacements, strains and stresses in (A-5) to (A. 7). An equivalent approach to express the 
equilibrium of the body is to use the 'principle of virtual displacements'. This principle states that 
the equilibrium of the body requires that for any compatible, small virtual displacement imposed on 
the body, the total internal virtual work is equal to the total external virtual work; that is: 
ýT TrIV = 
fUTf 'dV +f Uf '(IS + 2: UirF' A. 8 f VVS 
The internal virtual work is given on the left side of (A-8), and is equal to the actual stresses rgoing 
through the virtual strains e (that correspond to the imposed virtual displacements), 
iýT 
= [ixy ýYy izz ýXr iýyz iýzxl A. 9 
is is Iz. Iz 
FS fe 
Fz' Fz' 
Z, W 
FV' 
Y, V 
X, u 
w Y, v 
V. 
*, X, u 
Finite element 
Fie A. 1 General Three Dimensional Body: The figure shows a general three-dimensional body. 
The external forces acting on the body are surface forces f s, body f orces f and concentrated 
forces F'. 
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The external work is given on the right side of (A- 8) and is equal to the actual forces f', f' and 
F' going through the virtual displacements U,, where: 
UT 
= 
[U j7 W] Alo 
The superscript s denotes that surface displacements are considered and the superscript i denotes 
the displacements at the point where the concentrated forcesF' are applied. Although the virtual 
work equation has been written in (A. 8) in the global coordinate system XYZ of the body, it is 
equally valid in any other system of coordinates. It is worth noting that the principle of virtual 
displacements can be directly related to the principle that the total potential energy Hof the system 
must have a stationary value, that is, finding the stationary of II is equivalent to the principle of 
virtual displacements. 
In the finite element analysis, the body is approximated as an assemblage of discrete finite elements 
with the elements being interconnected at nodal points of the elements boundaries. Ile 
displacements measured in the local coordinate system xyz (to be chosen conveniently) within 
each element are assumed to be a fimcdon of the displacements at the n finite element nodal points, 
that is for element m: 
u (')(X, (X, Y, Z)ü All 
where R("O is the displacement interpolation matrix, the superscfipt m denotes element m and 
& is 
a vector of the three global displacement components Ui, Vi, Wi at all points that is, & is a vector 
of dimension 3n, 
&T= [Uý U2 U3 
*- 
Un ] A 12 
where it is understood that Uj may correspond to a displacement in any direction and Ui may also 
signify a rotation when beams, plates, or shells are considered. Although all nodal point 
displacements are listed in 6, it should be realized that for a given element only the displacements 
at the nodes of the element affect the displacement and strain distributions within the element. Tlie 
corresponding element strains can be evaluated as: 
c(')(x, y, z) = B(')(x, y, z)& A13 
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where B("O is the strain-displacement matrix, the rows of B("O are obtained by appropriately 
differentiating and combining rows of matrix lf"ý The stresses are related to the element strains 
and the element fi" stresses, as follows: 
r(-) = c(-)c(-) +. rl(-) A- 14 
, Ahere &0 is the elasticity matrix of element m and ?0 is the vector of element initial stresses. 
Now, the equilibrium equations that correspond to the nodal displacements of the assemblage of 
the finite element, can be derived. First the equation of the principle of virtual displacements (A. 8) 
can be rewritten as a stim of the integrations over the volume and areas of all finite elements, that is, 
1: fiý(, )T (m)T 
r(')dV(') fUf B(')dV() +f Us(")Tf s(')dS(") + 2: U'r'F' 
M V(. ) M V(-) M S(-) i 
A 15 
where m=I, 2,.., k and k is the number of the elements. If the element displacements, strains, and 
stresses are substituted into (AL 15), the following expression is obtained: 
Z- ü UT B(')"C(-)B(-)dV(-) U1 fH(')rf'(')dV(') 
V(-) 
1 
-1 m v(. ) 
1 
+f2: f Hs()"f s(')dS(') ')"71(')dV(-) +F A. 16 - 
ly- 
f B( 
where the surface displacement interpolation matrices W("O are obtained from the volume 
displacement interpolation matrices IPO by substituting the element surface coordinates and F is a 
vector of the externally applied forces to the nodes of the element assemblage. To obtain from 
(A. 16) the equations for the unknown nodal displacements, the unit virtual displacements are 
imposed at all displacement components. In this way UO =I (I is the identify matrix), and denoting 
the nodal displacements by U, that is, letting & =U, the equilibrium equations of the element 
assemblage corresponding to the nodal displacements are: 
KU=R A17 
,, Abere R=RB +Rs -R, +Rc A. 18 
The matrix K is the stiffiness matrix of the element assemblage, 
1: f B(')"C(')B(')dV(') 
m V(-) 
A 19 
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The load vector R includes the effect of the element body forces, 
RB mf H()"f B(')dV Aý20 
00) 
the effect of the element surface forces, 
Rs = EHs(')rf s(')dS(') A21 
m 
the effect ofthe element h" stresses, 
R, = 1: f B(')rr'(')dV(') A22 
m V(. ) 
and the concentrated loads, 
Rc =F A-23 
A. 2.2 Iarge Deformation Finite Element Analysis 
There are two important large deformation cases, namely. 
Large displacement and large rotation but small strain. 
Large displacement and large rotation and large strain. 
The basic problem in a large deformation analysis is to find out the state of the equilibrium of a 
body corresponding to the applied loads. Assurning that the externally applied loads are described 
as a fimction of time, the equilibrium condition of a system of finite elements representing the body 
can be expressed as: 
'R-'F =0 A24 
ubere the vector I lists the externally applied nodal forces in the configuration at time t and the 
vector'F lists the nodal forces that correspond to the element stresses: 
'R='R, +Rs +Rc A. 25 
A. 26 
m #V(. 
) 
where in a general large deformation analysis the stresses as well as the volume of the body at time 
t are unknown. Therefore, the relations in (A24) must be solved for the complete time range of 
interest. This response calculation is effectively carried out using a step-by-step incremental 
analysis. The basic approach in an incremental step-by-step solution is to assume that the solution 
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for the discrete time t is Imown and that the solution for the discrete time t+A t is required, where 
At is a suitably chosen time increment. Hence, considering (A-24) at time t+A t: 
9+AIR_IIAI = 
Since the solution is knoAn at time t, it can be written: 
t+AT I 
A27 
A28 
'where F is the increment in nodal forces corresponding to the increment in element displacements 
and stresses from time t to t+At. This vector can be approximated using a tangent stifffiess matrix 
'K, which corresponds to the geometric and material condition at time t. 
F-'ICU A29 
"here Uis the vector of incremental nodal displacements. Substituting from (A-28) into (A-27): 
'KU="A'R-'F A-30 
Solving for U, an approximation to the displacement at time t+A t can be calculated: 
$+At U='U+U A31 
The exact displacements at time t+A t are those that correspond to the applied loads "AR, but only 
an approximation to these displacement has been calculated. 
A widely used iteration method is the 'Modified Newton Iteration'. This iterative scheme can be 
derived from the 'Newton-Raphson Method' for the solution of a system of nonlinear equations 
and is quite effective in many cases and contains the basic solution steps used in practically all 
incremental solution strategies. The equations used in the 'Modified Newton Iteration' are, for i 
1,2,3,... 
'KAU(')="A'R-"'A'F('-') A32 
#+AIU(i)=t+ATU(i-1) 
+AU(i) A33 
with the fi" conditions: 
t+AtU(#)=tU ; #+At F(*)=F A34 
Thus in the subsequent iterations, the latest estimates for the nodal displacements are used to 
evaluate the corresponding element stresses and nodal forces The out-of-balance load 
vector corresponds to a load vector is not yet balanced by element stresses, and hence 
an increment in the nodal displacements is required. Ilis updating of the nodal displacements in the 
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iteration is continued until the out-of-balance loads and incremental displacements are sufficiently 
smafl. 
A. 2.2.1 Lagrangian Formulation 
In the previous section, it was pointed out that in general it is necessary to employ an incremental 
formulation, and that a time variable is used to conveniently describe the loading and the motion of 
the body. In the development to follow, consider the motion of a general body in a Cartesian 
coordinate system as shown in Fig A. 2, and assume that the body can experience large 
displacements, large strain and a nonlinear constitutive response. 
Configuration corresponding to 
variation in displacement c5u 
on "Atu ,u 
I" 
,- 
Ju = U2 
.1e, 
'7 UI 5U3 
P(t"r X1, t+a t X2, t+6 t X3) 
Configuration at time t+At 
Surface area t+&tS 
Volume t+'tV 
t-umiguravon at time r 
JI 
Surface area tS 
Volume 
JI 
P(OX1, OX2, OX3) 
Configuration at time 0 
Surface area OS 
Volume OV 
t+ätxi =0 Xi + 
t+ätui 
txi . oxi + rui 1,2,3 
t+ä'xi 
= 'xi + ul 
1 
Figy A. 2 Motion of the Body in a Cartesian Coordinate System: The figure shows the motion 
of a general body in a Cartesian coordinate system. In the total Lagrangian formulation (TL) and in 
the updated Lagrangian formulation (UL), all the static and kinematic variables are referred to the 
initial configuration at time 0 and t, respectively. 
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To develop the solution strategy, it is assumed that the solution for the static and Idnernatic 
variables for all time steps from time 0 to time t, have been obtained. Then the solution process for 
the next required equilibrium position corresponding to time t+A t is typical and would be applied 
repetitively until the complete solution path has been found. Hence in the analysis, all the particles 
of the body in their motion are followed, from the original to the final configuration of the body, it 
means that a Lagrangian fornrulation of the problem was adopted. In the lagrangian incremental 
analysis approach, the equilibrium of the body at time t+A t is expressed by using the principle of 
virtual displacement. There are two types of Lagrangian formulation, namely, 'Total Lagrangian 
Formulation (TL)' and 'Updated Lagrangian Formulation (UL)'. In the total Lagrangian 
formulation (TL), all the static and Idnernatic variables are referred to the initial configuration at 
time 0. This formulation is suitable for both large displacement, large rotation, large strains or small 
strains. The updated Lagrangian formulation (UL) is based on the same procedures as that used in 
(TL), but in the solution, all the static and Idnematic variables are referred to the configuration at 
time t. Because in the case of large strains, the cross sectional areas would have to be updated, this 
formulation is suitable for large displacement, large rotation, but small strains. Comparing the (UL) 
and the (TL), it can be observed that they are quite similar and that, in fact, the only difference 
between the two formulation Res in the choice of a different reference configuration for the 
Idnematic and static variables. 
A. 2.2.2 Finite Element Matrices in Nonlinear Analysis 
The finite element matrices for nonlinear analysis are evaluated using the element coordinate and 
displacement interpolation functions and by using the principle of virtual displacements for each of 
the nodal point displacements. Consequently, the finite element matrices for bodi total Lagrangian 
formulation (M) and updated Lagrangian formulation (UL) can be obtained as follows: 
* Finite element matrices in (M) 
'KAU(') A35 00 
O'K = Tangent stiffiess matrix 
s+At R= Vector ofthe externally applied nodal point loads at time t+At 
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t+AT 
g F(") = Vector ofnodal point 
forces equivalent to the element stress at time t+At and iteration 
q-1) 
4, Finite element matrices in (UL) 
'KAU(')="""R-, '. 'AA'F('-') 
A. 2.3 Elasto-Plastic Finite Element Analysis 
A-36 
A fimdamental observation comparing elastic and elasto-plastic analysis is that in elastic solutions 
the total stress can be evaluated from the total strain alone, '"fiereas in an elastic-plastic response 
calculation the total stress at time t also depends on the stress-strain history. Assuming the elasto- 
plastic material, it is necessary to evaluate of the elastic-plastic stress-strain matrix (CEP). 
A. 2.3.1 Evaluation of the Elastic-Plastic Stress-Strain Matrix 
The classical incremental theory of plasticity is usually used to describe the elastic-plastic material 
behaviour, in which the mechanical strain is decomposed into an elastic part and a plastic part. 
Using the incremental theory of plasticity, three properties, in addition to the elastic stress-strain 
relations, characterise the material behaviour [Mendelson 1968, Bathe 1982, Jonson and Mellor 
1983, calladine 1985, Crisfield 1991]: 
A yield condition which specifies the state of multiaxial stress corresponding to the start of the 
plastic flow. A yield condition is a hypothesis concerning the limit of elasticity under any 
p 'ble combination of stresses. There are different es of yield criteria, such as Von Mises ossi typ 
and Tresca. 
A flow rule which relates the plastic strain increments to the current stresses and the stress 
increments subsequent to yielding. There are two important flow rules, namely. associated flow 
rule and non-associated flow rule. In the associated flow rule, it is assumed that the increment of 
plastic strain vector is outward normal to the yield surface in stress space. However, in non- 
associated flow rule, which is used for geomechanical material, the flow direction is not usually 
normal to the yield surface. 
A hardening rule which specifies how the yield condition is modified during plastic flow. There 
are two types of hardening rules, namely. isotropic and Idnernatics. In the case of isotropic 
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stress-hardening, the subsequent yield curves are the uniform expansion of the initial yield curve. 
In the kinematic hardening, the subsequent yield curves preserve their shape and orientation but 
translate in the stress plane as a rigid body. 
Generay, to model steel material, the Von NEses yield condition is used which is restricted to an 
associated flow rule. Considering isothermal conditions and isotropic hardening, the initial and 
subsequent yield condition can be written at time t as: 
'F('au, t ic) = A. 37 
where 'ic is the state variable which depends on the plastic strains 'ePu The Von Mses yield 
condition is given by the follovAng expression: 
T=0.5S# Is Y- 
t Ic A. 38 
in which the 'Sq are the deviatoric stresses: 
ts 
q =ta 
ta. 
45U t a. =I' a,,,,, A. 39 3m 
1sa2A. 
40 
vAth ' ay being the yield stress at time ý The Von Mses yield condition is shown in Fig A. 3. 
a 
a 
, ---t, 
eE le 
e 
Fit! A. 3 Von Mises Yield Condition (Isotropic Hardening): The figure shows the Von Hses 
yield condition, which specifies the state of multiaxial stress corresponding to the start of the plastic 
flow. 
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When the analysis is restricted to an associated flow rule, fimctionF in (A. 37) is used to calculate 
the plastic strain increments: 
de P ='A 
O'F 
9 , 
A41 
i9 au 
where 'A is a scalar still to be determined. Since during plastic deformationF=O, 
, O'F do- .. + 
OT deý =0 A42 9e 
where do-4 and dep# are differential increments in stresses and plastic strains. For convenience of 
presentation let: 
lq# - 
OT 
PU - 
O'F A43 
and to use matrix notation, it is defined: 
t qT= ['qj, 
tq22 'q.,, 2'q12 2'q23 2'q31 
tPT=II P11 IP22 OP33 tP12 tP23 tP31] 
The Stress increments are evaluated using: 
da = CE (de _ deP) A44 
Wherere CE is the elastic stress-strain matrix. Using (A4 1) to (A44) the scalarA can be evaluated: 
Iq TC Ede A45 
IPT9 q+q 
TCE 'q 
Then substituting from (A4 1) and (A45) into (A44), the following is obtained: 
dcr = Cde A. 46 
where the matrix CEP represents the instantaneous elastic-plastic stress-strain matrix: 
EP 
=Cw_ 
CE 
C 
'q(CE'q)T 
A-47 
$P rt q+'q rCEt q 
A. 2.3.2 Solution Algorithm for Elastic-Plastic Stress Calculation 
The finite element formulation of the Von Mises plasticity model, outlined in the previous Section, 
demonstrates the main features of an elasto-plastic analysis. A major characteristics is that the 
stress-strain matrix CEP is dependent on current conditions of the stresses, strain and other state 
variables plus their history. It follows that to obtain an accurate response prediction, it is necessary 
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to employ the relation (A. 46) in an integration process. Specifically, once the approximation to the 
displacement increments have been evaluated using equations (A. 30)and (A. 31), the stresses 
coffesponding tothe time t+At are calculated using: 
$. At, 
I+AT a=$ a+ f Cde 
to 
A48 
'I'he solution for the stresses in (A.. 48) is still appro)dmate because the displacement and hence 
strain increments are only apprwdmate. Therefore, to solve for an accurate response prediction, 
equilibrium iteration is generally required, in which case the relation in (A. 48) is generalised to the 
equation: 
s+At a 
(i-1) 
t+At (T 
(i-1) 
=Ia+f cEPde 
to 
A49 
The general observation is that in clasto-plastic analysis integration of the stresses needs to be 
carried out during each equilibrium iteration. It is worth noting that the element stresses are only 
calculated at some specific points such as: the centre of an element, the nodal point locations, and 
the numerical integration points used in the evaluation of the element stiffiess matrix Usually in an 
elasto-plastic analysis, in order to detect the growth of plasticity over the cross-section of the 
element, the cross-section is divided into a number of segments. The sectional properties Wid-dn the 
segment are assumed to be constant. Consequently, the element stresses are calculated at the centre 
of each segment, using numerical integration [Kani ans McConnel 1987, Meek and Loganathan 
1989]. 
A. 2.4 Finite Element Formulation of Three-Dimensional Beam Element 
Generally, to analyse the behaviour of space frame structures using the finite element method, a 
three-dimensional beam element is employed. The main objective of the present Section is to 
outline the basic principles used in the finite element formulation of this three dimensional beam 
element. In this element, each node has three translational and three rotational degrees of freedom 
about three axes (X, Y, Z). 
A. 2.4.1 Basic Kinematic Assumptions 
The following basic Idnematic assumptions are usually considered in the finite element formulation 
of a three-dimensional beam element. 
* Plane sections normal to the neutral axis remain plane and undistorted under deformation. 
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When the 'Euler-Bemolli' beam theory is used, any transverse shear deformation is ignored, that 
is, a normal to the mid-surface (neutral axis) of the beam remains straight during defon-nation 
and that its angular rotation is equal to the slope of the beam mid-surface, as shown in Fig AA 
When the 'Timoshenko' beam theory is used, the effects of shear deformation is taken into 
consideration. Based on this theory, the assumption that a plane section originally normal to the 
neutral axis remains plane, is retained, but because of shear deformation, this section does not 
remain normal to the neutral axis. As illustrated in Fig AA, the total rotation of the plane 
originally normal to the neutral axis of the beam is due to rotation of the tangent to the neutral 
axis and the shear deformation. 
The displacements and rotations of the element can be arbitrary large, but the element strains are 
still assumed to be small, which means the cross-sectional area does not change. 
dw 
WX Neutral a 
axis Element 2 
W 13 
Element I 
4-Beamsection Nk at 
x 
Boundary conditions between beam 
Deformation of cross section elements 
Beam Deformation Excluding Shear Effect 
dw 
dx 
P-- -- x 
Neutral 
fixis 
Element 2 
Element I 
W, I--, 
Beam section 
Deformation of cross section Boundary conditions 
between beam 
elements 
Beam Defon-nation Including Shear Effect 
FiLy AA Beam Deformation Assumptions: The figure shows beam deformation assumptions. 
When the effects of shear deformation is taken into consideration, the total rotation of the plane 
originally normal to the neutral axis of the beam is due to rotation of the tangent to the neutral axis 
and the shear deformation. 
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A. 2.4.2 Formulation Based on Isoparametric Interpolation Functions 
Usually in the finite element formulation of three-dimensional beam elements, the relationship 
between the element displacements at any point and the element nodal point displacements is 
directly achieved through the use of isoparametric interpolation functions (also called shape 
functions). The interpolation of the element coordinates and element displacements using the same 
interpolation functions is the basis of the isopararnetric finite element formulation. The coordinate 
interpolations are: 
mmm 
x hixi y hjyj z hizi A-50 
where x, y, z are the coordinates at any point of the element global (or local) coordinates and xi , 
yj , zi , k-- are the coordinates of the ns element nodes. 
The interpolation functions h, are 
defined in the natural coordinate system of the element, which has variables r, s, t that each vary 
from -1 to +1. Fig A. 5 gives the interpolation functions of a one-dimensional element which depend 
only on the natural coordinate variable r. In the isoparametric formulation, the element 
displacements are interpolated in the same way as the geometry: 
mm 
hjui v hivi )v hi Tpj A. 51 
where u, v and iv are the global (or local) element displacements at any point of the element and 
ui vi and )vi are the corresponding element displacements at its nodes. 
0.3L 0.5L 
I-0.2L , 
Node 1 
r- 
Node 4 
1. 
_ýNode 
2 
r--1 r-O r- +1 ... 3-node case 
r-1 r--1 rm+l rm +1 ... 4-node case 33 
(a) 2 to 4 variable-number-nodes truss element 
1 Include only if I Include only if II node 3 is present I nodes 3 and 4 are present 
I 
h, 00-2+ 22+ rl, (-9r3 +r 
h2 10 +1 r2) 2 2 16 
. -... ---. ---. -. L. +1(27r3+7r2-27r-7) 1 16 
h4. il-, (-27r3-9r2+27r+9) 11 
(b) Interpolation functions 
Fig A. 5 Interpolation Functions of One-Dimensional Element: The figure gives the 
interpolation functions of a one-dimensional element which depend only on the natural coordinate 
variable r.. 
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In order to obtain the stiffiness matrix of an element, it is necessary to calculate the strain- 
displacement transformation matrix. The element strains are obtained in terms of derivatives of 
element displacements with respect to the global (or local) coordinates. Because the element 
displacements are defined in the natural coordinate system, it is required to relate the x, y, z 
derivatives to the r, s, t derivatives. The derivatives dlitc, d1dy and dldz can be obtained using 
the chain rule in the folloAing fomi: 
dd dr d ds d dt 
dv dr d-c 
+ ds dv dt dv 
A-52 
with simila relations for d1dy and dldz. However, to evaluate dldx in (A52), it is required to 
calculate drldv , dsldv and dtl&c . Using the chain rule, there 
is: 
d dv dy dz 
' 
d 
- dr Tr -dr dr dx 
d dv dy dz d A53 
ds ds ds ds dy 
d &C dy dz d 
dt dt dt dt J 
I 
dz 
or, in matfix notation: 
dd A54 
dr dr 
"here Jis the 'Jacobian. operator' relating coordinate derivatives to the global (or local) coordinate 
derivatives. The Jacobian operator can be found using equation (A. 50). Iben, d/dv can be found, 
using the fbHowing expression: 
d 
-1 
d 
=j dv dr 
A55 
which requires that the inverse of J exists. Using equations (A. 51) to (A. 55), 
duldx , duldy , duldz , dvldx, and .... dwldz can be calculated and the strain-displacement 
transformation matrix B can be constructed using: 
c= Bfi A. 56 
where fi is a vector listing the element nodal displacements and rotations. The element stiffhess 
matrix corresponding to the global (or local) element degrees of freedom is: 
KfBT CBdV 
v 
A57 
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The elements of B are fimctions of the natural coordinates r, s and t and the volume integration 
extends over the natural coordinates volume, and the volume differential dVneeds to be written in 
terms ofthe natural coordinates. In general, there is: 
dV = det J. dr. ds. dt A. 58 
"bere det J is the determinant of the Jacobian operator in (AL 54). In order to calculate the element 
stiffliess matrix, numerical integration is employed. Indeed, numerical integration must be regarded 
as an integral part ofthe isoparametric element stiffiess matrix evaluation. 
A. 3 INSTABH. XrY PHENOMENON 
The concept of stability is frequently explained by considering the equilibrium states of the systems. 
The term equilibrium state is used to describe the configuration of the model and its loading which 
satisfy the requirement of equilibrium and compatibility. If the static forces acting upon the system 
after such a small displacement about an equilibrium state are in a direction which tends to restore 
the system to its original equilibrium state, it is considered that the original position is a stable 
equiliblium state, but if the static forces are such that they tend to upset the system then the original 
position is an unstable equilibrium state. Therefore the structural system is considered unstable 
when it is not capable of satisfying all the necessary equations of static equililbrium. 
From an energy point ofview, instability phenomenon can be defined by another description. If the 
total potential energy of the system is a mininnim, the structure is stable with respect to a small 
disturbance, and if the total potential energy is a maximum, the structure is correspondingly 
unstable. In other words, an equilibrium state at which the total potential energy is an isolated local 
minimurn, is necessarily stable and equilibrium state at which the total potential energy is not an 
isolated local minimum, is necessarily unstable. Therefore, a complete relative minimum of the total 
potential energy is necessary and sufficient for the stability of equilibrium In order to discover 
whether the total potential energy is a maximum or a minimum, a knowledge of the second 
variation of the total potential energy is required. Since the critical load is the load at which a 
system in equilibrium passes from stable to unstable equilibrium, the critical point can be 
determined by finding the load at which the second variation of the total potential energy of the 
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system changes from positive (stable) to negative (unstable) [Croll and Walker 1972, Chajes 1974, 
Thon4)son and Hunt 1973 & 19841. 
A. 3.1 Different Types of Instability 
There are two iniportant types of instability, namely. limit point instability and bifurcation point 
instability [Thompson and Hunt 1973 & 1984]. In limit point instability, a structure with nonlinear 
unstiffening characteristics loses its instability by a sudden buckling into a mode of deformation 
which is in accordance with the initial mode of deformation. However, in the bifurcation point 
instability, a structure with nonlinear softening characteristics may lose its stability by a sudden 
buckling into a mode of deformation which is quite distinct from the initial unstiffening mode. 
There are three types of bifurcation point instability, namely asymmetric bifurcation, stable- 
symmetric bifurcation and unstable-symmetric bifurcation [Thompson and Hunt 1973 & 1984]. In 
asymmetric bifurcation point, the initially stable fimdamental equilibrium path from the origin loses 
its stability on intersecting a distinct and continuous post-buckling equilibrium path. In stable- 
symmetric bifurcation point, a fimdamental equilibrium rising monotonically from the origin is seen 
to lose its initial stability on intersecting a stable rising post-buckling path which passes smoothly 
through the critical equilibrium state with zero slope. In unstable-symmetfic bifurcation point, the 
firndamental path intersects an unstable falling post-buckling path which has a zero slope at the 
critical state. Usually, single-layer braced domes experience limit-point instability and unstable- 
symmetric bifurcation point instability [Supple 1983], which will be outlined in the next Section 
from an energy viewpoint. 
A. 3.1.1 Limit-Point Instability 
The energy transformation in the limit point is shown in Fig A6 Where continuous lines denotes 
stable equilibrium paths While broken lines denote an unstable equilibrium path. In this figure and 
other figures Qj represents a set of n generalized coordinates and A is a loading parameter. At a 
prescribed value of A=A' less than A' the total potential energy has a minimum with respect to Q' 
on the stable rising region of the path and a maximum on the unstable region. As the prescribed 
value of A is increased the maximum and minimum coalesce so that at A=A' the total potential 
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energy has a horizontal point of inflwdon at the critical equilibrium state. At the higher value of 
A=A 2 there are no local equilibrium states and the total potential energy has no local stationary 
point as shown. The critical equilibrium state has to be itself unstable, and the absence of local 
equilibritun states at values of A greater than A' implies that a physical system under slowly 
increasing A must snap dynamically as indicated by the arrow [Croll and Walker 1972, Thompson 
and Hunt 1973 & 1984, Riks 1984a & 1984b]. 
A-3.1.2 Unstable-Symmetric Bifurcation 
The energy transformation in the unstable-sytnmetfic bifurcation point is shown in Fig A7. At a 
prescribed value of A=A' less than the critical value the energy has three stationary values with 
respect to Qj, namely two maxima on the unstable post-buckling path and a minimum on the stable 
region ofthe fundamental path. 'Mese three stationary points transform into a single maximum with 
increasing A as shown. The critical equilibrium state is seen to be unstable, so a physical system 
would snap dynamically from the critical equilibrium state, the direction taken depending on the 
direction of the small disturbances [Croll and Walker 1972, Tbon3pson and Hunt 1973 & 1984, 
Riks 1984a & 1984b, Choong and Hangai 1993]. 
A. 3.2 Imperfection Sensitivity 
Geometrical and mechanical imperfections can drastically change the response of structures. The 
lose of stability of an imperfect system can be derived as a perturbation of the perfect system In the 
perturbation method, an imperfection c is introduced into the total potential energy function H to 
give a function with respect to Qj, A, F.. The system corresponding to c=0 is described as the 
perfect system and the system corresponding to non-zero values of c are described as imperfect 
systems [Croll and Walker 1972, Thompson and Hunt 1973 , Supple 1973, Flores and Godoy 
1992]. 
A-3.2.1 Effects of Initial Imperfection on the Limit Point Instability 
Effects of initial imperfection are shown in Fig A8 where heavy fine represent the equiBrium. path 
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Fie A. 6 Energy Transformation in the Limit-Point Instability: The figure shows the energy 
transformation in the lin-&-point instability. At A=A! the total potential energy has a horizontal 
point of inflexion at the critical equilibrium state. The critical equilibrium state is seen to be itself 
unstable, and the absence of local equilibrium states at values of A greater than X implies that a 
physical system under slowly increasing A must snap dynamically. 
\W I 
Qi 
Fig A. 7 Energry Transformation in the Unstable-Symmetric 'Bifurcation Point: The Figure 
shows the energy transformation in the unstable-symmetric bifurcation point instability. The critical 
equilibrium state has to be unstable, so a physical system would snap dynamically from the critical 
equilibrium state, the direction taken depending on the direction of the small disturbances. 
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of the perfect system while light lines represent the equilibriurn. paths of the imperfect systems. In 
this figure, it can be seen that the response of an imperfect system is simila to the corresponding 
perfect systerm Ile peak or failure load Am varies with the imperfection parameter f;, and this 
variation is shown in the right-hand diagram of the figure, the fimction Am(F) having normally a 
finite and non-zero slope and no singularity at the critical point [Thompson and Hunt 1973 & 
1984]. 
A. 3.2.2 Effects of Initial Imperfection on the Unstable-Symmetric Bifurcation 
The effects of initial. imperfection in the unstable-s)=etnc point of bifurcation are depicted in Fig 
A-9. The initial finperfection has a significant role in modifying the behaviour of the system Small 
positive and small negative imperfections again have simila effects, each now inducing failure at a 
limit point at a considerably reduced value of A. The variation of Am with c is shown in the right- 
hand diagram, which indicates extreme sensitivity to both positive and negative initial imperfections 
[Thonq)son and Hunt 1973 & 1984]. 
A-3.3 Instability phenomenon through the Examination of the Tangent Stiffness Matrix 
Perhaps, the best way for investigating the instability phenomenon in structures is to perform a 
collapse nonlinear analysis. In the analysis, the load distribution on the structure is knovm but the 
load magnitude that the structure can sustain is unkno, "m. In a collapse analysis the equations of 
equilibrium for each load step using, for example, the TL formulation are [Bathe 1982]: 
'KAU(') =( $+At P)AR-'+AtF('-) 2... A-59 06 
where IK is the tangent stiffness matrix, 
AIR is the load vector for the first load step and 'A'fl is the 
variable which scales A'R to obtain the loads corresponding to time t+At. The collapse of the 
structure is reached "ben for a small load increment the displacements become relatively large, 
which means that the overall stiffiess of the structure has become small. Numerically, this means 
that some pivot elements in the triangular factorisation of the tangent stiflhess matrix become very 
small, until finally a zero pivot element is encountered, that is, the tangent stiffliess matrix has 
become singular. [Gourlay and Watson 1973, Bathe 1982, Waszczyszyn 1995]. 
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Fig A. 8 Effects or the Tnitial Tmperfection in the Limit Point bstabilitv: The figure shows the 
effects of the initial imperfection in the limit point instability. In this figure, it can be seen that the 
response of an imperfect system is similar to the corresponding perfect system. The peak or failure 
load A4 varies with the imperfection parameter e and this variation is shown in the right-hand 
diagram of the figure. 
c(0 
z 1) 0\% 
Qj 
Fiji A. 9 Effects of the Tnitial Tmperfection in the Unstable-Svm metric Bifurcation Point 
Instability: The figure shows the effects of the initial imperfection in the unstable-symmetric 
bifurcation point instability. The initial imperfection has a significant role in modifying the behaviour 
of the system. The variation of A"' with e is shown in the right-hand diagram, which indicates 
extreme sensitivity to both positive and negative initial imperfections. 
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The Emit point load is the collapse load of the structure, when no negative pivot terms are obtained 
in the triangular fictorisation of the tangent stiflhess matrix before this point. At the limit point, at 
least one eigenvalue of the tangent stiffiess matrix will be zero and the buckling mode is described 
by the corresponding eigenvector. The Emit load equilibrium path as a primary load-deflection path 
usually appears directly in the incremental analysis. The bifurcation load can be computed at any 
load level by counting the negative terms in the triangular factorisation of the tangent stifffiess 
matrix Two methods are used to find the bifurcation path, namely, 'Perfect-Perturbed Method' 
and 'Approximate Method' [Gioncu 1995, Kani and McConnel 1986]. In both methods, at first, 
the analysis of a perfect dome is carried out to obtain its primary equilibrium path and the load level 
at which the first negative pivot term in the triangular factorisation of the tangent stiffiess matrix 
occurs. In the second step, using the perfect-perturbed method, the perfect structure is perturbed 
onto its bifurcation path just before the appearance of the first negative pivot term by using the 
eigenvector corresponding to the smallest eigenvalue of the tangent stiffiess matrix when it is still 
positive-definite. Also, in the second step, using the approximate method, the bifurcation path can 
be obtained approximately by introducing some initial imperfections in nodal positions in 
accordance with an appropriate buckling mode, so that the structure is guided into this mode of 
behaviour. When finding the biffircation path, choosing the correct initial imperfection in 
accordance with the buckling mode is very important. It should also be noted that, by using the 
approximate method, the collapse load of the structure can be obtained in the second step, when no 
negative pivot terms are obtained in the triangular factorisation of the tangent stiffness matrix of the 
imperfect structure before this load [See and McConnel 1986, Morris 1991 & 1992]. 
A. 3.4 Strategies for Tracing the Nonlinear Equilibrium Path Near a Limit Point 
It is well known that the Newton-Raphson iteration methods are not very efficient and often fail in 
the neighbourhood of critical points. As the stiffiess matrix approaches singularity, an increasing 
number of iterations and smaller and smaller load increments are required and finally the solution 
diverges. To overcome this problem and to trace the equilibrium paths through limit points into the 
post-critical range, several strategies have been proposed. The 'Suppressing Equilibrium Iterations', 
proposed by Bergan [1978 & 1980] and the 'Artificial Spring Method', developed by Wright and 
Gaylord [1968] as well as the 'Displacement Control Method', developed by Argyris [1965] are 
the earliest methods for tracing the nonlinear response near a limit point. 
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However, the 'Arc-Length-Type Methods' are the most efficient methods for this purpose and they 
are now predominantly used in structural nonlinear analysis programs. In the Arc-Length method, 
which was introduced independently by Riks and Wernpner, a constraint equation controls the load 
increment in order to force the iteration path to follow either a plane normal to the tangent at the 
starting point of the iteration, or a sphere with its centre at the starting point. Therefore the essence 
of this method is that the solution is viewed as the discovery of a single equilibrium path in a space 
defined by the nodal ýariables and the loading parameter. Development of the solution requires that 
this path is traversed as far as required. The basic algorithm remain the iteration procedure, and 
therefore at any time there will be a finite radius of convergence. For this reason, it is essential to 
limit the increment size. When implementing this procedure in an analysis program, this is done by 
moving a given distance (determined by the progranYs standard, convergence rate, automatic 
incrementation. algorithm) along the tangent line to the current solution point, and then searching 
for equilibrium in the plane (or on a sphere) that passes through the point thus obtained and that is 
orthogonal to the same tangent line. There are three important Arc-Length methods, namely. 
" Riks-Wempner Method [Wempner 1971, Riks 1979]: In this method the iteration path 
follows a plane normal to the tangent at the starting point, as shown in Fig A- 10. This method is 
used with the Newton-Raphson method in which the tangent stifEness, matrix is formulated for 
each iteration cycle. However, the Riks-Wempner method can be used with the 'Modified 
Newton-Raphson Method' in which the tangent stiffiess matrix is formulated only at the 
starting point of the increment and held fixed for all the iterations in this increment. This method 
is known as the Modified Riks-Wempner method. 
" Ramm Method [Ramm 1980]: This method consists of a further modification of the Riks- 
Wempner method. The idea is to update the condition of the orthogonality expressed in the 
Riks-Wempner method at each iteration, as shown in Fig A 10. By means of this technique, it is 
in fact possible to increase the quality of intersection between the equilibrium path and the 
control surface. Similar to the other methods, a Modified Ramin method can be used, when the 
tangent stiffness matrix is updated only once at each iteration. 
" Crisfield Method [Crisfield 1980 & 198 1]: This method can be considered as a modification of 
the Riks-Wempner method. The method adopts a sphere with its centre at the last known point 
and the iteration is performed along a circle, as shown in Fig A 10. In the Modified Crisfield 
method, the tangent stiffiess matrix updates only at the beginning of each load increment. 
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Fig A. 10 Three Imnortant Arc-Length-Type Methods: The Figure shows the three important 
Arc-length-type methods, namely, Riks-Wempner method, Ramm method and Crisfield method. In 
the Riks-Wempner Method, the iteration path follows a plane normal to the tangent at the starting 
point. In the Ramm method, the basic idea is to update the condition of the orthogonality expressed 
in the Riks-Wempner method at each iteration. The Crisfield Method, adopts a sphere with its 
centre at the last known point and the iteration is performed along a circle. 
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A. 4 NONLINEAR DYNAMIC ANALYSIS USING FINITE ELEMENT METHOD 
A structural dynamic problem differs from a structural static problem in two important aspects. The 
first difference is the time-varying nature of the dynamic problem, and the analyst must establish a 
succession of solutions coffesponding to all times of interest in the response history. The second 
finidamental, distinction between static and dynamic problems is the effect of inertia forces. When 
the structure has a dynamic behaviour, the resulting displacements of the structure are associated 
with accelerations which produce inertia forces resisting the acceleration. Ilerefore, the internal 
stresses in the structure must be equilibrated not only by the externally applied forces, but also by 
the inertia forces resulting from the accelerations. In general, if the inertia forces represent a 
sigilificant portion of the total load equilibrated by the internal elastic forces of the structure, then 
the dynamic character of the problem must be accounted for in its solution. On the other hand, if 
the motions are so slow that the inertia forces are negligibly small, the analysis for any desired 
instant of time may be made by static structural analysis procedures. 
The primary objective of a structural dynamic analysis is the evaluation of the displacement-time 
history of a structure. Tlie mathematical expressions defining the dynamic displacements are called 
the equation of motion of the structure, and the solution of these equations of motion provides tile 
required displacement histories. The equation of motion can be formulated by using the variational 
formulation which has been explained in Section A. 2. The most generally applicable variational 
concept is 'E[amilton! s Principle', which may be expressed as 
t2 t2 
f 45(T - V)dt +f MV,,, dt 
11 ti 
A60 
,, Afiere 
" Tis the total Idnetic, energy of the system, 
" Vis the potential energy ofthe system, 
" W,,,, is the work done by nonconservative forces acting on the system, including damping and 
any arb&ary extemal loads and 
*8 is the variation taken during indicated time interval [Clough and Pen2ien 1993]. 
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A. 4.1 Formulation of Equation of Motion in the Finite Element Method 
As mentioned in Section A2, the displacements measured in a local coordinate system vhthin each 
element are assumed to be a function of the displacements at the n finite element nodal points, 
given by (AL 11). Assuming that the element accelerations and velocities are appro)dmated in the 
same way as the element displacements in (A. 11), the contribution from the total body forces to the 
load vector R is (with the coordinate system X-Y-Z stationary) [Bathe 1982]: 
1: f H(')r [f p(')H(')V - ic(')H(')O]dV(-) A61 
m V(-) 
where 
P"O no longer includes inertia forces and velocity dependent damping forces, 
0 lists the nodal point accelerations, 
p(") is the mass density of element m, 
& is a vector of the nodal point velocities, and 
ic(') is the damping property ofthe element m. 
nerefore, the equilibrium equations are: 
MO+CO+KU =R A62 
"here M is the mass matrix of the structure and Cis the damping matrix: 
Mf p(')H(')"H(')dV(') A63 
V(-) 
Cf ic(')H(')rH(')dV(') A64 
m V(-) 
A. 4.2 Derivation of the Nonlinear Finite Element Equations in Dynamic Analysis 
In Section A-2.2.2, derivation of the governing nonlinear finite element equations for static analysis 
was presented. Applying the same procedure, the governing nonlinear finite element equations for 
dynamic analysis in both the TL and UL formulations can be derived [Wilson 1973, Bathe et al 
1975, Ishizaki and Bathe 1980, Bathe 1982]. Using the TL formulation: 
OF A. 65 
and using the UL formulation: 
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m(t+At)a(i) + Ct+At[Y(') +,! KAU(') A66 
uhere 
e Mis the time-independent mass matrix, 
0C is the time-dcpendent damping matrix which can be modelled on the nonlinear constitutive 
relationship or can be evaluated using the mass and stifffiess matrices based on "Rayleigh 
Damping Method' [Bathe 1982, Clough and Penzien 1993], 
0 T+At is the vector ofnodal acceleration corresponding to time t+At and iteration i and 
01 +At &(') is the vector ofnodal velocity corresponding to time t+At and iteration i. 
A. 43 Solution of the Nonlinear Finite Element Equations in Dynamic Analysis 
Probably the most powerful technique for solving the nonlinear equations in dynamic analysis is the 
stcp-byý-step direct integration method. In this procedure, the response of the system is evaluated 
for a series of short time increments At, generally taken of equal length for computational 
convenience. The condition of dynamic equilibrium is established at the beginning and the end of 
each increment, and the motion of the system during the time increment is evaluated approximately 
on the basis of an assumed response mechanism In essence, the direct numerical integration is 
based on two ideas. Firstly, instead of trying to satisfy the equation of motion at any time t, it is 
only satisfied at discrete time intervals At. Tie second idea on which the direct integration method 
is based, is that a variation of displacement, velocity and acceleration within each time interval At is 
assumed. 
In the following description, it is assumed that the displacement, velocity, and acceleration vectors 
at time 0, denoted by OU, *0 and 00, respectively, are known, and the solutions are required from 
time 0 to time T. In the solution the time span under consideration, T, is subdivided into n equal 
time intervals At, and the integration scheme employed establishes an approximate solution at times 
0, At, 2At,.., t, t+At,..., T. It is assumed that the solutions at times 0, At, 2At,..., t are known and 
that the solution at time t+At is required next. The procedures are divided into two important 
methods of solution, namely, 'Explicit Direct Integration' and 'Implicit Direct Integration' 
methods. In the explicit direct integration method, the solution of "'A"U is based on the 
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equilibrim conditions at time t However, in the implicit direct integration method, the solution of 
s+AT U is based on the equilibrium conditions at time t+At 
There are three irrq)ortant implicit integration methods, namely, the 'Houbolt Method', the 'Wilson 
0 Method' and the 'Newmark Method'. Because in the proposed analytical procedure, the 
Newmark method has been used, the details of this scheme are outlined. The Newmark integration 
scheme is essentially an extension of the linear acceleration method in which a linear variation of 
acceleration from time t to time t+At is assumedL In this method, the following assumptions are 
used: 
s+& &='& + 
[(l 
- S)'O +8$+A'O]At A67 
1+&U='U+'OAt + [(0.5 - a)'O +a'+'O]At' A68 
where a and 8 are parameters that can be determined to obtain integration accuracy and stability. 
Newmark originally proposed, as an unconditionally stable scheme, the constant-average- 
acceleration method (also called trapezoidal rule), in which a=1/4 and 8--1/2. For a full 
understanding of this method, at first, its application for the linear dynamic analysis is explained. 
For the solution of the displacements, velocities, and accelerations at time t+At, the equilibrium 
equations (A-62) at time t+At are also written as: 
M'*A'O +C"'A'& +K"AU="'AR AA9 
SolvingfromA68 for "Win terms of "9U, and then substituting for OA'Iý into A67, equations for 
and are obtained in terms of the unknoNNn displacements "U These two relations for 
and are substituted into A69 to solve for "'U, after whicI4 using A67 and A68, 
and '* 
A'O 
can be calculated. 
Using implicit time integration in the nonlinear analysis, the equilibrium of the system is considered 
at time t+At. This requires that an iteration to be performed. Using the modified Newton-Raphson 
iteration, the governing equilibrium equations have been derived in Section A4.2 (neglecting the 
effects of the damping matrix): 
MI+Ato(k)+IKAU(k)=i+AIR_I+, &iF(k-1) A70 
9+AIU(k)=#+&U(k-1) + AU(k) A71 
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These equations can be employed in both the TL and UL formulations. Using the trapezoidal rule 
of time integration, the Mowing assumptions are employed: 
t+AtU=IU + 
At(fty+I+Atty) 
A. 72 
2 
#+At O=to + 
At (tC+s+AtO) A73 
2 
Using the relations in A71 to A73, the following equation is obtained: 
g+Ao (k) 4 (#+AiU(k-l)_tU + AU(A) 4 l6r_ja U= -Y 
) A-74 
Substituting into A. 70, the following expression is obtained: 
fj(AU(k)=t+AtR t+AtF(k-1) -1) SU) 4,0 , _M( 
4 (1+AIU(k 0) A75 
At2 At 
, Ahere: li(='K +4m At2 
A. 76 
It can be noticed that the iterative equations in dynamic nonlinear analysis using implicit time 
integration are of the same form as the equations that were considered in static nonlinear analysis, 
except that both the coefficient matrix and the nodal force vector contain contributions from the 
inertia of the system Iherefore, it can be concluded that all iterative solution strategies for static 
analysis such as modified Newton-Raphson method are also directly applicable to the solution A. 75 
[Bathe 1982, Clough and Penzien 19931. 
A. 5 THE FINITE ELEMENT PROGRAM IABAQUS' 
All of the analyses in the present study have been undertaken using ABAQUS which is a general 
purpose finite element program designed specifically for advanced structural analysis. A wide 
variety of problems may be addressed with the modelling tools available within the program. 
ABAQUS contains over three thousand basic test cases, providing verification of each individual 
program feature against exact calculations and other published results [1-fibbit et al 1995]. 
Any combination of elements, each vAth any appropriate material model, can be used in the same 
analysis. Except for some special purpose elements, all of the elements in ABAQUS are formulated 
to provide accurate modelling for arbitrary magnitudes of displacements, rotations and strains. Both 
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the 'Euler-Bemoulli beam theory' and 'Timoshenko beam theory' using linear, quadratic and cubic 
interpolation of displacements are used in ABAQUS for modelling the beam elements. The 'Von 
Mises' yield condition with both Idnernatic and isotropic hardening rules and with an associated 
flow rule can be used to model steel material. Ile material response can be highly nonlinear and 
may be dependent on history and direction of straining. 
In ABAQUS, the analysis procedures can be mixed in any reasonable fashion. Nonlinear static and 
dynamic (large displacement, elasto-plastic) analysis, eigenvalue buckling load prediction analysis 
and eigenvalue frequency extraction analysis are available in ABAQUS. 71be 'Total Lagrangian 
(TL)' and 'Updated Lagrangian (UL)' formulations for nonlinear analysis are used in ADAQUS. In 
each nonlinear increment ABAQUS iterates for equilibrium using the full Newton method in most 
cases. The converge criteria are automatically determined by ABAQUS although user override of 
these tolerances is available if required. Also, in all the analyses the 'restart' option of ABAQUS 
can be used to save data and analysis results and to access data that have been saved previously. 
In the nonlinear static analysis, the 'Modified Riks Method' is used for the unstable static problems 
such as post-collapse or post-buckEng cases. The tangent stiffiess matrix can be examined at any 
stage of the loading to determine the existence of negative eigenvalues which can be used to find 
the type of instability occurring in the structure. 
For solution of the nonlinear equations in dynamic analysis, ABAQUS uses the 'direct implicit 
integration method' based on the 'Newmark method'. Also, for nonlinear dynamic analysis, 
automatic time incrementation or user control incrementation can be used. In ABAQUS, the 
damping matrix can be determined using the 'Rayleigh damping method'. The 'subspace iteration' 
method is used for the eigenvalue extraction analysis. Since this procedure can be invoked at any 
time in the analysis, pre-load effects can be included. 
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